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INTEODirCTION, 



The discoveries and inventions wliich have enriclied and systema- 
tized every department of Natural knowledge witliio the last half 
century, are jnatly looked iiyton as the great intellectual conquests 
of our time. Indeed tlie rapid succession of brilliant discoveries, 
and their important applications, would seem at first sight to jus- 
tify the opinion of many that it is only in the regions of physical 
inquiry, in the extension of man's dominion over nature, that our 
knowledge can receive much accession. They believe that mere 
intellectual speculation, in which the mind is as well the instrument 
as the subject, is barren of useful results, and that but little 
remains to reward the laboiu^ of inquirers in that field of investi- 
gation. 

Now, the reality of this distinction cannot justly be admitted. 
Man's triumphs in the sphere of intellect are as Important in our 
own age as at any former period of this world's history. Let us 
limit our view to the progress of mathematical science alone; and 
it will suffice merely to mention tlie names of Euler, Lagrauge, 
Laplace, Legendre, Jacobi, Abel, and a host of others to show the 
advance which this dcpaitmcnt of human knowledge has made in 
modern times, depending, as it does, neither on experiment nor 
observation, neither on the use of ingenious machinery nor of 
instruments of precision. 

But it may be replied, those discoveries are only to be found in 
the higher analysis, a comparatively modern invention, while geo- 
metry remains much as it was when it left the hands of Euclid, 
Archimedes, and ApoUonius*. But surely there will occur to us 

• " Quelle est la cbuhb de cette direction eicluHve dans Ibb fitudes luathfima- 
tiquea ? Quelle mte, «on influence sur le (^a^sctS^e et lea proer^s de la ecience ? 
Noua n'esgayerona pas de ntpondre k cca i^uestioii», aur le.squelles on aeTait peut- 
€tre difficilRln(^nt a'nccord. Mu» quelles que soient lea opiuiona n leui ^gard, 
on ue diseonviendra paa du moimi, qu'U aerait utile que la mdthode andaane, 
Buivie jiuqu'au aitele dernier, conttnu&t d'etre encourag^e et cultiv^e cf 
ment avec In nouvella." — Chasi.ks, Aprri^i Uittoriqfte, p. 561. 
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the names of Descartes and Pascal, and Leibnitz, but above all that 
of Newton, as original inquirers, and as inventors of methods of 
investigation of the utmost value and importance. It has well 
been observed by an English mathematician of some celebrity, 
that " He who invents a new method, or who renders a mode of 
investigation intelligible with -whatever paucity of mere illustration, 
does more for the interests of science than he who collects all the 
illustrative examples of such methods that could be given." 

The addition of a new method of investigation to those already 
in use, the development of its principles, with illustrations of the 
mode of ita application, are surely not of less value to a philoso- 
phical appreciation of what that is in which mathematical know- 
ledge truly consists, than the invention of problems, which, wliile 
they embody no general principle, are yet often difficult to solve ; 
and when solved, frequently afford no clue by which the solution 
may be rendered available in other cases. 

Again, it often happens that an investigation which, if pursued 
byone method, would prove barren of results or altogether imprac- 
ticable, when followed out from a different point of view and by the 
help of another method, not unfrequently leads by a few easy steps 
to the discovery of important truths, or to the consideration of 
others under a novel aspect. Hence the multiplication of methods 
of investigation tends widely to enlarge the boundaries of seienee. 

It must, however, be acknowledged that for more than a century 
and a half geometry made but little progress, especially in this 
country. Tlie new geometry originated with Monge and his dis- 
ciples. It may safely be asserted, there is scarcely any branch of 
knowledge, certainly none of abstract speculation, that has put 
forth a more vigorous growth, and received a wider cultivation, 
than the science which, once alone called learning, was the subject 
matter of contemplation of the ejtalted genius of a Plato or an 
Archimedes. 

To hold that no discoveries are to be made in a field which has 
been repeatedly searched, is an opinion than which there are few 
more erroneous. To have stumbled upon a new theorem or two 
was once looked upon as a proof of rare mathematical genius. In 
the geometry of the ancients the discovery of a new theorem sug- 
gested no correlative ; it terminated in itself and continued sterile ; 
while in the modem geometry a new theorem often becomes the 
prolific source of others that may be derived from it either by the 
method of reciprocal polars or central projection, or pedal coordi- 
nates or other modes of transformation. The discovery of new 
tlieorems is reduced to a mere mechanical operation. We have 
only to take any property of a sphere, suppose. By a single reci- 
procating or polar transformation, as shown by M. Chaslea, we may 
obtain the correlative property of a surface of revolution of the 
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second order, and then by a second polarization we may derive the 
corresponding property for a surface having three unequal axes. 
We have only to make a judicious selection of the pole, and then 
new theorems may be evolved in a continuous stream so long as 
we can supply theorems derived from the original figure. A man 
of some celebrity in his day, as a geometer and natural philosopher. 
Sir John Leslie, could write some fifty years ago, before the date, 
or at least before the development of the modem geometry, in the 
preface to his very elegant work on Geometrical Analysis, published 
at Edinburgh in 1821*, "The multifarious labours of former writers 
have left scarcely any room for invention, I have therefore occupied 
myself iu improving the simplicity, clearness, and elegance of the 
demonstrations." WTiat would be liis surprise if it had been given 
to him to forecaat the wonderful progress which the science of pure 
geometry has made in the intcn'al between tliat time and the 
present? Geometry is stationary no longer. The modem methods of 
investigation are the most powerful solvents of problems the most 
complicated and abstruse. Crowds of theorems spring up and pour 
in upon us. The names of those men of original minds who have 
shed the light of their genius, within the present century, on tins 
the oldest and most certain of all the sciences, constitute a bright 
galaxy on the sphere of human intelligence. In proof of this 
aasertion do we need to say more than to mention the names of 
Monge and Dupin, of Poncelet and Chasles, of Gergonne and 
Steiner, and a host of others scarcely less eminent who have en- 
riched the Transactions of Continental Societies and the pages of 
foreign periodicals with their contributions? They will be found 
in the twenty volumes of the 'Annales Malheraatiques ' of Ger- 
gonne, a work unrivalled for the originality of matter it contains. 
Its contitniation will be found in the pages of Liouville and Crelle. 

Among the most important methods of the modem geometry are 
the theory of transversals, the various kinds of projection, parti- 
cularly that of central projection, the theory of reciprocal polars, 
that of anharnionic ratio, the elliptic coordinates of Lamg, the 
method of " inverse corves," and, if one might be permitted to add, 
the theory of tangential coordinates developed in the following 
pages. There is a method called by its inventors " trilinear coor- 
dinates," as also another named " tangential coordinates." These 
method^ have been extensively used by Mr. Whitworth, Mr. Ferrers, 
Mr. Routh, and other Bngliah mathematicians. Though not fami- 
liar with these methods, I understand them sufiiciently to know 
that they have nothing in common with the method towhich more 
than thirty years ago I gave the name " tangential coordinates." 

To Carnot, a Member of the French Directory, is due the deve- 
lopment of the theory of transversals ; and it may not be out of 

* LKBi.tR, ' GpometricnJ Anftlvris,' p. vii, 
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place to state here, as an instance, if any were wanted, that mathe' 
matical genius is not incompatible with the possession of practical 
common sense, business habits, and untiring energy, how the same 
C'arnot was proverbially known as the organizer of victory for the 
armies of the Republic. 

To Poncelet, an officer of Engineers of the French array which 
invaded llussia in 1812, and who was made a prisoner in that cam- 
paign, so disastrous to the arms of France, we must assign the high 
distinction of being the inventor of the methods of "reciprocal 
polara" and "central projection." While detained a prisoner at 
Saratoff, without the use of books and depressed by captivity, he 
thought out those methods which in the history of the progress of 
mathematical science will ever render his name illustrious. To the 
student who has a true taste for excellence and elegance combined 
in mathematical investigation, and who is tired of the endless mani- 
pulation of quadratic equations, there is no book 1 can more ear- 
nestly recommend than the great work of Poncelet, published at 
Paris in 1822, on the projective properties of figures. It is oidy 
in Buch works that the student will obtain a broad view and com- 
prehensive grasp of the principles and methods of the science. 
Nimble dexterity in the management of algebraical symbols in 
accordance with prescribed mechanical rules is too often taken 
(mistaken one should say, in this country at least] for a knowledge 
of the science. 

In pursuing mathematical investigations we must guard against 
any bias that would lead us to prefer geometrical to algebraical 
methods, or reciprocally. They have each their proper sphere 
of action, so that an investigation which is both elegant and 
simple by the one method may be operose and complicated by the 
other. Thus to attempt to discuss the theory of Elliptic Integrals 
by the aid of pure geometry would result in nothing but labour 
lost and ingenuity thrown away. This is a very instructive illus- 
tration ; for elliptic integrals of the three orders are nothing but 
formula of rectification for those curves of double curvature in 
which cones of the second degree are intersected by concentric 
spheres or paraboloids. Thus it often happens that we cannot 
treat a question of pure geometry by methods purely geometrical. 
The essential difference between the two appears to consist in this : 
that metrical properties are best treated by algebraical methods, 
and graphical properties by geometrical constructions. 

A wide induction would, I believe, show that all algebraical 
equations do in fact represeut geometrical truths. Thus trigono- 
metry treats of the relations of circular arcs, parabolic trigono- 
metry of the arcs of a parabola ; logarithms are nothing more than 
the relations between the arcs of a parabola, and the corresponding 
vectors of a logocyclic curve ; elliptic integrals are the algebraical 
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cspressiouB for tlic arcs of those symmetrical curves in which apherca 
and paraboloids are intersected by concentric conesj of which arcs 
the circle and the parabola afford the extreme casca. It is in geo- 
metry alone that we can find any intelligible explanation of imagi- 
nary quantities ; and I doubt not that most definite integrals might 
be shown to be the representatives of certain geometrical magni- 
tudes. 

The system of coordinates invented by Descartes may be desig- 
nated as projective coordinates, since they are the projections of 
a point in a plane on two right hues drawn in the same plane, or 
the projections of a point in space on three coordinate planes. This 
system is primarily applicable to the investigation of the locus of a 
point*, whether it be constrained to move along a straight line or a 
curve; it is only indirectly, and by the help of principles borrowed 
from a higher calculus, that the system can be applied to a moving 
straight line or a moving plane. Hence in many cases simple 
solutions may be found for whole classes of questions, which present 
almost insuperable difficulties when treated by projective coordi- 
nates. 

The great advantage which the tangential system of coordinates 
exhibits over the Cartesian consists in this, that in the transforma- 
tion of coordinates, whether by rotatiou or translation, the absolute 
term continues unchanged in the tangential system, while in the 
projective system the absolute term changes with every transfor- 
mation. One other advantage this method possesses, the facility 
which it affords for the graphic description of curves. We have 
only to assume a set of values along one of the axes of coordinates ; 
the equation of the curve will enable ua to set off a series of cor- 
responding values on the other axis of coordinates. A straight 
line may be drawn from one of those points to the other. Tliia 
will be a limiting tangent to the curve. 

Many years ago, after I had taken my Degree, I was much inter- 
ested in the study of the original memoirs on reciprocal curves and 
curved surfaces, published in the ' j\nnalcs Matbematiquos ' of Ger- 
gonnc, and in the works of such accomplished geometers as Monge, 
Dupin, Poncelet, and Chosles, In the course of my own researches, 
it occurred to me that there ought to be some way of expressing by 
common algebra the properties of such reciprocal curves and sur- 
faces, sonic method which would, on inspection, show the relations 
existing between the original and derived surfaces. I was then led 

En effet reifiment primitif des corps auquel on applique d'&bord lea premii 



priacipes de cette 



DUUque. _ _._.._ 
plim pour r^i^ment de I'^tcndi 
(loctnnce, liusaat pour 
toriqiie, p. 408. 



comnie daas In ^om^tne t 

piu auturis^s a peuser main 

ID plus le point, on 

lOuveHo jn'ionue."- 



le ponU nisth^- 
avttt conduit i d'aulres 

-CUASLES, A]>irqt4 UU- 



S ISTBObCCTIOS. 

lotfced[»eo<rerTof a Mople Bietbod and cumpact nolaliaBfroai the 



Wbeo tvo figures in the tame piane^ ornMm ^aKraDriB 
afe ao related tfaat cnc it tiie reapr^cmi folmr of die odKr, then to 
crrerr poim in the cne eorrespondt a pfame in tiie odier ; to 
«tiaiglit liiaeintbeoiieastruglitlinealmindieodier; toanj 
berof prAiiUi&tfaesameftra^itlinein die one, as manj planes all 
intetiKsctiii^ in tlttr same struglit line in the other; tDaBTnnnifacraf 
fmnts in the same plane in the one, as manj planes all meeting in 
the same pcffnt in the odier. ThermaTbecaUedcoirelatzfefi^iires. 
Nov ve know that in the appUcation of algeba to geomecrr hjr 
the method of cooidinates, a point is detennined in poshioQ by its 
prrjjections on three coordinate planes, or br three eqoatioBs — that 
i%bT three conditions. A straight line mar in like manner be deter- 
mined vhen ve are giren the positions of tvo points in it ; and a 
plane is detennined br one condition, which is called its eqnatian. 
Bat in the inTcrse method, a point shoold be detennined br one 
oondition^ a straight line br two, and a plane bv three. Again, a 
strsi^t line mar be detennined br considering it as joining two fixed 
points, or as the common intersection of two fixed planes. Now 
all theK conditions may be expressed by taking as a new system of 
coordinates the segments of the common axes of coordinates between 
the origin and the points in which they are met by a moTaUe 
|dane. Thns, if these segments be designated by the symbols X, 
Y, Z, the three equations which determine a plane are 

X = constant, T = constant, Z = constant. 
Again, the equation in (jr, y, z) of a plane passing through a 
point of which the coordinates are x, y, r, and which cuts off firom the 

axes of coordinates the s^ments X, Y, Z, is y+y~^7^^* ^^^ 

this is the j/rofeciive, or common equation of the plane, if we 
make jr, y, and z vary, and consider X, Y, Z constant. But we 
may inrert these conditions, and consider x, y, z constant, while 
X, Y, and Z vary. The equation now, instead of being the pro- 
jective equation of a fixed plane, becomes the tangential equa- 
tion of a fixed point. In this latter case let a, /3, and y be put 

lor X, y, z, and ^ -, -^ for X, Y, Z ; then the equation may be 

written 

af+)3u+r?=l, 

which may be called the tangential equation of a point. 

Moreover, as the continuous motion of a point, in a plane 
suppose, subjected to move in accordance with certain fixed con- 
ditions expressed by a certain relation between x and y may be 
conceived to describe a curve, so the successive positions of a 
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straight line cutting off segments from the axes of coordinates 
having a certain relation to each other may be imagined to wrap 
round or envelop a certain curve, just as we may see a curve 
described on paper by the successive intersections of a series of 
straight lines. Hence there are two distinct modes according to 
which we may conceive all curves to be generated, namely by the 
motion of a tracing point, or the successive intersections of straight 
lines — by a pencil or straight edge, as a joiner would say. These 
conceptious are the logical basis of the methods by which the prin- 
ciples and notation of common algebra are generalized from the 
discxission of the properties of abstract number to those of pure 
space. The former view gave rise to the method ai projective coor- 
dinates ; the latter suggests the method of tunge/itial coordinates. 

It is sometimes very easy to express both the projection and tan- 
gential equations of the same curve or curved surface ; it is fre- 
quently a matter of extreme difficulty. 

Thus, if the projective equation of au ellipsoid be 
!« yS r» , 
^ + & + ? = ^' 
its tangential equation will be 

a, b, c being, as in the preceding equation, the scmiaxes. 

The chief object kept in view in the following pages is to develop 
the principle of Geometrical Duality, a principle appaiently one of 
the most obvious, and singularly fruitfiil in i-csnlts, beyond any 
other geometrical method hitherto discovered. 

That the principle of Duality sliould not have been discovered 
by the great geometers of Ancient Greece is the more remarkable, 
as the five regular solids, the Platonic* bodies as they were colled, 
were with them a favourite subject of speculation. In a later age 
Kepler believed them to be the archetypes of the planetary motionst. 

• " n n'eat ptia Stonnant qu'.\ji3t^e ait ficrit sur lea ciiiq corps ri^guliers ; car 
cotto thtorie a i\4 fort tultivSe, et cu grand honneur dfis la pluu hauie antiquiW 
dea iciBiices chez les Grecs. l'ythE4.'0ru en avait fiut le prmcipe de sa cosmu- 
Konie, dtina Inquelle les cinq corps T^rulicTH r^poiidoieiit aux qiintre ^ymens ct n 
rimiveiB, ce qui a fait qu'on leB appefait los cinq ligurea tnandaiHe» (Jigur<r mun- 
(tons) PlatoD adoptut cea idto, et avait bubhi cultivti cette th^rie, sur laquoUa 
TheatSte, I'ud dc sea diaciplea, passe pour avoir ^rit le premier. B^uite, i. 
trouve done Arista, puis Euclide, ApollooiuB et llypsicle. " 



lien out jou^ un si grand nMe dans 1 nntiquii^, par suite lies \a6e» iiyUiagonciuuneH 
' ' ' ' ' ' ' '' i^tant Ik but Goal aiiquel Ataieul 
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p. 614. 
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But the five regular solids afford a prorniueLt illustration of this 
principle of geometrical duality. The cube and the octahedron 
have each tlie same number of edges, while they interchange their 
faces and solid angles. Their edges are cot\jugate polars, and are 
consequently the same in number. In the same way the dodeca- 
hedron aod icoaahedrou are correlative solids; they have the same 
number of edges, wliile they interchange their faces and solid 
angles; and, finally, the tetrahedron is its own correlative solid. 
When Euier, after many bootless efforts, had succeeded at last iu 
establishing by elaborate proof* the singularly simple relation 
which connects the number of faces, comers, and edges of any 
polyhedron, he did not perceive how by the application of this 
principle of duality the number of his conclusions might have been 
doubled. Had Euler known this universal relation, he would have 
seen that, whatever be the formula connecting the solid angles, 
faces, and edges of any polyhedron, it must be satisfied by the 
interchange of the soUd angles and faces, while the number of 
edges continues the same. Had Legcndrc been acquainted with 
this principle he would have known that when any polyhedron, regu- 
lar or irregular, has any given number of edges, there must be pos- 
sible another polyhedron having the same number of edges, but 
interchanging the numbers of its faces and solid angles with those 
of the correlative polyhedron. 

To restrict the application of this principle to geometrical curves, 
Burfaeea, or solids would be to mask the ewcepl ion/ess universality 
of this all-pervading principle. It not only holds good as regards 
curve lines and surfaces, whether they be algebraical or transcen- 
dental, whether they be continuous or discontinuous, whether they 
be described in accordance witli some geometrical law or capri- 
ciously [libera manu, so to speak), but is true for every form of 
bounded space. The rounded pebble on the beach, the angular 
fragment in the quarry, each has its own strictly defined correlative 
{tolar figure, just as well as the most symmetrical solid of the ancient 
geometry. So universal is the principle of duality that to some it 
appears as a general law of naturef. In Physics we find it in 

• " Uu n vu daofl le III™" volume du prSeenl recueil (p. 100) quo ce n'eat 
qu'apfes (lee tenlatives r^iWr^a qu'Eiiler eat parveim a filaolir d'uiie mani^re d 
Is fois complHt« et g^n^rsle, son curieux t)if or^me but Ih relation coostAnte entru 

wiiibreaeafttceB,c«liiide8 8omineU,etceluides aretes li'mipnlySdrequeleonque. 
...la .)...= »..g demiers temps M. Cnnchy a diSmontr^ d'line maniBn 






besucoup plus aimple un autre thSoreme dont celui d'Euler n'est qu'im cas par- 
ticulisr. — GRnsoN^it, Aanalei Malhlmatiquet, vol. xix. p. 8.13. 

A verv elegant and aimple demiinatration of thia eurioiis theorem wliich had 
ao lonK Duffled that itlustnoua i^ometer Elder, will be found at pa?e SXS of the 
XIX. tn volume of tlie 'Annalea Matb^matiquea ' of Oergonne, hased on the rela- 
tions of a group of reticulated polvgtins. 

+ " On peul cnAvD pourtnnt qu line unilfi ahsolue n'est paa le priacipe de la 
nature. Lea dualiunps numbreux qui ae Kmarqnent dans Ive ph^no ' 



attraction and repulsion, in tlic motions of rotation and translation ; 
in the emotions of the mind, good and evil, virtue and vice ; in the . 
double origin of our ideas ; in the sensations of the body, pleasure 
and pain. The principle of duality meets us everywhere. But 
this is not the place to follow out such a train of inquiry. 

The idea or conception of duality or correlation had long been 
admitted into and developed in spherical trigonometry, and the 
properties of polar triangles investigated by geometers with abundant 
labour and much acuteness. But It would seem never to have oc- 
curred to those accomplished mathematicians that the correlation 
which may be developed in spherical triangles and polygons was 
only a particular case of a general principle which hinds together, 
80 to speak, all the properties of space without exception. 

For those who have not yet mastered the great principle of 
duality and the results which flow from it, one or two simple illus- 
trations of it may not be here out of place. The well-known the- 
orem of Pascal on the hexagon inscribed in a conic section, and its 
dual the hardly less celebrated theorem of Brianchou, are subjoined 
side by side. This latter is otherwise remarkable, as being the 
first result of the application of the principle of duality. See XIII. 
Cahier du Journal de I'Ecole Polt/iecknigue, p. 301. 
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ducrd to inert, two b^ two, nt three 
;>»tnt« : these three poinU range along 
the same tlraight toie, 

Madmirin't Theorem for the organic 
dearriptiaa of conic sertiotiit. 
The three »ide« of a triande jia»a 
through tiace _fised points; luid two of 
its ajigks nnve alamj fixed itraight 
linrt ; the third attgle will des:tribe a 
conic sectiori. 

No reader, who is capable of understanding the subject, will 
imagine that this new system of coordinates is proposed with a 
view to supersede the old. The Cartesian system cannot be super- 



reli, comme dans Igs ditlereotcs parlies dee conuahmnceB hutuaines, teodeut au 
contraire iL nous fitiro fluppoaer qu'une iIthiHU c(iugtanti;>, ou double unit^ t-st lo 
vrai principt? de la naturi!. Cette dualil<5, nouB la troLivons duns I'objet mfme 
de la g^om^trie, ainsi que nous venone de le dire ; dans la nature des proprieties 
de IMtendue ; dans le double mouTement Ae» corps celestes, oil sn Constance 
reconnue la fait BdmettrecoiDmeprincipe; et dons mille sutreBphfnom^uefij et 
roD sera conduit, je trois, Ji regarder qu un tlvalieme universd est la gTeniie loi de 
la nature, et r^gne dans toutes les parties des coimsiseanccs de I'eaprit LumaiD.'' 
— CSAELES, ApfTfu Sittorique, p. 290. 
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Beded. As the properties of space arc dual, so must the systems of 
investigation be dual also. The one method supplements the other*. 
" Ita utrumquc, per se indigeus, alterum alterlus auxilio eget." 
Where the one may with ease be applied the other will be found to 
failt- Thus, while in the solution of problems of recti tie ati on the 
tangential method holds out many advantages on the score of faci- 
lity and simplicity, in quadratures it will aUbrd but little help, uid 
recourse must be had to the familiar integral \ydx. 

It would be a very inadequate conception of the power of this 
method to suppose that the systems of tangential and projective 
coordinates are merelysupplemental one to the other. tVora their 
combination whole classes of problems may be evolved and deter- 
mined without difBculty. For example, it will be shown that, the 
projective and tangential equations of the same curve being given, 
we may at once write down the equation of the locus of the vertex 
of a given angle, one of whose sides passes through a lised jioint 
while the other side envelops the given curve, as also the ct^uatiOQ 
of the locus of the foot of the perpendicular let fall from the origin 
on the tangent. As an instance, if 

Ajr» + A^' + 2B.r^ + 2Car+2C,y = l, .... (a) 
ar' + ay + 2j3f<;+27f+27,i' = I, (b) 

• " On M tromperait en cro3-aDt que la a^omotrie dans mb moyens de proc^der 
i Is. Techen.'he du In v^rit^, doit nvou' Aa bomcs poe^va seuli'ineDt par k Datura 
de cette science, et non par la nature monm des cBosos. Ouso trumpursit ^«Je- 
mcnt en croyunt ces bomee moioB reculika que celles on rajjiJvse peiit atleindre 
en maccbant vers lu ineniG but. Cea dcui m^thodus sous dea fonuas dltl'L^rentcs, 
eont les d^veloppemeote identiqucB d'unu seuiti ut in<>me Hcieuc« qui souiuct a 
la fois tout«8 leg grandeurs k «es combinaisonfi, & bos rapprochements. L'une, 
wuis iamais perdre de vue les choeee m-emes qu'elle doit considerur, porte partout 
I'dvidence avec elle ; elle rend Bnnaibles tuutes tea conceptions, toutes sea opi^ra- 
tions, et les grandeurs graphiques soot pour elte un moyen Je peindre dans I'eepace, 
et H msTcha et aes rfsultata. L'autre Bubstitue auz quantitSs dout elle a'oecupe 
des sinies purement abstiaites. elle di^pouille lea graudours de tout co qui n'est 
pas inhtout bux relaticuas qu'elle envisage; elle rameuetoutadea Jois g^n^raltia; 
eUereprdaenteleaobjelapardesBymbolesquilcBTi^njplacent; elle est unelaiigue; 
elle paile, qu'on mo passe I'exproMion, elle parle et elle eiprime tout co que penso 
on confoit la prcuii&re ; et ces deux m.arches si diff^rentes ont l'une par rapport 
1 l'autre, lea memea avautages et les meuies d^ravantogea que la peosJe rela- 

tivement 4 la parole Bn conaidilrant ainai I'analyae et la gdom^trie dana 

leurs rapports, ces deu« sciences s'Sclaireront mutueliement, et ebacune d'elloa 
s'acroitiBi de toua lea urogrda et l'autre. No rejetODB done aucun de ces moyens 
pour proc^er & la recnerSie de la vfiriW," &c. — Dvpjn, D4ofhpprm£iU» de Oio- 
mitru,j. 230. 

t " The exerciae of the mind in understanding a series of propositiona, where 
the last conclusion ia ge^imetrically in close cunnexiun with the first cause, is 
very different from that which it receives from putting in play the long train of 
tnnchinery in a profound analytical process. The degrees of couyietion in the 
two cases are verj- different. To the greater number of atudents, therefure, 1 
conceive a popular geometrical explanation is more useful than an algebraical 
investigation.' — Sir L!. B. Aibv, the Astronomer Boyal, On Gravitation, p. 7. 




he the projective and tangential c^aations of a curve of the second 

' Ap + A,v«+SBfw + 2{Cf+C,v)(r' + i.»)={r + wy, 
will be the langetttial equation of the cuA-e enveloped by one side 
of a right angle which moves along; the curve (a) while the other 
side always passes through a fixed point, and 

ax* + a^y* + 2^ + 2 (7J + yg/) (j^ + y^) = (x" + y*) ^ 
will be the projective equation of the pouit in which a perpendicular 
from the origin meets a tangent to the curve whose tangential 
equation is (b). 

It may appear to some that examples are needlessly multiplied 
in the following pages ; hut it may be replied that in the treatment 
of a very abstract subject, especially if it be a novel theory, exam- 
ples, if judiciously selected, may throw light ujion the obscurities 
of imperfect explanations and defective discussions. It is granted 
but to few to grasp a theory as its development proceeds, even in 
the hands of a master. Examples are required pour fixer les idieii. 
They assist us to incorporate new truths with that older knowledge 
which we have made our own. In many cases the author has been 
satisfied with laying down the principles of the method as applied 
to a few particular instances, without following up the investigations 
into all their details. To have done this would have swelled the 
bulk of the volume without any equivalent advantage. Something 
must be left to the ingenuity and industry of the reader to develop 
and to amplify. The book is intended to he suggestive, not ex- 
haustive. Where the claims of so many new and important theo- 
rems to recognition are so continuous and pressing, one cannot stop 
to draw out the deductions that follow from each into a cluster of 
corollaries. So far from any exercise of ingenuity being necessary, 
the discovery of new theorems by the help of this and other kindred 
methods does not call for the exercise of much patient thinking. 
They spring up so spontaueously, as it were, that the difficulty 
is to keep under restraint the imagiuatiou as it courses along those 
trains of thought sure to end in the discovery of some new, and 
it may be unexpected, geometrical truth. It would have been an 
eaay task, a fascinating labour, to have swelled the pages of this 
volume with diversified researches ; but I have kept within the 
limits which at the outset I prescribed to myself, and have been 
satisfied to point out the way to others. 

A somewhat detailed account of the subjects investigated in this 
volume will be expected by the reader. In the first place I have 
endeavoured as far as practicable to adopt a uniform and consisteut 
uotatioo. I have striven to use the same symbols in the same 
sense. Wherever possible I have made the absolute terms of the 
equations equal to unity. In this way the constants are reduced 
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to tbe smallest number, and the orders of the constants, whether 
they be Hues, surfaces, or solids, may be inferred from inapection, 
being always of the game or the inverse order of the rariables of 
which they are the coefficients. 

Hence the projective equation of the surface of the second order 
will be written 

in which A, Aj, A„, B, By, B,, are inverse rectangles, and C, C,, C^, 
inverse straight lines. 

In like manner the tangential equation of the surface of the 
second order may be written 

flP+a,u» + fl„i;' + 2^<,?+2^^f+2^> + 27£+27,i' + 27„i:=l. 
in which a, a,, o,„ ^, fi„ (3„ are rectangles, and y, y,, y^ straight 
lines. 

The first twenty-four Chapters of this volume treat of the trans- 
formations of tangential coordinates, and of the application of this 
system, by one uniform method* to the discussion of theorems and 
problems. The ever-recurring analogies between the Cartesian and 
the tangential system of coordinates are continuously indicated as 
the work proceeds. The method is first applied to develop the 
properties of curves and curved surfaces of the second order, next 
to the genesis and rectification of curves of higher orders, their 
evolutes and involutes, &c. 

In Chapter XXI. another system of coordinates is established, 
which I have ventured to call pedal tangential coordinates, and 
their properties developed. 

In Chapter XXV, the peculiar notation of tangential coordinates 
is laid aside, and the principles of geometrical duality are esta- 
blished on the simplest elementary conceptions of pure geometry, 
and then applied to the investigation of the properties of surfaces 
of the second order having three unequal axes. It is shown that 
every such surface, with two eseeptions, has four directrix planes 
parallel to the circular sections of the surface, and four correspond- 
ing foci, which directrix planes and foci coalesce when the surface 
becomes one of revolution. It is moreover shown that for every 
property of a sphere there exists its correlative on a surface having 
three unequal axes. These theorems wUI be found in Chapter 
XXVI. 

In Chapter XXIX. metrical methods are applied to the theory 
of reciprocal polars, and new classes of projierties of the conic 
sections established, more particiUarly those which are connected 
with the lines called the minor directrices of these curves. 

• " Lb vrai Mcrul d'uD svstunie est dans sa nivlliixlc. Meltez un« ni^thoda 
duns le mondt', vousy metUz un systemeque ravenirBuehargBradedavelopper.'' 
— VlcTOB UoiTBiN, tViMr» de DtiiUiire de la philoauphie, vol. i. p. 84, 
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In Chapter XXX. the properties of the curve which I have named 
the Logocyclic Ciir^e are discussed, a eiirve which has singular 
analogies with the circle. If the vectors of this curve be drawn 
from the origin and be taken to represent all the natural numbers 
from to 00 , the corresponding arcs of a conjugate parabola will 
represent the logarithms of the numbers. 

In the same Chapter the geometrical origin of logarithma is 
established ; and it is shown that every system of logarithms may 
be represented by the arcs of a corresponding parabola, the pecu- 
liarity of the Napierian parabola being that the distance from its 
focus to its vertex must be assumed as equal to unity. 

In Chapter XXXI. the principles of the trigonometry of the 
paralxila are investigated. It ia universally true to state that 
there is and can be no relation established between the arcs of a 
circle for which we cannot find a correlative for the arcs of a .para- 
bola. The transition may easily be made by changing cos d into 
sec 3, •/ — \s\a6 into tan 3, + into -^ , and — into -r • 

It is not a little remarkable that while these mysterious imaginary 
expressions connected with the circle have been thoroughly inves- 
tigated, the corresponding reciprocal theorem has entirely eluded 
discovery. Volumes have been written on the development of the 
imaginary theorem 

(coa^+ V— T8inf)"=coan5+ V^einn^, 
while nothing has been known of the real theorem 

(sec ^ + tan 9)' = sec {0-^0-^ k.c.) + ia.u{8 -^6 -^9 ha,). 

In the same Cliapter the prineii>les of parabohc trigonometry are 
applied to the investigation of the properties of the Catenary and 
the Tractris. Curious relations are establiahed between the arcs of 
a catenary wliose abscissae are in arithmetical progression. It is 
also shown by the same method that the catenary is the cvolute of 
the tractrix. 

The last Chapter is devoted to the investigation of the projective 
equation of a cone whose vertex is at the intersection of three con- 
focal surfaces, and which touches a fourth confocal surface, 

I propose, if declining years and failing strength permit me, to 
complete this work, and to embody in a second volume my researches 
on the geometrical origin and properties of Elliptic Integrals, and 
to apply them to the investigation of the free motion of a rigid 
body round a fixed point, together with other collateral inquiries. 

The tone of thought demanded by subjects such as these falls 
dull upon the public ear, and excites no responsive sympathy. !t 
may therefore be proper to say that tills volume is sent forth to the 
world with the anticipation of a very limited circulation, because 
it must be admitted that a cultivator of abstract science, without 
any view to practical results or profitable returns, has no reason- 
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tihXe ground of expectation that his labours will be recognized or 
appreciated in this country. "With us the pursuit of knowledge 
for its own sake or indulgence in scientific research, unless it 
may be made to minister to some practical result (that is, to 
some paying result), is looked upon as liitle better than intellectual 
trifling*. Will it pay? is the test of ail mental labour. It was 
very different in the schools and agorae of that nation we are so 
prone to hold up for admiration as exhibiting models of intel- 
lectual greatness hitherto unequalled. Nor is this exclusive devo- 
tion to the adaptation of science to money-making so universal in 
other countries as amongst ourselves. Yet it was not always so. 
One might appeal to the age of Newton and Locke, the age of 
deep thinking and profound learning, in proof of this position. 
The causes of this degradation in the objects of intellectual pursuit 
are many, and some of them deeply seated. Not the least of these 
is Uie influence which the philosophy of Bacon has exerted on the 
tone and tendency of pubhc opinion in this country. No doubt 
the author of the ' Novum Organon ' conferred great lieuefits on 
mankind by laying down so clearly the true principles of physical 
investigation. He has marred his philosophy, however, by the 
motives he presents to us for its cultivation. He who could pro- 
pound the maxim, worthy of Epicurus, that the true object of 
science isf to make men comfortable, had no very exalted con- 
ception of the dignity of man's understanding. 

It is plain from his tone of thought that the philosophical Chan^ 
cellor had a very clear pnenotion, to use his own phraseology, of 
that emphatically English idea, comfort. There is little doubt that 
he would have valued more the uivention of an efficient kitchen- 
range, or an ingenious corkscrew, than the Ideas of Plato or the 
discoveries of ArchimedesJ. 

This may to some appear a philosophical heresy ; but yet it is 
quite certain that Lord Bacon's powerful influence, based on the 
soundness of his notions as to the true mode of procedure in con- 
ducting experimental inquiries, has had a depressing eff'ect on the 
views of his countrymen, whose highest intellects are now devoted 
to the production of sensation novels, or to the discovery of inge- 
nious contrivances to subserve the unbounded luxury and promote 
the material enjoyments of a self-indulgent people. 

And if we turn aside from the paths of commerce and the busy 
haunts of men to the quiet cloisters of academical retirement, we 
shall find the same motives equally powerful and all but imiversal. 

* " !□ primis, hominis est propria veri inquiintio abjue iaTestigatio." — Ocsra 
de Offidu, lib. i. c. 13. 

t " Metn Butem acientiarani vera et legitima uon alia est quam ut dotetiir 
vita liumana novia inyantis et copiis." — Rac^N, Novum Organon, lib. i. aph. 81. 

\ Lord fiacoii,likFHobbes. knew but little oven of the elements of MathematicB, 



INTRODUCTION. XIX 

Mathematical studies, and indeed one might say all studies, are 
pursued not for their own intrinsic worth, but with reference to 
the universal competitive examination. The inquiry is not, .is it 
true ? but will it tell ? not, is it important as a principle ? but is 
it likely to be asked as a question ? In what profession hut the 
law are profound research and extensive learning valued ? and these 
are bo because they pay. 

Our universities are admirable institutions for the development 
of the intellect and the formation of habits; but they are not 
equally adapted to enlarge the boundaries of knowledge*. It is 
with regret that one is compelled to admit the fact that the great 
discoveries of modem times have been made by men who con- 
ducted their researches and worked out their discoveries far away 
from the theatres and libraries of our great centres of learning. 

There is no reason in the nature of things why it should be so, 
Is the water that is tirawn from the stagnant pool or spreading 
lake fresher or purer than that T»hich rises from the gushing 
spring? Who ought to be so ready to draw from his stores of 
knowledge as he who spends his life in acquiring them ? The 
communication of knowledge to youth is an important function 
of a university ; but it is only one, an important or most important 
one if you will ; but there are others hardly less important. 
Were Eton and Harrow and Rugby and the other great public 
schools of this country to be translated in all their integrity to 
Oxford or Cambridge, they would not constitute a university, in 
the highest and best sense of the word, because while teaching is 
the exclusive province of the public schools, our universities have, 
or ought to have, a higher function to dischargef. We ought to 
have not only the standing army but the pioneers of knowledge. 
Our imiversities do not encourage the Livingstones of science. 
Here, too, the same blighting influences prevail J. It is useless to 

" " Rursun in Moribua et instifutia Sch-olBrum Aauleinianim, CoUepiorum et 
■imilium ConveDtuum, qute doctorum homiuum sedibue et eruditioniB cultune 
destinstaa sunt, omnin progressui scientiarum adversa iDveniimtur, Stadia euim 
hominum in ejuamodi locis iu quonmdam auctorum scriplo, vehiti in carceres, 
coQcluea sunt ; a quibua si quiii diiueatiat, continuo ut homo turbidua ct rerum 
novamm cupidus corripitiir,— Bacon, Xtniuin Organon, lib. i. aph. 90. 

t "... at denique alia scientiaacolendi, alia inveuiendi ratio. Atque quibu* 
prima potior et Eicceptior est, ob featinationem, vol vita civilis ratdones, ret quod 
lUam alteram ob mentis iufirmitat«[u capere et complecti non poasint, optsmus 
nt quod sequuntur teneant." — Bacon, Preface U> the Novum Organon. 

J The doclme of science in England was long ago commented upon by one who 
wu hiniaclf abiilliaiit luminntvin hia da;. . , . "Here whole branches of con- 
tinental discovery are unstudied, and indeed almost unknown even by name. It 
is vun to conceal the melancholy truth. We are faat dropping- oehind. Tn 
Mathematics we have long since drawu the rein, and given over a hopeless 
nco : in Chemislry the case is not much better. Nor need we skip here. There 
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deny it. tn this country profound acqoiremeiita in literature or 
science are not held in the same estimation they once commauded 
even amongst ourselves. In times gone by, for those denied tbe 

■re indeed few adenms whicli would not fumiah matter for aimilor remark." — 
9ir J, F. W. HsBSCHBL, Article on Saund, Eumjclop^ia MdropiMtana, p. S1(L 

And to the sanie pfTect, anothiv high snd still more recent authorial — 

"Now, as to this important subject, tbe siririt io which we pursue educatioD, 
the den^ie in which we turn oar adriint^ea to account, I muct mj of lu here 
in En^nd that we do not Btond well. Our old Univeisitie?, and the schools 
■tboTe the rank of primary, have he a class the most ms^ificent eudowments in 
the world. It may, howeTer, be doubted whether the amount of these endow- 
ments, in England alone, is not equal to their amount on the whole continent 
of Europe taken toother. Matters bare mended, and are, I hope, mending. 
We have good and thorough woriieis, but not enough of them- The tesulta 
maybe good as far as they go; but they do not go far. But in truth this 
* beggarly return/ not of empty but of ill-filled boxes, ts but one among many 
indications of a wide-spread t:ce — a itceptieism in the public mind, of old as well 
W young, respecting the value of learning and of culture, and a consequent slack- 
ness in seeking their attainment We seem to be spoiled by tbe very facility 
md abundance of the opportunities around iia. We do not in this matter stand 
rail, as compared with men of the middle ages, on whom we are too ready to 
look down. For then, when scbolnrHhips and exhibitions, and fellowships and 
headships, were few, and even before they were knowu, and long centutiee 
before triposes sod classes had been invented, the beauty and the power of 
Knowledge filled the hearts of men with love, and they went in quest of her, 
even from distAnt lands, with ardent devotion, like pilgrims to a favoured sluine. 

"Again, we do not stand well as compared with Scotland, where, at least, the 
Advantages of education are well understood, and, though its honours aiid rewards 
are much fewer, yet aelf-denying labour, and unsparing eoeigy in pursuit of 
knowledge, are far more common than with us. And once more, we do not 
Stand well as compared with Germany, where, with nieaus so much more 
slender as to be quite out of comparison with ours, the results are so much more 
abundant, that, in the ulterior prosecution of almost every branch of inquiry, it 
is to Germany, and the works of the Germans, that the British student must 
look for assistance. Yet I doubt if it can he said with truth that tbe German 
is superior to tbe Englishman in natural gifts, or that he has greater or even 
equal peisuverance, provided ooly the Englishman had his heart in the matter. 
But OermaDy has two marked advantages ; a far greater number of her educated 
class are really in earnest about their education ; and they have not yet learned, 
as we, I fear, have learned, to undervalue, or even in a great measure to despise, 
umplidty of life. 

"Our honours, and our prices, and our competitive examinations, what for the 
most part are the^^ but paUiativea applied to neutralize a degenerate indifference, 
to the existence of which they have been the most conclusive witness P Far be 
it from me to decry them, or to seek to do away with them. In my own sphere, 
I have laboured to extend them. They are, however, the medicines of our infir- 
mity, not the ornaments of our health. They supply from without inducements 
to seek knowled)(e, which oui^ht to be its own reward. They do something to 
expel the corroUing^est of idleness, that special temptation to a wealthy country, 
that deadly enemy in all countries to the Dody and the sold of man. They get 
us over the first and moat difficult stttges in the formation oT habits, which, in 
a proportion of cases, at least, we may hope will endure, and become in course 
of time self-acting. 

" One other claim I muHt make on behalf of oxamioalionB. It is easy to point 



gifts of fortune, the only access to tlic Temple of Fame was through 
the portiils of the learni'd profeaaioris, as they were eallcii, or the 
services of their country, whether military or naval. Tiie essential 
elements of success in these were high intellectual and moral en- 
dowments, unflagging labour and enduring perseverance. 

Qui stiidet optBtam cursu condngcre metam 

MiiltB tulit fecitque puer, sudavit ct aMt, 
But all this is changed. There arc so many ways now, and some 
of them very questionable, of attaining to high social poaition, and 
to the possession of enormous wea.lth with a very attenuated garb of 
shreds and patches of trite infornaation picked up anyhow, inaccu- 
rate and vague, that men do not care to undergo the study and the 
toil required to "plate themselves in the habiliments" of knowledge. 
With many, the maxim, to sell in the dearest and to buy in the 
cheapest market, would seem to comprise the whole duty of man. 

It is no satisfactory answer to these remarks to say that there 
are exceptions to be found. No doubt there are, and brilliant 
exceptions. It might seem invidious to particularize, where varied 
excellence is ao abundant. But this only adds strength to the 
argument ; for it might with truth be said, what development of 
genius might we not witness were not its genial current frozen by 
the cold and chilling maxims of a. spurious political economy ? It 
would be blumc misplaced to find fault with the Government for 
not encouraging profound learning or scieutific research. Did the 
country desire (which it docs not) that such shoidd be honoured 
and rewarded, there is little doubt that the Government of the 
day, consisting mostly of men of high attainments themselves, 
would be glad to foster aud advance the cultivators of that learn- 
ing which is popularly considered no better than pedantry, and of 
science which is held to be of scant utility. 

It would not be hard to prove that views such as these are short- 

oul their inlieront imperfectiooa. Plenty of critics bib randv to do this; for in 
the CMC uf llrat ctaplojinent under Che ^tate, the; are the only tolp.nbly eflidi-Dt 
safeguard agunst gross abuaca, and Bucb ahuses sue never without frienda. But 
ftiita really Bearchiug and strong examinations, such tis the beat of tbone iti our 
XJnivoTflitiai aud achools, there arises at least one great mental benefit, dilficiilt 
uf attainment bv an; other means. In early youth, while the mind is aljll natu- 
rally supple and elastic, they teach the practice, and they give the poweTi of con- 
centrating all itfl force, all its resourcen, at a given time, upon a given point 
What a pitched battle la to the commaadei of an army, a strong examinslian is 
to ^a earnest studenL All hia facultiiis, fdl his attainments must be on the 
alert, and wait the word of command; method is t«Hted at the same time with 
strength ; and over the wholi< movement presence of mind must preside. If, in 
the TOuree of hia after life, he chanires to be coJled lo ifrenl and concentrated 
eSbn#, he will look back with gratitude to thonei ejcamiDatioua, which more 
porbapA than any other instrument may have taught liim how to mahe them." — 
Addrtt iMivrrea at the Lieefpool Cattrge Ay Me Itight Hon. W. E. Gladstonk, 
Dk. Si, \%T2. 
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sighted and low. It Las been somewhere observed that harl not 
the auciciit Greek geometers investigated the properties of the 
plane sections of a eoiie, Kepler would have had no curve to fall 
back upon when he was obliged to abandon the circle as an accurate 
type of the orbits of the planets, and Ne\¥ton would have lacked 
the profound and laborious arithmetical calculations of Kepler, 
the work almost of a lifetime*, on which to base the connexion 
of the three great laws of planetary motion with the principle of 
universal gravitation. The trae mechanism of the heavens would 
still be to us an inscrutable problem, and navigation would even 
now be guided by the stars, as in the time of Palinuriis. 

But for the wonderful discoveries of Newton in the science of 
Astronomy, and the consequent improvements in the art of Navi- 
gation, with the influence of this latter on the eitteiision of com- 
merce, it might have been that these transcendent truths would in 
our time have come to be looked upon as no better than Vo'ba 
otiosorum seiium, as Dionysius the tyrant of Syracuse snceriugly 
said of the speculations of Plato. 

No man can forecast the consequences that niay follow &om any 
discovery in abstract science or physical research. What important 
results in aerial locomotion were at one time anticipated from the 
invention of the balloon ! How little was once thought of the 
espcrimcuts on steam by the Marquis of Worcester ! or who 
attached any importance to the investigation of tlie nature of 
those feeble forces elicited by the attrition of a bit of sealing- 
wax or a lump of amber ? The consequences of any truth so dis- 
covered may well be held, using the language of Bacon, to be 
" partus temporis, nou partus ingeuii." 

• Kepler, who lived in ndvFuice of hia a^s, who appealed to the verdict of 
posterity, and not in vain, in ft strikiiig paaaage of the Harmonice Mundi which 
DreaUiea a tone of saddened enthudosm, thus mcords the gi'oud diBcovvrv of hia ' 
life, dtter seventeen long yeara of unremittinji labour, the prerequisite of e. still 
grander discovery, the law of UuiverBal Gravitntion. 

" Ruraiun igitur hie allquft para mei Myaterii CosoiDCTaphici unspensii ante 
22 anaos quin nondum liquehnt, ubsolvendn et hucinfereoda est. Invi'ntis enini 
Tens orbium intervallis per observationcs Bnihei pluriini tampons labore caa- 
tinuo, tandera, tandem, genuina proportio temponun periodiconim od propor- 
tionem orbitim — 
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eoqiie, ei tcniporis artioiilos petis, S. Mart liiijus anni millosimi Mxceatedmi 
decimi octAvi auimo I'onMpta, eed infsUcitcr ad calculos vocata eoque pro falsa 
rejecta, deiiiqiie 1>3. Maji reveraa, novo cHpUi impetu expugaavit mentis mesa 
tenebntB tanta comprobatione et laboxis mei aeptendecennalig in observntionibus 
Braheauis et meditationie hujua in unutn conspu'uitium, ut somniare me et pr»- 
nimere quiesitiim inter principia printio crederem, sed ree eat certissima exaetis- 
aimoque, quod Proporlio gure td. inter binorum qvonoiKiuiqHe pUiiwlarnm tempora 
periodiea, tit pntrtie toamallera proparlionU mcdiarum dulantianim, ill esi orbium 
iptontm. — Keplrii, liarmunicvt Muudi lib. v. cop, iii. p. aru. 
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I kuow not that apologiea disarm criticism ; it is said they more 
frequently provoke it. But still it may be proper to say that this 
book ia the result of the meditatioiis of the better part of a life- 
time. Desultory and rare they have been, intermitted for years, 
drawn away to other subjects, taken up again at different times 
and lengthened intervals. It has been to me a heavy drawback 
and deep discouragement, that I have had no fellow -work era to 
share in these rescarehes. Neither have I entered into the laliours 
of any. Without sympathy and without help I have worked uj>on 
thoBC monographs now presented to the public. Nor let any one 
imagine that this isolation of the understanding is but a little loss 
or trivial hindrance. From the sympathetic contact of mind with 
mind truth ia elicited. The electric spark of thought in its passage 
often flashes light on that which was clouded or obscure before. 
That which to one intelligence may appear clear as crystal, to 
another intelligence, nowise inferior, may seem distorted or con- 
fused by the media through which it is transmitted. Thus the 
concentrated and patient thinking of many intelleeta, some of a 
high order perhaps, combined and cooperating to one end, develops 
and expands a principle or a theory wbicli tlie silent efforts and 
unaided labours of the sobtary worker would have failed to accom- 
plish. Nor have I had the help of those who have gone before 
roe ; for these researches, as here presented to the reader, are 
entirely original. 1 may add, that this work was not written to 
improve the text-books in use ; nor is it published now to lighten 
the labours j3f tuition, or to supply the requirements of official com- 
petitive examinations. While this renunciation of scholastic uti- 
lity may contract its circulation, on the other hand it has left me 
at liberty to follow out any train of thought to whatsoever conclu- 
sions it might carry me. I have waited long in the expectation 
(or shall I say hope ?) that some of the many accomplished mathe- 
maticians of the present day would take up those subjects and 
expand them (for they admit of great development), and so produce 
a treatise from which any student of moderate ability might have 
gleaned enough to enable him to extend those researches still 
further. But I have waited in vain. 

Had I seen any likelihood that those results, of which from time 
to time I have given abstracts in the proceedings of learned Soci- 
etiea, would be developed and published in a connected form, I 
should have shrunk from the toll of compilation, and left it to 
fresher and more elastic miuds to expand and deliver to the world 
those discoveriea which I would not willingly leave to dull forgct- 
fulness or " to lie in cold obstruction." 

J. B. 

Stone Vicftnige, 

June 10, lt<73, 
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TO THE 



FIRST EDITION OF THE 



ESSAY ON TANGENTIAL COORDINATES. 



I feah that brevity and compression have been but too much studied in the 
following essay ; but the necessity of comprising the whole matter in a small 
compass, and the pressure of other avocations, will plead, I hope, a sufficient 
apology. 

From the same cause I have been obliged to omit altogether subjects, which 
might have been with propriety introduced, for example the general theory of 
shadows, and have only touched upon others which would require peihaps further 
development. 

Among other applications of the method, that to the theoiy of reciproedi 
polars will, I trust, be found simple and satisfactory. 

My attention has just been directed by a friend to a letter from M. ChasleBy 
dated December 10, 1829, published in the ^ Correspondence Math^matique ' of 
M. Quetelet, tom. vi. p. 81, in which the writer asserts his claim to the invention 
of a system of coordinates, noticed by M. Plucker in one of the livraisons of 
Crelle*s Journal, to which work I have never had an opportunity of referring. 
After some preliminary observations, he states his system as follows : — ** Pour 
cela,par trois points fixes a, b, c, je m^ne trois axes paralL&les entre eux, un plan 
quelconque rencontre ces axes en trois points dont les distances aux points a, b, c, 
respectivement, sont les coordonn^es x, y, s, du plan,'' &c. ; and then goes on to 
apply his system to a few examples, using the principles and notation of the 
differential calculus. To any one consulting the letter from which the above 
extract is taken, it will be apparent that the method there proposed, however 
excellent and ingenious it may be, bears not the least resemblance to the one 
developed in the following pages. 

It must have often appeared an anomalous fact in the application of algebraic 
analysis to geometrical investigations, that while the locus of a point could be 
found from the simplest and most elementary considerations, the envelope of a 
right line or plane could be determined only by the aid of principles, artificial 
and obscure, derived from a higher department of analysis. 

But this is not the only or the greatest objection to the method at present 
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universally followed ; it is in most cases operose, and in some impracticable; to 

dV 
reduce the equation V=0 to the form 3- =0, and then eliminate the auxiliary 

variable a between these equations — a difficulty which becomes far more for- 
midable in problems of three dimensions, where we are obliged to eliminate the 
auxiliary variables a and /3 between the three equations 

v=o, ?Y=o, 4Y=o. 

' da ' dp 

As it follows d priori from the principle of duality^, that for every locus of a 
point there exists a corresponding envelope of a right line or plane, it would seem 
that the comparative paucity of theorems of the latter species generally known 
can be owing to nothing but the want of a simple and direct mode of investi- 
gation. 

From these considerations I have been led to the discovery of a method simple 
in principle, and easy of application, analogous to, but different from, that of rec- 
tilinear ox projective coordinates — as for distinction they may be railed — in which 
the reciprocals of the distances of the origin from the points where the axes of 
coordinates are met by a right line, or plane, touching a curve or curved surface, 
are denoted by the letters f, v, ^; an equation establbhed between them may be 
called the tangential equation of the curve or curved surface. 

By the help of this equation we may elude the necessity of differentiating the 
equation V=0, and discover the envelopes, of right lines and planes with the 
same facility as the locus of a point by projective coordinates. 

But it is not alone in inquiries of this nature that the method is chiefly 
valuable ; there is a large class of theorems relating to curves touching given 
light lines, and surfaces in contact with given planes, which may be treated by 
the method proposed with the greatest facility, whose solution by projective coor- 
dinates would lead to exceedingly complicated and unmanageable expressions. 

J. B. 
Tbinity Collsqe, 
March 26th, 1840. 

* See various memoirs on this subject by MM. Gerffonne, Poncelet, and others, 
dispersed through the volumes of the ' Annales de Math^matiques.' 
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three unequal axes, and whose oase is a plane section of this surfoce 
passing through the polar directrix, is a right cone whose circular 
section is parallel to tne plane of X Y 263 

279.] Algebraical proof of this theorem 263 

280.] If through any straight lino on the umbilical directrix plane (A) two 
tangent planes be drawn to (2), and if through the three perpen- 
diculars let fall from a> on these three planes a secant plane (n) be 
drawn cutting the tangent planes in lines which produced meet the 
plane drawn through <» parallel to the umbilicid directrix plane (A) 
in the points r and r^, and if o»r=A, cor^ssA, and wjcssr m the tri- 
angle TKT,, the base rtar, will have to the line wc a constant ratio, or 

^-?^'. (0266 

When the surface (2) becomes a surface of revolution (S) round the 
transverse axis, cs6 and cs=e, hence 

^=2«. (g)266 

Hence also this other theorem in the conic sections. 
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If from Rnj point in the directrix b pair of tan^fente be dmwn to tlio 
curvui ihm will cut off equal segmeote ftom the onlitmte passing 

through the focua 261 

381.] The reciprocaJ polar of the theorem, that in a. eurface of reTolutioii 
the sum of the focal Tectflrs is cocBtant, is aa foUowB. 

To a Burface (2), having three une< 
be drhwo cutting- the umbilical p 
linea (8) and (/!,), and the line joining ti . 

directrix into the segrnenta hauih,. Lot the planes that me diHwn 
bom m through the straiifbt tinea (i) and (3.) make the anglea ^, 9, 
with the vertical ordionto pasaiiig' through the polar focua a, the 
resulting ezpreaaioD becomea 

36 



inequal axes, let a tangent plane (6) 
U {ifancs (A) and ( ;^J in the straight 
joining the polar focua and the polar 



CHAPTER XXVIL 

2S2.] Some propertjea of auriacea of revolution nf the aecond order, esta- 
blished by M. Chaales, extended to surfaces having tliree unequal 



CHAPTER XXVni. 

ON THE RECIPROCAL POLAKS OP CONPOCAL SCRPACES. 

284.] If there he a aerioa of cmi/ocal primitive surfcces (S), (S.), (8,,), &c,, 
their reciprocal aiirfaces (2), (S,), (2,.), &c. will be eonci/tAe. They 
will have a common polar focus | they will have the same umbilicd 
directrix planee ; and the graphicnl propeities of cue set of surfaces 
luy easily be transformeif into then redproeala on the polarized 



Examples . 



CHAPTER XXIX. 

METHODS AS APPLIED TO THE THEORY OF 
HECIPRDCAL POLAKS. 

If a fixed point be taken, and a uiunber of fixed straight linea BT, 
B,T,, &c. be drown in the same plane, and another current point 9 
be assumed irom which and from the point O perpendiculars are let 
fall in pairs on these liied iinos, if the reciprocal of the vector 08, 
niultipUed by the sum of the ratios of each pair of perpendiculars 
on the fixed linea, be constant, the point 8 will describe a conic 
section having ita focus at O 2 

Geometrical proof of the theorem thatj if a plane be drawn through a 
focus of a surface of revolution, this point will alao be a focua of 
the section 2 



being thecommonoronunary directricea and foci, as also that other 
new and equally oxtenaive class to which the^ are in like manner 
related as being the minor directrices and foci of a central conic 
section 270 

] The properties of the minor directricea and their corresponding foci 
derived by the help of the method of reciprocal jiolars, fram the 
known propertiea of the common focua and dit«ctnx !;70 

] If a tangent be drawn to a conic section meeting the minor directrice.i 
ID two points M and M„ the sum of the distances of these points from 
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IB is to the sum of their distances from the centre in a 
1 e, the eccentricity of the section. In the hj-perbola 
the ditferencea are to be taken 2 

SOS.] The product of the focal perpendiculua let fall from the minor foci V 
itnd F, on a tangent to the curre is to the square of the perpendicular 
from the centre on the same tan^nt as the squnre of the semidia- 
meter a, passing through the point of contact Q is to the square of 
the semi- major axis a 2 

294.] The ratio of the focal perpendicnlarB on the tangent ia the eame as 
that of the distances &om the centre of the points in which the 
tangent cute the minor directrices 2 

296.] If a tanffent be drawn to a central conic section meetiiw the curve in 
the point Q, and the minor directrices in the points M and M„ the 
rectangle under the distances of these points &am the centre will be 
to the rectangle undpr the seginenta of Ibis tangect aa the square 
of the perpendicular from the centre upon it is to the square of the 

B96.] The ratios of the focal perpendicuiais on a tangent, of the distances 
to the centre of the points M and,M, in which this tangent meeta 
the minor directrices, of the segments into which this tangent ia 
divided between the point of contact Q and the minor directrices, 
as also of the perpendiculars from this point Q upon them, are the 
same for all 2' 

297.] If from any point M in the minor directrii of a conic section we draw 
two taugenta to it meeting the tranHverse axis in the jwints X and 
X„ tiie distance between these points will be to the distance of the 
point M from the centre as the distance between the foci is to the 
semipanuneter 2'. 

306.] The distaDcasfrom the centre of the points in which a tan^nt to the 
curve meets the minor directrices may be expressed m rational 
functions of the projective coordinates of the point of contact .... 2^ 

SOO.] If a chord be drawn through a fixed point S in the plane of a conic 
section meeting the curve in the points r and t„ the product of the 
tangents of Imlf the angles SFr and SFr, will be constant, F being 
a focus 3', 

301.] If a straight line FQ be drawn in the plane of a conic section, and 
from any point P in it two tangents be drawn to tlie cun-e meeting 
the minor directrix io two points T and T., while the given straight 
line meets it in Q, the product of the tangents of half the angles TOQ 
and T,OQ will be constant 21 

.103,] If two diameters are drawn at right angles in a conic section, one 
meeting the curve in Q, the other meeting the minor directrix in 
O, the line QQ envelop.'! the circle whose diameter is the minor axis 3i 

300.] If a secant be dtawo to a central conic section cutting the curve in the 
points F and P„ and the minor directrices in the points Q and Q,, 
and if through the points F and F, tangents be drawn meeting the 
minor directnces in the points MM, and NN,, the sum of the angles 
which the straight lines M.M, and NN, subtend at the centre will bo 
equal to twice the angle which QQ, subtends at the same centre. . & 

U07.] If through any two points P and P, on a central conic section a secant 
be drawn, and two tongenla through the points P and P, meeting 
the minor directrices in the four points M, M„ N, and N,, and por- 

Sandiculars be let fall from these four points on the secant, nameiy 
IP, M,F„ PfP,,. N,P,„, the ratios 

MP M,P, NP„ N,P„. 
MO' M.O' SO '"NTT' 

mil all be equal ■'£ 

308.] AJgebraical pronf of this theorejn 2f 



311.] 

313.] 



315.] 
3J6.] 
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If two fUed points A and B be aeenmed on & conic section, and a thitd 
point C variable in position, and if the chorda CA, CB be produced 

to meet the tninor uirectrices (A) and (A,) in the points M, M, and 
N, N,. the line MM, will ^uhteno a constiuit angle at the centre O ; 
BO also will the line NN, on the other directrix (A.) ; and the sum 
of theae angles will be conatant and equal to the angle AOB .... 3l 

If a triangle be intmibed in a conic section whose base is the minm 
axis, tutd whose vertex is variabla along the curve, the aides being 
producod will meet the minor diiectrix in two points MM,, which 
will subt«tid a right angle at the centre 9l 

Let the sides of a quadrilateral inscribed in a conic section meet one 
of the minor directrices in the points A„, B„ C„, D„; the sum of 
the angles which the segmenta A,Bg and C^„ subtend at the centre 
will be equal to two right angles 2 

Simple method of finding the curvAture of a conic section 3 

On groupi of eontr aertiont hamnff the same minor directrieel. 

L«t a series of concentric conic sections, all having the same minor 
direetricea, be cut by a transversal, the portions of this line inter- 
cepted bj aay pair of these curves will subtend equal angles at the 
centre; and if, througheverypBirofitoints in which this transversal 
intersects the sections, tangenls are orawn intercepted botb ways b; 
the directrices, the aum or the angles which any pair of these tan- 
gents subtend at the centre is constant, being' equal to twice the 
angle which the common transversal intercepted botb wa3'a by the 
directrices subtends at the centre 2 

Two diameters at right angles revolve round the centre of two conic 
sections having the same minor directrices, each diameter meeting 
one of the curves ; the line joining these points will envelop a drcle 2 

A series of concentric conic aectiona, having the same minor direc- 
trices, is cut by Q common diameter; the tangenls drawn through 
the points where this diameter intersects the curves envelops a con- 
centric conic section 2 

On certain properties of the equilateral hyperbola S 



CHAPTER XXX. 

ON TUC LOGOCYCLIC CUKVE, THE TBIQONOMETRY OP THE PARABOLA, 
AND THE SEOMETRtCAL OBIOIN OF LOOAKITHMS. 

31B.J On the equations ofthelogocydic curve 295 

320.] to 340.] On the properties, quadrature, and rectification of the logo- 
cyclic curve 2B6 

341.] On certain properties of inverse curves 309 

342. J On the relation between the central forces by which any curve and its 

invia:Be may be described 311 



CHAPTER XXXI. 

ON THE TKIOONOMETUV OP THE PARABOLA. 

343.] Delinition of amjugate amplit-iuiri . 

344.] Table of analogies between the formulae of circular and parabolic tri- 
gonometry . . , , 

346.] Expression for the length of au arc of a panibulu . , , ■ 
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S4G.] Relations between the conjugabi area of u paniMla 

348.] ReiadoD of the ordiuatoe of three conjugate panbolic arcs . 
S4d.] Geometrical repnBentatiun of the lunctiona 

eec(<p-^X) "'^ '^''(^-''Jt) 

3fiO.] RelntiDDB between tuultiple paralralic arcs 

it53.] Solution of cubic e<iuatioii bj parabolic trigonomeby 
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362.] 
30(1.] 
307.] 
370.] 



373.] 
370.] 



CHAPTEE XXXII. 

ON THE QBOMETRICAL ORIGIN OP LOOAHITHMS. 

Value of B the Nftpieriaubiu* iu terms of functions of the angle which 
a focot perpendicular on a brngynt nialiea witli the axis, 

or see fl+tan S:=« , 3 

To represent numlten and tlieir logarithms by the logocyclic curve and 
itH conjugate parabola 3 

To represoot the decimal or any other Bystem of loitarithma by a cor- 
responding parabola 3 

The quadrature of llie hypGrbola depends on the rectification of the 
pnrabols 3 

On the relations between focal perpendiculars on the n sides of a poly- 
gon circumscribing' a parabola 3 

On flonie aDBlogiea betweon circulur and parabolic trigonometry .... 8 

On tlierootBof i^ — 2ik:"+1=0 whenu>l 3 

On piiraboUc trigonometry as applied to the invaatigation of the cate- 
nary and the tnictrix .3 

On porae properties of the catenary 3 

On the tractrii 3 



CHAPTER XXXIII. 

ON SOME FKOPERTIEB UF CONFOCAL SURFACES. 

!),] Three confocal surfaces of the ticcond order intersect in a conunon 
point Q, the vertex of a coiio wliich envelops a fourth confocal sur- 
lace 1 to determine the projective equation of this oine referred to 
the normals of the three Burfaciis, at the conunon point Q, as axes 
of coordinates 3 

2.] Two cones having tlmii common vortex on a surface of the second 
order, an ellipsoid suppose, (u.A^J envelop two confocal surfaces. 
The diametrd plane of the surface conjugate to the diameter paas- 
ing through the common vertex of the two cones will cut off from 
their common ude a constant leagtii, independent of the position of 
the common vertex of the two cones on tlie surface (a,i^,) 3 

3.] A cone whose vertex is on a surface of the second order envelops a 
confocal surface. To dotermins the length of the axis of the cone 
between the vertex and the plane of contact 3 

1] Along a line of curvature tangent planes are drawn to a surface of the 
second order. The perpendiculars from the centre on these planes 
generate a cone of the second order, whose focal lines coincide with 
the nplic axes of the surface or with the perpendiculars to its cir- 
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TANGENTIAL COORDINATES. 



CHAPTER I. 






ON THE TANGENTIAL EQUATIONS OP A POINT AND A STRAIGHT LINE IN 

A PLANE. 

The projective equation of a straight line in a plane^ referred 

to two intersecting lines in the same plane^ is -+|=1. In this 

equation a and b denote the intercepts of the axes cut off by the 
straight line^ while a: and y are the variable current coordinates of 
any point moving along this line. 

Now if we fix this pointy thus making x and y constant, and sup- 
pose a and b to vary instead, we shall have the means of defining 

the position of this point by the help of a second equation, — + j- = 1, 

where a is changed into a^ and b into b^. 

As a and b are henceforward to be assumed as variables, we must 
adopt some appropriate notation to designate their variable cha- 
racter. It will improve the symmetry of the notation if we put 

a=-zy 6=-; and thus the preceding equation becomes 

^f+yi/=l; (1) 

and this is the tangential equation of a point. 

As this expression is of constant occurrence, being the link which 
unites the tangential and projective systems of coordinates, it may 
with propriety be called the dual equation. 

The position of a straight line will evidently be determined, if we 
make {= constant, t;= constant. 

It must be borne in mind that, as f , i;, f are the reciprocals of 
straight lines, such quantities as of, yv, or Pf are abstract numbers ; 
a, y, and F being straight lines. 

As X and y are the projective coordinates of a current point in a 
plane, so { and v are the tangential coordinates of a line which may 
be termed the limiting tangent. 
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2. 



Fig. 1. 
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ON THE TRANSrORMATION OF COORDINATES. 

Assuming the ordinary rectangular axes of coordinates, 

we shall imagine them first tmiped 

round through an angle 0^ re\ai^g 

the same origin^ and aft<^Vards 

suppose them displ^cc3*->k parallel 

directions to anQtter'<)ngin. 

1 T* '• • 
Let -z and 'sHctiote the intercepts 

of two'-rectahgular axes, OX, OY, 

'•'*• •'• 1 1 

•brfft. *fi5ted straight line; ^ and - 

•/;.^the intercepts of the axes OX^ OY^ 

^ * made by the same straight line, and 

let P, the perpendicular from the origin on the straight line, make 
the angles X and \ with the axes OX and OX^, and let be the 
angle XOX^. 
Hence X=\+5, 

and cos \=cos \^ cos ^— sin \^ sin ; 

but Pf = cos X, Pf ^ = cos \, T?v = sin X, Vv. = sin X^ ; substituting and 
dividing by P, we find f =cos . ^.sinu .v^; and a like expression 
may be found for v. Hence, when the axes of coordinates are 
turned round through the angle 0, we may pass from the old system 
to the new, from f , u to f ^ v^ by the equations 

f =cos . f^— sin . Up 
t;=8in5.f^H-cos^ 







(2) 



ON THE TRANSLATION OF COORDINATES. 

8.] Let the axes O^X^ and O^Y^ be drawn through the point O^ 
parallel to OX and OY. Let O^X^=p 0/^,=^^* 0X=^, 

0Y=-. Let/? and q be the projective coordinates of the point O 



V 



on the new axes O.Y^ and O^X^ ; join O 
and Xp O and Y^, also O and O^. 

Now the whole triangle O^X^Y^ is the 
sum of the three component triangles 
O^OXp OpYp and OY^X^j or, sub- 
stituting their equivalent expressions. 



Pig. 2. 



1=^+^+1: 



^n^^^^/ """ multiplying by ^v, 
wc obtain f =r & . 
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In like manner t;= 



V, 



Hence the expressions for the old coordinates^ in terms of the 
new, translated in parallel directions^ are 






Vss 



(3) 



when the axes are first turned round through the angle and then 
translated in parallel directions^ 

(4) 



^_ cos^.^^— si 



Biad.v 



i 



qv, 



sin^.f. + cos^.i;. 

t/IB zl-- ' 



Pig. 3. 



4.] If we wish to change the inclination of the axes of coordinates 
from a right angle to an angle (o, we 
may easily eflfect this, the axis of X 
remaining the same, by substituting 

v.— cos 6). f J, 

-^ — -. for V. 

smcD 

Let the new axis of Y^ make the 

angle to with the former axis of X. 

Then half the area of the triangle 

XOY=Tr-; and half the area of the 
same triangle is OZ=— , multiplied 




V. 



by the sum of the perpendSculars let fall on it from X and Y, that is, 
1^1 /sin Q) cos G>\ _ / Vy— cosctf.f 

- vX-T 



. cosa)\ /i 



)• 



(5) 



fir i;^\ f ■ i; /' \ smco 

5.] The perpendicular from the origin on the straight line whose 

tangential coordinates are f and v, is manifestly /^ g . 

To determine the length of a perpendicular on the straight line 
whose tangential coordinates are { and v,from the point whose pro- 
jective coordinates are p and q. 

Let O^ be the point whose projective 
coordinates are 0A=5', 0,B=|?; let 
0,Q=P. 

Then the area of the whole triangle 
OCD = OpC + OpP -h DOp, or 

^=|+^-hP/Y/ij+~p; or multiply, 
ing by f i;, and reducing, 

6.] To find an expression for the value of the angle between two 
given straight lines whose tangential coordinates are given, 

b2 



(6) 
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Let be the angle between the two given straight lines whose 
tangential coordinates are ^, v and f^ v.. 

Let these lines make the angles (f> and <f>f with the axis of X ; then 

t t 

tan<^ = -, tan<^^=-, and ^=<^— ^^; 

hence tzu0=p^±=}^=i^>-^ ; .... (7) 

1 4- tan <p tan <p^ f f ^ -f vv^ 

when the lines are parallel, ft'^— f/i^=0,l /q^ 

when the lines are at right angles, ff^4-vi;^=0. / 

7.] To find the tangential coordinates of a right line passing through 
two fia:ed points whose projective coordinates (a fi) and{afi^ are given. 

Let the tangential equation of one point be a^+l3v= 1, and that 
of the other point be a^f -f ^yV= 1. 

Eliminating from these equations f and v successively, we get 

^ at^^-a,^'"' afi-a^, ^^> 

The line will pass through the origin when - =~. 

«i. Pi 
8.] Let us resume the tangential equation of the point {x, y), 

namely x^-j-yv = l. Multiply it by P, the perpendicular from the 

origin; bearing in mind that Pf=cos\, Pi;=sinX, we obtain 

cos \ . ar + sin \ . y— P = 0, 

which is a common form for the equation of a straight line in pro- 
jective coordinates. 

Now if on this line we let fall a perpendicular from the point 
{xff,), the length of this perpendicular will be 

cosX . ^^H-sinX . y^— P. 

Thus the form of the equation of the straight line in {x, y) becomes 
the length of the perpendicular let fall upon it from the given point 
{XiyD when we substitute x^ and y, for x and y. 

Let F{x,y)=0, F^ (^,y) = be the projective equations of two 
straight lines meeting in a point, then the equation of any other 
straight line passing through the same point will be F {x,y) 
+ i F^ (x, y) =0, i being any constant whatever. It is clear that the 
values of x and y which at the same time satisfy the equations 
F (x,y) =0, F^ (a:, y)=0 will also satisfy the equation of any other 
straight line at the point of intersection, and therefore will satisfy 
the equation F {x, y) ± t F^ {x, y) =0. 

To find the value of i in the preceding equation, — 
If in F{x, y) we write x^y y^ instead of x, y, then F (x^j y^ becomes 
the perpendicular on F [x,y) =0, and F^ [oc^y^ becomes the per- 
pendicular on Y^ (a:, y)=:0; hence i denotes the ratio of the per- 
pendiculars let fall from any point on the two lines F (ar, y)=(), 
F^ (ar, y) = 0, and will denote the anharraonic ratio of the four 
straight lines F (ar, y) = 0, F^ {x, y) = 0, F (ar, y) ± t F, (a?, y) = 0. 
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When i= — 1, the anharmonic ratio becomes the harmonic ratio. 

9,] Now let l—x^—i/v=0='V{^,v) be the tangciitial equation 
of the point {xy), and 1 —x,^—!/,v=0='V, (f,v) be the tangentiiil 
equation of the point (,r,y,) ; hence it follows that V (f, v) 
i.jy, {^,v)=^0 will be the equatioa of another point on the line 
passing tliroiigh the points (ari/) and [x/y^). 

Oil the given straight line whose tangential coordinates are f, and 
Vj let fall the perpendicular z from the point (ry) ; the length of this 
perpendiculars will beP (l—irf,—ji/,), where P is the perpendicular 
from the origin on the given line f^ and u,: see (6). Hence it follows 
that ifin the tangential equation of the point (.ry), namely ,V(f,v) = 0, 
we substitute f, and v, for f and v, and then multiply the expression 
by the perpendicular from the origin on the line f,Uj, we shall 
obtain the length of the perpendicular upon it, ao that if V(f,w) = 
be the tangential ei/itation of the point [^), P.V (f,u,) will be the 
length of the perpendicular letfall on the line(^,u,j from the poiut(^). 

In the same way, if the perpendicular let fall from the point 
(x^y,) on the straight line whose tangential coordinates are f, and u, 
be J',, then 2,=P(1— Xjf,— !/,i/,) ; hence 
g_ 1— j- g,— yi), 

If, now, in the tangential equation of a third point which lies on 
the straight line passing through the two points [xy) and {^ly,), 
namelv 

[l-^^-yv)±j{l-x,^~y,v) = 0, 
we substitute f, and v, for f and u, and multiply by P, we get, z^ 
being the length of this perpendicular, 'i,=z±jz,. 

It is obvious that the perpeiidictdar from the third point is : +J^i, 
and from a/ourik point in the same straight line is z—jz,. 

When the perpendiculars z and z. are equal, it may easily be 
shown that the line whose tangential coordinates arc ^^ and v^ is 
parallel to that whose coordinates are | and t;; for in this case 






hence the line which passes through the points \xy) and (ar^y,) is 
parallel to that whose coordinates are f, and i/,. 

When this third peqjendicular s,^ is 0, or when the third point 
ia on the intersection of the lines whose tangential coordinates are 

f and V, f, and v^, we get 0=z±jz„ or j=-, or / is tlie ratio of 

the two perpendiculars let fall from the points (jy) and {■z',y,) on 
the straight line whose tangential coordinates are f, and v,. 

10.] Wc shall more clearly exliihit the duality of the relations 
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between projective and tangential coordinates if we write down the 
foregoing propositions, side by side, as follows : — 

Fig. 5. Fig. 6- 

Y B 




Projective Coordinates, 

L(3t F (a-,.v) =0, F, (J',y)=0 be the 
projective equations of Uoo straight 
lifter. 

Lota third sir aifjht line ABbo assumed 
passing through their inUrseciion, and 
lot the projective equation of this line be 

F(*,.v)±«F,(^,y)=0; 

from a point in this straight line, 
whoso coordinates are j\ and y,, let 
two perpendiculars be let fall on the 
given straight lines ; the ratio of these 
perpendiculars will bo i, and the four 
lines F(ar,y)=0, F,(.r,y)=0, ¥{x,y) 
+iF, (.r,y)=0 will form an anhar- 
monic pencil. 

Let F(j-,y,)=2, 

and ¥,{x,y,)=z,y 

and F(jr.y,)±iF,(jr,y,)=0. 

Seeing that it is the expression for 
the perpendicular from the point x,y,, 
which 18 on the line, 

F(.i'y) + *F.(iry) = 0. 

ileuce 2-J-ts,=0, 



or 



s. 




Tangential Coordinates. 

Let y (f , v) =0, V, (f , v) =0 be the 
tangential equations of two points. 

Let a third point be assumed on the 
line passing through them whose ton- 
f/ential equation shall be ^ 

V «,«)+> V,«,«)=0; 

this point will be on the straight line 
passing through the given points whose 
equations are v ({, v) =0, V, (f , v) =0 ; 
from these two points let perpendiculars 
be let fall to a line whose tangential 
coordinates are $, and v„ then P. v(f ,u,) 
and l\\,((.v,) will be the length of 
these perpendiculars. Let them be put 
s and z,. Let the third point be as- 
sumed as not only on the line passing 
through the two given points, but also 
on the line whose tangential coordinates 
are $, and v,. Hence the tangential 
equation of this point becomes v ((v) 
HhyV, (fi;)=0; out as this point is 
on the line whose coordinates are (, 
and V,, the perpendicular from it on 
this line must be 0. Hence 

V(t«,)±>V,(fv)=0; 
but it has been shown that 

V(|.v,)=p 



hence 



t-^JZ.=:0, 



or r=-7. 

-I 

As the principles involved in the preceding theory may appear 
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somewhat obscure to beginners^ especially how the form of an 
equation between two variables^ when equated to 0, may by a sub- 
stitution of like quantities become a line of given lengthy it would 
seem better to err rather in fulness of explanation than to assume 
as easy that which to some minds may at first sight be difficult of 
comprehension. 



CHAPTER II. 

ON THE TANGENTIAL EQUATIONS OF THE CONIC SECTIONS* 

11.] We shall include the tangential equations of the circle in 
those of the central conic sections, as nothing is gained in facility 
of investigation by takii&g them separately ; and we shall commence 
with the simplest forms of the equations of those curves, taking the 
central sections apart from the parabola, as their tangential equations 
are essentially distinct. We shall assume the projective equation of 
the ellipse, referred to its centre and axes, as the basis of investiga- 
tion, and proceed thence to the more general forms of the equations 
of these curves. We shall commence with the equation of the 
ellipse, as we can always pass from it to that of the hyperbola, by 

changing A into \/=lA. 

12.] The projective equation of a tangent to an ellipse passing 

. . «r t/ ^ 
through the point {xn^ on the ellipse, whose equation is -^ + % = 1, 

c* o 

may be written -g +^=1« 

In this equation x and y are the current coordinates, and the 

limiting tangent meets the axis of x at the point where y=0; at 

a* 1 

this point <r=—; let this distance be g, hence a?^=a^f. In like 

Xf f 

manner yf=b^; 

hence a^^+b^^^l (10) 

is the tangential equation of the ellipse referred to its centre and 
axes. 

Let the axes of coordinates now be conceived to revolve, through 
the angle 0, round the origin, and be then translated, parallel to 
themselves, to a point whose coordinates are —p and —q. 

The formulae of transformation are, see (4), 

^_ cos 6 , fi— sin . i// __9m0 ,^j + cos0 .Vi .. . 



(12) 



8 THE TANGENTIAL EQUATIONS 

If we substitute these values of f and v in equation (10), omit- 
ting tbe traits as no longer necessary, we shall find 

[a«co8'ff+6*8in''fl-p']^+[fr*coa«5 + a'8in*5-g«]u*i 

Hence, the taogential equation of a conic section being in its 
most general form 

a^ + a,^ + 2d^v + 2y^+2y,v = \, (13) 

and equating the coefficients of thia equation, term by term, with 
those of the preceding one, we sliall have 

a*coa*^+i*sin*&— ;j'=a; o*sin*^ + 6*003*^—5^=0,; i .... 
{a'* — b'*)sm6cos0—pq=^;p^'y; ?=7,- i 

In the firet place, we may observe that the halves of the linear 
coefBcicnts of the general equation represent the projective coordi- 
nates of the centre; for p and y, the projci^ivc coordinates of the 
centre, are equal to 7 and 7,, which are the halves of the coefficients 
of the linear terms in f and v. 

Comparing the three remaining coefficients, and introducing the 
values of 7/ and g, wc shall have 

and (a*-fi*)8in5coBfl=(3 + ')7,; 

hence (a« — 6') cos 20 = {a+ 7*) — {a, + %*) 

and (a*-6^)sin2fl=2{0 + 77,}; 

tau2^=^-M±jn^. 
{a+'f)-[a,+y<) . 



and also 

Since 

a» + i* = (a + 7«) + (a,+7,a)^ 



(15) 
(10) 



and 

(o'-i-)— (< 

subtracting, 






h7')'-2(<i+7«)(o, + 7«) + {o, 
■e obtain the result, 

a*A^ = (a+7*)(«, + 7,^)-(yS + 7y/ (18) 

Again, sinee o*-|-6'= (a+7*) + (a,+7'), 

"and fl»-AS="/[(a+7»)- (a,+7;)J + 4(/3 + i7/, 

adding these equations together, we obtain the result, 
2oS={ffl+7«) + {a, + 7;) ±V[(o + 7')-h+%')]" + -t[^ + 77)«, (19) 
the upper sign being takcu tor the major axis, tlic lower when we 
require the value of the minor ajtis. 
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13.] When the section is an hyperbola, A* must be negative, or 
in (18) we must have 

03+ry/>(«+7*) («<+7/»). •••••. (20) 

When the conic section becomes a circle, the two semiaxes in (19) 
become equal ; hence the quantity under the radical must vanish ; 
and as this quantity is the sum of two squares, we must have each 
square separately equal to 0, or 

a+7*=a;+7;', and/8+77^=0 (21) 

When these two relations hold, the conic section becomes a circle. 

The corresponding property in projective coordinates shows that 
the origin of projective coordinates must be at a focus. 

Hence the relations between the coefficients of the general tan- 
gential equation of the conic section which indicate that the curve 
is a circle, namely 

a+y«=a^+y« and /8+yy^=0, 

when translated into the projective equations of a conic, namely 

A + C«=A^+C^« and B+CC^=0, 

show that the origin must be at a focus. 

14.] Let c«=a«-A«, then from (19) 

e*=(a«-A«)« = [(a + 7«)-(a, + y«)]« + 4(/3+yy,)«. 
Let D be the distance of the origin from the centre, then 

Now let a=iaj and /8=0, then we shall have e*= {y^+y^)^; hence 
c =sD, or the origin is at a focus of the curve ; and as 

tan 25 =-1'^'^, or tan 5 =5^', 

r -7/ y 

thus the axis of the curve passes also through the new origin. 

When the two conditions a + y^s^a^-^y^ and /8H-yy^=0 are 
satisfied, the curve is a circle ; and the origin is at a focus when 

a=ap and /8=0. 

15.] The origin of coordinates is on the curve when 

aa,-/8«=0 (22) 

When the origin of coordinates is on the curve, through this 
point there can be drawn only one tangent to it, and at this point 
f= 00, v= 00. Let v=n^; then] the general tangential equation 
of the curve, a^ + a^fi + 2/8f u + 2yf + 2y^t; = 1 , may be changed into 
(aH-n'a,)f*+2/8nf'+2(7 + ny^)f =1, or, dividing by f*, 

{a + n\ + 2 fin) + 2 (^^^'^ = p 
or a + w*a^-j-2^n=0, since f = oc. 
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Solving this equation for n, n = — 5-i — E. ?fj. 



«i 



Now, in order that n may have only one value, we must have 

^=axif, orn=A/^. 

V a^ 

when fi^<aai the origin must be within the curve; when the 
origin is outside the curve, n must have two values, and therefore 
|3* > aa,. 

16.] To find an expression for the angle which the asymptote to 
an hyperbola makes with the axis of X. 

Let Pf« + Qi;« + 2Rfi;=l (a) 

be the tangential equation of an hyperbola, referred to its centre and 
any rectangular axes i)assing through the centre. As the asymptote 
may be defined as a tangent to the curve at an infinite distance, 

and which passes through the centre, at which point ^ =0, - =0, 

let T be the tangent of the angle which the asymptote makes with 

f 

the axis of X, then t= - or f =ti; ; substituting we obtain 

PT«4-2RT-hQ=~=0, 



, . . --R+i/R^~PQ ,, , 

or, solvmg tor t, t= = — p (b) 

Now, the direction of the coordinates continuing unchanged, let 
them be translated to a new origin, such that the projective co- 
ordinates of the centre of the curve on the new axes shall be —7 
and —y/; then 

f = ^ y— ^' (c) 

Substituting these values in (a) and reducing, we find 

(P~7')fH-(Q-7;)«^'+2(R-yy,)fi; + 2yJ + 2y^u=:l. 
Comparing this expression with the general equation of the curve, 

we shall have V — y^^za, Q--y^2=:ap R — 77/=/8; 

hence P=a + yS Q=a^-f 7^2^ R=^ + 7y^. 

Substituting in the expression (b) for the angle which the asymptote 
makes with the axis of X, we obtain 



^^ -(/3+7Y,)± ypgH-ryZ-C^+y ^J K+y;) , . (23) 
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In order that this value of r may be real, we must have 

,(^+ry/)'>(«+7*)(«i+r;) (24) 

17.] It is not difficult to show that when we have the relation 

the tangential equation breaks up into two linear equations, the 
tangential equations of two points. Let the assumed linear equations 

^ wf + «v— 1=0, and m^ + n;i; + l=0. ... (a) 

Multiplying them together, the resulting equation becomes 

mm^ + mfiiv-^mf + mnfv + nn/i^^n/u + mf + ni;= 1, . (b) 
Comparing this equation with the normal equation of the conic 
section, aJ« + a,v2 + 2/8fi;+27f +2y,i;=:l, 

and equating like coefficients, we get 

hence m;+w=2 Va + y*, n^+»=2 Va^H-7/S 

and K+w)>^ + n)2=16(a+7«)(a^+7«). 

Now m— wi^=2y, n— n^=27^; 

hence (m — ml) (n — n^) = 4y7p 

and 4/8=2 {m/n + mn^ ; 

hence 4(^ + 77^) = (m -h mj) (n + n,) . 
Consequently, equating these values, we find 

(/3+ry/)^+y*) («/+%') (d) 

Since »i + W/=2 V^ + yS and m— m^=2y, 

we find m=y-f- Vc^ + yS m^=— y+ Va + y^, 

and ^=7i+ Va/+yM «/=— 7/+ V^z+y,*. 

Hence the equation of the curve is broken up into 



, Va + y*f+ Va/+yi*v— 7f-7yi;— 1=0, 



(e) 



Va + y^fH- Va/-hy/^v4-yfH-y/i;+l=0. J 

18.] When a=0, the axis of Y touches the curve, and when 
0^=0 the axis of X touches the curve. 

When J is a tangent, the curve coincides with the axis of X ; 

then - =0, since this tangent meets the axis of Y at the origin. 
The general tangential equation of the curve may be written 

«i+^{«? + 2yf-l} + i{2^f + 2y}=0; 
hence, when -=0, a, must be =0. 
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In like manner it may be shown that when the axis of Y touches 
the curve we must have a=0. 

19.] To find the values of | and v when they are tangents to the 
curve. 

When the limiting tangent coincides with the axis of X, then 
(as in the preceding article) a,=^0, and the tangential equation 
becomes^ when divided by v (which in this case is infinite), 

-{aP + 2yf-l} + 2^f + 2y,=0. Hence, when the axes of co- 



V 



ordinates are tangents, we find 

/8f + y,=0, /3i; + y=0 (25) 

20.] Resuming the general tangential equation of the conic 
section (13), let it be solved for v. 



Now let 



and 



1 _ ( ^^+r, \. VM J___/'^+yA 

6m ~ \ a, ) a, ' 0P~ \ a, J 



i=-(^)-^ (^) 



Fig. 7. 




111. 
hence q^, ^y^, ^^^ arc in arithmetical progression; therefore 
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Om, OVj On are in harmonical progression; hence QO being =^, 

QO^ Qm, QP, On constitute an harmonic pencil ; and as dm, On 
are tangents to the curve, QO, QP pass respectively through the 
poles, one of the other ; hence QP passes through the pole of QO, 
which is the axis of X ; hence 

is the equation of the pole of QO which is the axis of X. In the 
same way it may be shown that af +)3u + y=0 is the equation of 
the pole of the axis of Y, and the two simultaneous equations 

afH-/3i; + 7=0, a;U+/3f + r,=0 .... (27) 

determine the polar of the origin. 

If we solve these equations, we find for and v 

These are the coordinates of the polar of the origin *. 

21.] To find the species of the conic section when the reciprocal 
of the perpendicular on the tangent from the origin shall be a 
rational function of the tangential variables. Let the equation be 

af + a,t^ + 2^fu + 27f + 2y,i;=l; (a) 

then «j being the reciprocal of the perpendicular, and \ the angle 
it makes with the axis of x, we shall have «i cos X=:^, «jsinX=t;, 
hence 

a cos*X-|-a; sin^ X+2)y sin X cos X + 2(7 cos X+7iSinX)--=— 5, 

or 

l-7f-7i»^ 



tj= 



>/(a + 7*) cos*X+(a^-h7^*) sin*X4-20S+77^) sinXcosX 

Now, in order that this may be a rational function of f and v 
independently of X, we must have 

o + 7*=a^+7* and/8 + 77^=0; 

hence tsr=?— ^1^, (29) 

vo-f7 

* Let Aa'*+A,y'-f-2Bay+2Car-f-2C,y=l be the projective equation of a 

central conic section, x and v being the coordinates of the centre \ then, as is 
shown in all works on the suDJect, 

- BC,-A,C - BC~A O, 

^"" AA^-B-* ' y~ AA,-B»' 

which expressions for the ordinates of the centre are analogous to those for the 
tangential coordinates of the polar of the origin. 
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or the curve must be a circle, in order that vr may be a rational 
function of f and v^, 

22.] We shall showfiirther on that if F(a?, y) = and V (f , u) = be 
the projective and tangential equations of the same curve, vre may 
pass &om the one system to the other by the help of the following 
relations, taking the partial differentials as follows : — 



f= 



dF 
cLr 



dF ToF^ 

dV 
df 

dl^+dT" 



dP 

dy 

"~iF . dF ' 

dj^+^y 

dV 
dv 



^ 



> 



(30) 



V 



23.] Let F(a?, y)=0 and V(f, v) =0 be the projective and tan- 
gential equations of the same curre, then 



f' 



dV 

df "" dy 

dV ^ , dV 

dl^+diJ" 



dV^ dF 



dF 



d^ 



^=0. 



dP .dp 
dS^+d^y 



(31) 



For brevity put 



„ dV^ dV 
U^dF^+di;''' 



^_dF ^dF 
^=di^+d^y- 



* Let 



A;c»+A,y3+2Rry+2ar+2C,y=l (a) 



be the pTojectiye equation of a conic section. Let x=r cos <o, y =r sin ci>. Sub- 
stituting tnese values and reducing, we find 

A cos* «+ A, sins «4-2B sin o cos «4-2(C cos 0)4- C, sin «) -=—, 



or, solving, 

- =s C cos 6>4-Cj sin o> 

r 



± V[A+0«]+[(A,+ C,2) -(A+C»)]8in2 a,+2(B+CC,) sin a> cos o). 



1 



(b) 



Multiply this equation by r, putting x for r cos o>, and y for r sin <o, there finally 
results 



r=- 



l~C.r-C,y 



^/(A+C*)+t(A+C;)-(A,+C,")j8in»a,+2(B+CC,)sin«cosa," ' ^""^ 

Now in order that r maj be a rational function of x and y, the coefficients of the 
trigonometrical quantities under the radical sign must vanish, or we must have 
A+C«=A,+C,«, and B+CC,=0, and 



Va+C* 



() 



But when r is a rational function of x and y, it may easily bo shown that the 
origin is at a focus. 
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dV dV 
Then, as shown in (30), x=-^, y—'rr i 

dV^_dV^ 

hence xi;— yg= y> (32) 

In like manner we may show that 

dP _dF 

^-,f=<^, (33) 

hence the truth of the proposition. In fact each expression is the 
value of tan 0, the angle between the perpendicular and the vector 
line. 

Of this formula an elementary proof may be easily given. Since 

ii— tan X— tana _ f x an)—y^ 
""l+tanXtana"" yv''xi'\-yv' 

but a?f + yi; = l; 

hence tand=a?i;— yf (34) 

24.] To apply these formulae. Let us assume the general pro- 
jective equation of a central conic section, 

Aa?«+A^y«+2B^-l=r(a?, y)=0 (a) 

Now 

g=2A*+2By, ^=2Ay+2ar, and gar+^y=2. . (b) 

Hence f=Aa?+By, and v=Ay+Bj: (c) 

From these equations, finding the values of ^ and y, and substituting 
them in the preceding equation, the result becomes 

A^f+Ai;«-2Bfu=AA^-B2 (d) 

Comparing this formula with the general tangential equation of a 
conic section, its centre at the origin, namely 

^^*^^ ^=aa;=:f«^'^'=aa;:ib^' '^=A^^ • (^^) 

so that we may at once pass from the projective to the tangential 
equation of the curve. 

The coefficients of the projective equation appear with some 
slight alterations : thus A^ the coefficient of y^y becomes the nume- 
rator of the coefficient of J*; and 'I-2B is changed into — 2B, while 
the absolute term becomes AA'— B*. 
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On Asymptotes. 

25.] An asymptote may be defined as a tangent to a curve, one 
of the projective coordinates x or y of the point of contact being 
at an infinite distance. Let ^=Xj then in the dual equation 

«2?f +yi^ = l, if ^ be infinite, we shall have -= — ^. 

dV 

Av 

This is the general equation of an asymptote to a curve. 

To apply this theory. Assume the general tangential equation 
of a curve of the second order, 

then ^f+^i;=0=2af« + 2a,i;H4^fi; + 27f+27,i;; . (a) 

and the equation of the curve, multiplied by 2, gives 

2af«+2a/V« + 4^fi; + 4yf + 47^i;=2 (b) 

Subtracting the preceding expression from this equation, thereresults 

7f+7/»^=li (c) 

the tangential equation of the centre of the curve, since y and 7^ 

are the projective coordinates of the centre. From this we may 

infer that whether the asymptotes be real or imaginary, they must 

pass through the centre of the curve. To determine the angle 

which the asymptote makes with the axis of X, let r be the 

t 
tangent of this angle, then t=-. Substituting this value of f, 

and dividing by v^, we get 

but (c) gives -=7TH-7y. Introducing this value of -in the pre- 
ceding expression, we find 

(«+7V + 209 + 77/)T + a^+72=O. 

Now, as this is a quadratic in t, there must be two asymptotes, each 
of which passes through the centre ; and if we solve this equation 
for T, we get 

a + 7* 
which is real only when (a -j- 7*) (a^ + 7^^) is less than 08+ 77^)^. 
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This expression is identical with that fonnd by a very different 
method in sec. 16. 

26.] Let us resume the consideration of the central conic referred 
to rectangular axes passing through the centre^ namely 

A^ + A/ + 2Bfi;=l. 

Retaining the axis of X, let us assume a new axis of Y' passing 
through tl^jB centre and making the angle a> with the axis of X. 

Hence,by (5), 1;=-^ — ; —; and substituting in the preceding 

equation the value here assigned to v, we get 

(A 8in*a)H-A,co8*ci)--2BsinQ) co8o>)f^ + A,i;^^ 
H- 2 (B sin g) — A^ cos w) ^Uf = sin* o) . 
Let us assume such a value of to as will cause the coefficient of the 

rectangle ^v to vanish; then tan « = —, and substituting this value 

of tan 6) in the preceding equation, the equation of the curve 
referred to oblique axes becomes 

[AA,-B«]f«+(A,2 + B«)u«=A, (37) 

If we draw the limiting tangent parallel to the axis of X, f i8=0, 

1 A*-f B* 

and -^=— -^-^ = A|* the semidiaraeter conjugate to the axis of f. 

If we draw the limiting tangent parallel to the axis of Y, or make 

AA,--B« , , 2^,2 AA^-B* A,«-hB2 
—£ =<; lience a^^b^= — L^ H- ' ^ > 

or a,*-f A,*=A + A^; but A -h Ay is the sum of the squares of the 
semiaxes a? and b^, hence a^+b^=a^ + b'^, a well-known theorem. 

The same formulae for the parallel translation of axes will hold 
whether the systems of coordinates be right-angled or oblique, the 
coordinates of the centre of the first system being drawn parallel 
to those of the second. 

27.] To determine a general expression in any plane curve for 
the distance between the point of contact of a tangent and the foot 
of the perpendicular let fall from the origin upon it. 

As this line is the projection of the radius vector upon the tan- 
gent, it may with propriety be called the protangent, and may be 
written t. 

Let V(f, i;)=0 be the tangential equation of the curve, then 

fi=x^'\-y^--p^ (a), and write V instead of V (f, v). 

dV dV 

Now x^-^ j^, ^^^y = cW ''dV ' • • (^) 



df * av df ^ di; 



c 
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1 



Squaring these values of x and y, and subtracting &om them ^ ^, 

the 8quai*e of the perpendicular, we obtain this remarkable and 
useful formula, 

dV dV 



/= 



df ^-I^^ 1 



(38) 



If we apply this formula to the tangential equation 
AP + A;u2-j-2Bfu = l, of a conic section, where / is the distance 
measured from the point of contact along the tangent to the foot 
of the perpendicular, we shall find this expression. 

Now, if the limiting tangent be drawn parallel to the axis of X, f =0, 

and / = Bi;; but - is the perpendicular on this tangent from the 

centre ; therefore P/ = B. Hence, in the general tangential equation 
of the conic section, B denotes the area of the triangle between the 
axis of Y, the perpendicular tangent to it, and the diameter drawn 
through the point of contact. 

When the tangent is parallel to the axis of X, the general equa- 
tion becomes A/U^=l, or F^=A/; hence 

P^ A P 

or ft), the coordinate angle, is the angle between the conjugate dia- 
meters of the curve. Hence by the use of oblique tangential coor- 
dinates we may derive the properties of the conjugate diameters, as 
we may those of the axes, by the help of rectangular coordinates*. 
28.] Let \ be the angle which a perpendicular P, let fall on a 
tangent to an ellipse which touches at a point whose radius vector 
is r, makes with the axis of X, we shall have 

a4cos2X-j-A*sin«X=FV«; (39) 

• Wo may obtain a similar expression (in projective coordinates) for the tan- 
gent of the angle between the perpendicular on the tangent and the radius vector 
of the point of contact. 

fs r'— pa r'— P* 1 1 

For tan«^=pj=-p-; \^n^——^-^-^. 

^ tan«^ 1 1 Ao . , ^ 



Now f»=- 



/dF\2 /dF\« 

Urj Uy) 
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for Pf =co8 X, and Pi;=siii \, we have also a^^^x, bhj=y. Hence, 
substituting, a^ cos^ X-\-b^ sin^ X = P^r^. 

In like manner we may show that if to be the angle which the 
diameter of an ellipse makes with the axis X^ we shall have 

cos^Q) sin^o) 1 ,._. 

To express the value of a semidiametcr drawn to the point of 
contact of the limiting tangent in terms of f and v : — 

Since cosX=P|, 8inX = Pi;, substituting these values in (39), 

r2=a4|2^iV (^1) 



CHAPTER III. 

We may now illustrate this theory by its application to a few 
examples. 

29.] The product of pairs of perpendiculars let fall from two points 
on a straight line is constant ; the line envelopes a conic section. 

In the expression given for the perpendicular in (6), 

where p and q are the projective coordinates of the point, while f 
and V are the tangential coordinates of the line, let/? = + c and §'= ; 
that is, let c be the distance between the points and the middle 
point of this line, taken as origin ; then 



and let PP^=A*, the resulting equation becomes 

the tangential equation of a conic section, of which (6* + c*) and ti^ 
are the squares of the semiaxes. 

30.] The vertex of a right angle moves along the circumference of 

adding these expressions, and subtracting ^ ^ and taking the square root, wo 

find 

dF dF 

dP , JP 
dT^'+d^y 

If we apply this expression to the equation iVir'^ + A//2-j_2Rr»/=l, we shall 
find tand=(A~ AJxy-HBU'2- y«). 

c2 
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a circle; one side passes through a fixed point; the other envelopes a 
conic section. 

Let the line joining the fixed point with the centre of the circle 
l)c taken as the axis of X, let this distance be c, the equation of 
the circle being x^ + y'^=a^; then the tangent of the angle which 
the line that passes through the fixed point makes with the axis of 

X is ^ , and the tangent of the angle which the limiting tangent 

t 
makes with the same axis is — -; and these angles are complements 

oneof the other j hence --- — x = l- The dual equation (1) gives 

l/{ o "7" Jul 

finding the values of y and x, substituting them in the equation of 
the circle x^-\-y^ = a^, we find 

when c=a, a^=l, or f =-, the tangential equation of a point in 

the axis of x, at the distance a from the origin ; when o a the 
curve becomes an hyperbola. 

31.] Tangents are drawn to an ellipse from any point of a con^ 

centric circle v)hose radius is ^a^-\-ti^', the line joining the points of 

contact envelopes a confocal conic. 

Let / and u be the projective coordinates of the given point on 

the circumference of the -p. ^ 

circle, then t^ + n^ = a'' •\- b'^ *^^' ^• 

is the equation of the circle ; 

and the polar of this point J^ 

with reference to the ellipse 

. tv 7ty . 

IS -g + /: = J ; and this ffivcs 

t = a^^,u=b^v. Substituting 
these values of / and u in 
the c(iuation of the circle, 
we find 

the tangential equation of an ellipse whose semiaxes a and A are 
given by the equations 

-« «^ 72 ** 




and these sections arc confocal for 

a* + A* 
Tlie line drawn from the point (/ u) to the point of contact of the 
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polar of {t, u) with the interior confocal eurve id a normal to the 
latter. 

The tangent of the angle which the polar of (/ u), the tangent to 

f 

the interior confocal curve, makes with the axis of X is — -: but 

i; 

the tangent of the angle which the line joining the point {t u) with 

i^i t/i)} ^he point of contact of the polar of {t u) with the confocal 

curve, is 

Hence these lines are at right angles, the one to the other. 

32.] The sum of the perpendiculars let fall from n given points 
in a plane to a straight line in the same plane is constant. The straight 
line envelopes a circle. 

Let the projective coordinates of the n given points on the axes 
of coordinates, their origin and direction being arbitrary, be pq^ 
Pfili* PifiliP &C" Then the length of one of the perpendiculars 

on the given line is — 7 a~^a > ^^^ ^^^^ ^^^^ point it will be 
Let the sum of the perpendiculars be nc, then 



»»— (i>+i^/+/^/i &c.)f— (g-f g^ + y^/&c.)t»=wc\/f^ + i;^ . (a) 

Let P and Q be the coordinates of the centre of gravity of all the 
points; then 

p -\-Pi +/>// &c. = nP, q-\-qi-\- q^ = »Q. 
Substituting these values in (a) , and dividing by w, we get 

Reducing, 

(c«-P«)P-j-(c«-Q«)i;2-2PQfu + 2Pf-j-2Qi; = l, . (b) 

comparing this expression with the normal form, 

af + a^J^ + 2y8fi; + 2yf -f ^y/u = 1, 

which becomes the equation of a circle when 

a + y*=a^+y,^ and ^+7^/=0, see (21), 

relations which hold between the coefficients of the preceding 
equation. 

When the sum of the perpendiculars is 0, c=0, and the tangen- 
tial equation of the locus becomes Pf+Qi; = l, the tangential 
equation of a point of which the projective coordinates are P and Q, 
the projective coordinates of the centre of gravity of the system of 
n points. 
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83.] Perpendiculars are dratvn to the extremities of the diameters 
of an ellipse. They envelope a curve ; to determine its tangential 
equation. 

Let the equation of the ellipse be 

^2 + ^2- A, W 

and as the diameter of the ellipse r is perpendicular to the line 

whose coordinates are f and v, we get r^=d?^-f y^ = p3— «; and as 

1 f 

r is a mean proportional between x and -^, a?=r^0=:^2T~2> i^ *h® 



same way y= ^ ^ , Hence, substituting, 

(f«+vT=5+p (b) 



The rectification of this curve gives one of the best illustrations of 
the geometrical interpretation of the first elliptic integral. 

34.] Two semidiameters of a conic section and the chord joining 
their extremities contain a given area. The cu)*ve enveloped by this 
chord is a similar conic section. 



^2 y2^ 



Let -^ + ^ = 1 (a) be the equation of the conic section; x^y^ and 
a o 

Xfi yii the coordinates of the extremities of the semidiameters ; then 

y,=^^, y/'=^?^ (b) 

Substituting these values of y^ and y^ successively in the equation 
(a), we shall have 

[a'^^-\-b^v^]x^'-2a^^x, + a^l'-b%^)=0; . . . (c) 

the substitution of y^^ would give an equation of precisely the same 
form. Hence 

combining these expressions, we get 

f ,2_ 4fl26V[ a2;^ + 6^ug-l] . . 

Let the area of the given triangle be — - ; it may be shown that 

4W 



it is also equal to -i u 

^ 2v 



Xi ~"~tc7i 



Hence ^=^^', or n2=i£^|l 
2 2v a^b^v^ 
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Substitating the preceding value of (or,— xj, we obtain 

,_4(o«|« + 6V-l) 

Let o«f«+iV=M. Then n«M«=4(M-l), or 

lit 

Since the area of a triangle generally is — o~^> ^ being the 

contained angle^ and since it has been assumed equal to -^, 
n=sin^; hence 

2 [1+ ^I^=^^^£f^=-i^ or 1 ; 

»* ^ — -• sm*0 .00 o0 

^ sin* ^ cos*-^ 

consequently the equation of the sought curve becomes 

sin«|4a«P-h6V}=l, or cos^* [a«f +6V] = 1, . (g) 

accordingly as we take the upper or lower sign. Thus there are two 
concentric ellipses enveloped by the revolving chord, such that the 
sum of the squares of the coincident axes will be equal to the 
squares of the axes of the original ellipse ; for 

o* sin* ^ + o* cos* ^ = a*, and 6* sin* ~ + 6* cos* \ = d*. 

Hence if a polygon of n sides be inscribed in a conic section, the 
sides being inversely as the perpendiculars let fall upon them from 
the centre, this polygon will circumscribe a conic section similar to 
the given one, 

85.] The straight line which joins the points of intersection of 
two focal vectors, containing a given angle 0, with a conic section, 
envelopes two conic sections having their foci coincident with the 
focus of the given section ; and if e and e^ be the eccentricities of 
the loci, e that of the given section, p and p^ the parameters of the 
loci, P that of the given section, we shall have the following rela- 
tions between the eccentricities and parameters of the three conic 
sections, 

€*+6*=e*, /?*-f-;?^*=P*. 

Let the equation of the given section be 

0?* y* 2ea?_A* , v 

a' 0* a a* 

the origin being placed at a focus, and the axes drawn parallel to 
the principal axes of the section. 
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Let {y^ a?y), (y^^ x^D be the coordinates of the points in which the 
sides of the given angle intersect the curve : the equation of the 
line passing through those points is 

y-y/=F^" (^-^,) ; (b) 

or if 

yf=mx^, . . (c) Vn^rnfl^n .... (c^) 

be the equations of the sides of the angle^ we shall find^ eliminating 
Vii Vii between (b), (c), and (c,), 

y—fna^f= — ^ l-U^x—x^ (d) 



x^ x^ 



Let f and i; denote the reciprocals of the intercepts of the axes 
of X and Y by the limiting tangent (d) ; then 

—=mv-\-^, . . (e) --=m^i;+f. . . . (f) 

Xf Xfi 

Now, eliminating {x^, y^ from the three equations (a), (c), (e), 
we shall find the quadratic equation 

(a«-AV)m2-2(62^ev+A4fu)w + A*-2a€6«f-64f«=0. . (g) 

But this is precisely the equation we should have found for m^ ; 
hence m and m^ are the roots of (g), or 

hence fn-m,=M1^^1^^4^^tz}}l. 

Let the quantity under the radical sign be written M ; then 

tang- ^""^^ ^ ±2abx/{M) 
1-Hmm^ a*— 6*M ^ 

or^ solving this quadratic equation, we shall find 

^_ fl«(l±cosg)« 
b^ sin« ' 

or, replacing for M its value, reducing and taking the lower sign, 
we find 

b\P-^v^) . 2b^ae,S . ^,. 

■ 37+ /)=^- •••(h) 

(A«-hanan«y ft« + a«tan«| 

Had we taken the upper sign, we should have found for the tan- 
gential equation of the locus 

J!il!±::!L+_i*!2-l_=i (t) 

A«+o«cot«| 6«+a«cot«| 



APPLIED TO EXAMPLES. 25 

Now in these equations^ as the coefficients of f and v are equal, 
^he foci of these sections are at the origin, or coincide with the 
focus of the given section. 

To determine the axes &c. of tliese loci. The tangential equa- 
tion of a conic section whose semiaxes and eccentricity are A, B, 
and e, the origin of coordinates being at a focus and parallel to the 
axes of the section, is 

B2(f« + v«)+2Ae.f=l (m) 

CompaiiDg this equation (m) with (h), we get 

B*= 2, A6= j; 

ft2-hanan«^ ^^-faUan*^ 

hence €=ecos--, and -r-=— cos -, oro=Pcos-:. 

2 A a 2 2 

Had we taken the upper sign, we should have found 

€,=e8in^, /?^ = Psm-; 

hence ^-\-€^= c^ />* -f i^/^ = P^ : 

when ^ is a right angle, the two loci coincide. 

Had any other point except one of the foci been chosen, we 
should have found for the locus a curve whose tangential equation 
would be of the fourth degree — the curve in this particular case 
separating into two distinct curves, each of which is a conic section. 

Had the given section been an equilateral hyperbola, and a 
right angle, a parabola would have been the locus. 

When the given angle revolves round the centre instead of the 
focus, the tangential equation of the locus is 

{a%«(f« + i;2)-(a«-h62)}2=4^2i2cot2|{a«f^ + dV-l}. 

36.] A straight line revolves in a conic section, having always a 
constant ratio to the parallel diameter ; it will envelope a similar 
conic section. 

Let c be the chord, 2r the parallel diameter, n the ratio. Let the 
tangential equation of the conic section be 

a%^'\'b\^=l (a) 

Let c, the limiting tangent, cut the axes of coordinates at the dis- 
tances ■= and - from the centre. Let 20^ be the diameter conjugate 
to 2rp and x the distance between c and r measured along a,. Then 

M 2 jA __ ^2 

c^:r^ : : a^—x^ : af, or -'2= — ^~-» 



26 



THE THEORY OF TANGENTIAL COORDINATES 



Let the tangent to the curve be parallel to the chord c, then 



or 



f,'=^'=r(^> 



•2 — /»2 



— 2~ ]• Hence, substituting in (a), 



a«f2 + AV= 



r*— c' 



?; but-3=n*; hence 



are 



a2(l-»2)f^ + ft^(l-n2)i;2=l; (b) 

when the line is indefinitely small n=0, and we get the original 
equation of the curve. When the revolving chord is equal to the 
parallel diameter, n = l, and the equation becomes . f + . v=l. 
In order that this relation may hold, we must have f =00 , i;=oo , 

or j=0, -=0, or the chord c must pass through the centre. 

87.] The product of the sides of a right-angled triangle diminished 
by fixed quantities , is constant ; the hypotenuse mil envelope a conic 
section. 

Let the sides of the triangle be taken as the axes of coordinates, 
and let the subtracted lines be a and b. Then by the terms of the 

question (v""«)( — i)=c*. Since the sides of the triangle 

J and -, reducing, 

(c«-aft)fi;-haf+*v=l, (a) 

the tangential equation of a conic section. 

Hence \a and ^b are the coordinates of the centre. 

Since a and a^ the coefficients of the squares of the variables, do 
not appear in this equation [sec. 18.], the sides of the triangle are 
tangents to the curve. 

When c*=aA, the equation becomes 
af+ii;=l, the tangential equation of a 
point. 

38.] Let the sides of the rectangle 
OPQR be produced, and cut by the trans- 
versal ABCD ; to find the tangential equa- 
tion of the curve to which this line is always 
a tangent, under certain conditions. 

Let 

OP=a, PQ=6, OA=j, OB=J; 
then we shall have 



Fig. 9. 
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t e w 

RB=lz*!:. PA=i^, PD=1::^^, 

V f i; 

AD*=(^U^*) (1 -«^)^ Ci3*=(|, + ^,) (1 -H*, 

... ADxBC 

(a) Aasume XBirCD = «- 

Let ^-j-v^=fST^, Now, if wc substitute the values of tliese lines 
as given above in f and v, we shall find 

(i-M(i-«g) _„ 

(l-«f-Au) ~ ' 
or _?* fy+af+it,= l (b) 

If we submit this equation to the test in (20), we shall find that 
it is an hypcrl^ola, since w4- 1 >/* — !, and the cun'e touches the 
axes of coordinates, since the cocflBcients of the squares of the vari- 
ables are wanting. 

(J3) Let Air pis^'*' Substituting the values of these lines 

above given, we find — fiz + flf + Ai;=l. It may easily be shown 

that this is the tangential equation of the hyperbola. For, assuming 
the form of the general equation 

af^ + a,i/^ + 2/3fu + 2yf + 2y,i;=l, 

we find asO, a,=0, 2^=A 2='y> 2"*^'' 

and as the curve will be an hyperbola when 

we shall find on substituting, 2-\-n>ti' 

AD^-f-ClT- 
(y) To find the curve when — _=- — = w*. Substituting the 

values of these lines, the resulting equation becomes 

a^f ^ + b^v^ - 2af - 2bv = w^ - 2, 

the tangential equation of an ellipse, })arabola or hyperbola, accord- 
ingly as n^>2, 71^=^2, or n^<2. 
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(S) Let 



CB^-hAD* 



AB2 + CD2 
lilies^ we get by reduction 

2 2 



= n*. Substituting the values of these straight 



»' 



n^-l 






Fig. 10. 



the equation of an hyperbola, since g__, is greater than 1. 

39.] The vertex of an angle of constant magnitude moves along 
the circumference of a circle ; one side passes through a fixed point ; 
to determine the curve that will be etiveloped by the other. 

Let CB D = 5, then while one side of the given angle passes 
through C, the other side B D touches 
the locus. 

Let the given point C, whose distance 
from the centre O of the circle is c, be 
taken as the origin ; then the equation 
of the circle, whose radius is a, will be 

(^-c)2-f-y2=a2. . . (a) 

Let the constant angle be 0, whose 
tangent is m, and let (f>, <f>. be the angles 
which the moving lines make with the 
axis of X. Then ^ = ^ + ^^. 

Nowtan^=»i, tan^=-, tan<^^=-. 




Hence 



w= 



X 
X V 



V 



yi' 



or m=i- — —r^, 
vx—^y 



(«>) 



XV 



But ;rf +yv= 1, hence m= — ^f-- Eliminating y and x succes- 
sively, we get 

(c) 



x= ^ 



tn(^ + v^) 



i\' 






Substituting these values in the equation of the circle, putting 
for m its value tan 0, we shall obtain 

{a^''(^)sm^0{^ + tj^)-^2c&iii0{sm0.^-{-cos0.v):=l. . (d) 

This is the equation of a conic section whose focus is at the 
origin. 

If we compare this equation term by term with the general tan- 
gential equation of a conic section, 

af^ + a/i^V2/Sfu + 2yf + 2yi;=l, (e) 
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wc shall have 

a=a^= (a*— c*) sin* ^, fi=0, y=csm^0, y^^c sin d cos 0. (f) 

To determine the semiaxcs and eccentricity of this curve. In 
(19), the general equation of the axes of a conic section, y^e find 

2A^=a + y^-\-a,^y,±{[(a + y^)^{a, + y^)y-h4{l3 + yy,y}K 

If we substitute the preceding values, we shall have 

A2=a«sin2^, B^rrfl^sin^^-c^sin^ej 

A^i. i^ ^ A^-B' c f- • • (g) 

and therefore c*= — 7-5 — > ore=-. \ 

Hence, as e is independent of 0, all the enveloped curves will be 
similar and unifocal. 

The coordinates of the centre are manifestly 

y=csin*^ and y^=csin^cos^. 

Hence the distance of the centre of the curve from the origin is 
D=c8in^. 
When c=a, or the origin is on the circle, equation (d) becomes 

2a sin^ 0,^+2a sin cos . 1;= 1, 

the tangential equation of a point on the circumference of the circle. 
It is manifest that the line joining this point with the origin is the 
chord of the segment of the circle which contains the angle 0. 

40.] An angle of given magnitude revolves round a fixed point , 
intersecting by its sides two given straight lines ; the line which joins 
the point of intersection envelopes a conic section. 

Let the fixed point be taken as origin of coordinates, the axes 
of coordinates being rectangular. Let 

Xj7-f-/iy=l, ... (a) and \^ + /i^=l . . . (a,) 
be the projective equations of the two fixed straight lines. Let 

yzsimx, .... (b) and y=mfc (b^) 

be the equations of the sides of the moving angle, and let 

a:^-hyv=l (c) 

be the dual equation. Eliminating x and y between (a), (b), and 
(c), we get 

m= , and also m,= ' (d) 

tn '^'tn 
Let the revolving angle be 0; then tan5=T ^; or, substituting 

the preceding values of m and w^ we obtain 

tan ^- (M/-/^)g+ (X"-X>+ V- V/ f . 
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Should the two revolviug lines coincide, 9=0, and the numerator 
becomes 0; or it becomes the tangential equation of a point, and 
the point is the intersection of tLe two given lines. Or it becomes 
when the denominator of (e) is infinite, or f = oo , u= oo , and the 
limiting tangent passes tlirough tlie origin. When the angle ia 
a right angle, tlie denominator becomes ; but this expression is 
the tangential equation of a conic section whose focus is at the 
origin ; and the projective coordinates of the centre, y and 7,, are 
given by the equations. 



"XXH 



\\-\ 



When the two fixed bnes are parallel, and equidistant from 
the origin, X,= —X, /*,= — /*, and the denominator of (e) becomes 
£* + u*=\*+^*, or the locus becomes a circle. 

When the lines are at right angles, the constant term in tixo 
denominator vanishes and the curve becomes a parabola, as we shall 
show further on. 

If iu the equation (e) we substitute \ or X, for g, and ft or /*, 
for V, we shall find the equation satisfied independently of ; hence 
it follows that the fixed bnes themselves are tangents to the locus. 

Taking the polar of the above, we get the elementary proposition, 
that if two lines, each passing through a fixed point, contain a con- 
stant angle the locus will be a circle, since the primitive has its 
focus at the origin. 

This theorem gives, perhaps, the simplest method of describing 
a conic section by means of a ruler. Let any point be assumed iu 
a plane, iu which let two straight lines be drawn. If a right angle 
with sides of indefinite length be made to revolve round this point, 
cutting the fixed lines always iu two points, the line which sJways 
joins these points will envelope a conic section, of which a focus is 
at the origin. 

■il.] An anffh of given magmtude 6 revolves round a point in the 
plane of a conic section, culling the curve in two points ; the line 
joining these points will envelope a curve whose tangential equation 
is of the fourth order. 

Let the projective equation of the conic section be 

Ai^ + Ag/^ + 2\\x!/ + 2Cx + 2C^=], .... (a) 
the vertex of the angle being taken as origin. 

^•'t y,= 7nx, (b) 

be the equation of one of the sides of the angle ; substituting and 
divitUng by a^, 
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but as a^+yv=l, —=? +»»v; eliminating x, we shall obtain tbe 

resulting equation^ arranging according to powers of m^ 

[A,+2C,v-t;2]^2^2[B + Ct; + C^f-fi;]w + A + 2Cf-f^=0. (c) 

Now the tangents of the angles which the revolving lines make 
with the axes of X are the roots of this quadratic equation ; hence 

'^"^^"^ A+2Ci;-i;^ ' . . . . (d) 



and 

It is obvious that 



"»<«»„= ■ .op,.,_ o (e) 



To obtain the value of m^— m^^ we must square (d) and subtract 
4 (e) from it. 

Hence^ after some reductions^ we shall find 

w,-m,,= [(C,«+A,)£«+ (C2 + A)u2-2(B + CC,)fu 

+ 2(BC;-CA^)f + 2(BC-C^A)u + B2-AAJ* 

divided by the coefficient of m*, and 

1 +m,w^^= - [f2 + ,;2_2Cf-2C,u-A-AJ 

divided by the same coefficient of m^. Hence 

tan ^[S2 + i;2_2Cf-2C,i;-A-AJ = [(C,2 + A,)f«+ (C« + A)i;«) 
-2(B + CC,)fu+2(BC,-CA^)?+2(BC-C,A)«^ + B«-AAJ*.j^ ^ 

K we now square both sides of this equation, the resulting for- 
mula will be of the fourth degree of the tangential coordinates ^ 
and u. 

Without proceeding to this expansion, we may make two suppo- 
sitions, which will lead to remarkable results. If We suppose the 
two sides of the revolving angle to approximate and finally to 
coalesce, the line which joins their extremities will ultimately 
become a tangent to the curve itself, and therefore exhibit its tan- 
gential equation; but if tan 5=0, the second member of the pre- 
ceding equation (f) becomes 0. 

So that if Ar2 + Ay + 2Ba7y + 2Ca7 + 2C,?y=l, be the projective 
equation of a conic section, the tangential equation of the same 
section, referred to the same axes, will be 

(A,+C,*)f'+ (A+C^)u«-2(B+CC,)fu+2(BC,-A,C)f) 

+2(BC-AC>-fB«-AA,=0. j ^^' 

Hence also, as in the general tangential equation of a conic section, 
the halves of the coefficients of the linear terms are the projective 
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coordinates of the centre : therefore --r-r — ^ and -z-i t^ are 

AA^— B* AA^— B* 

the projective coordinates of the centre of the conic section, whose 

projective equation is (a) — a result obtained by a very different 

method in the theory of projective coordinates. 

When ^ is a right angle, tan becomes infinite, the second side 

of the equation vanishes by division, and the first member becomes 

^ . t^ 2Cg 2C,u _ 

A+A^'^A+A^ A + A^ A + A," ' ' * ^^ 

the tangential equation of a conic section whose focus is at the 
origin, the coordinates of whose centre are -t — ^ and - — r-. 

A-f~A^ A H" A^ 

When the angle ^ is a right angle, the two branches of the curve 
whose tangential equation is of the fourth degree coalesce, so to 
speak, into one conic section. 

42.] A right-angled triangle has its right angle at a focus of a 
conic section, while the hypotenuse envelopes the curve ; one acute 
angle of the triangle moves along a given straight line, the other will 
describe a conic section. 

Let the origin be at the focus. Then the tangential equation of 
the given conic section will be 

a(f2 + i;«) + 27f+27,i;=l (a) 

Let pa? + qy=l (b) 

be the projective equation of the given straight line, and let 

yzizmx (c) 

be the equation of one of the sides of the right angle ; and as the 
hypotenuse meets the straight line in the point {xy), we shall have 
from the dual equation 

a?f + yi;=l; (d) 

eliminating x and y between (c), (b), and (d), we shall have 

m=r(fr/^) (e) 

Now as the other side of the right-angled triangle is separated by 
a right angle from the former, we shall have 

y,= =^ (f) 

and a?^+y,v=l; (g) 

eliminating m between (e) and (f), we obtain the resulting equation^ 
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combining thU with the dual equation, x^+y,v= 1, we obtain 






_yrzBApyrz!E<L 



(1') 



Now, if the hypotenuse were a fixed line, f and v would be con- 
stant quantities, aud from the last equation we might determine 
the corresponding values of x, and y,. 

Let U3 assume that f and v arc connected by a linear equation 
such as Ff + Qv=l. 

Substituting in this equation the preceding values of f aud v, the 
resulting projective equation becomes 

Pj? + Qy 4 [Vy ~Qx)(py- qx) = ar« + y*, . . . (i) 
the equation of a conic section passing through the origin; hence, 
if a right-angled triangle revolve round a given point, and one angle 
move along a given straight line while the hypotenuse passes 
through a fixed point, the other angle will describe a conic section 
pacing through the origin. 

Again, let us assume that £ and v are the tangential coordinates 
of the limiting tangent to the curve. Substituting in (a) the values 
of f and u given in (h), we shall find, after some reductions, 

-2yx-2yiy = a, 
the projective equation of a conic section, 

43.] Assume the tangential equation of a conic section referred 
to its axei as axes of coordinates, namely 

fl*e« + 6V=l (a) 

Let the axes of coordinates be conceived tohefirat turned round 
through an angle 0, and then translated, in parallel directions, to 
a point whose projective coordinates are —p and — y. The forraulie 
by which this double translation is made are given in (4), and are 

g_c085.f,— sin 8.V, _a\tiS.^i + cos 6.V, 

Substituting these values in the original equation, we get 
[a« cos* 0+b' sin* ff-p^]^^ [a« sin* (9+6" cos* e-f]v'') 

This is the tangential equation of the conic section referred to a 
new origin and other rectangular axes. Hitherto no relation has 
been assumed as existing between p, q, and 6 ; but if we a 

tan ^=:", and /»* + 5*=a* — i 



(b) 



(<■) 
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n&L cooi{di:jatks 



{=) 



and substitute tliese expressions in the preceding equation, we shall 
obtaiu 

a* coa^ e + b^&m^ e~p^=i>^, a* sin' 5 + *^ cos* 5 - y' = i*, ) 
and 3[(a«-i«) sin ^ coa 5-;>?] =0. J 

Heuce the preceding equation is redueed to 

bH^ + v*)+2j.B + 2qv=l (0 

Now this is exactly the form of the tangential equation of the 
conic section when the focus is the origin of coordinates. We may 
hence infer that if a concentric circle be described passing through 
the foci of the ellipse, and any point on this circle be taken as that 
round which the right angle revolves, we shall have the same results 
as if the focus had been selected. Let 6 be the angle through which 
the first system of rectangular coordinates is turned, the radius of 
the circle being 

Va*— fi*, then/j= %/d^—b^cos8, and q= \^a^~b* .BinB. 
There is no difficulty in making this construction. Construct the 



Fig. 11. 




focal circle. Let the coordinates be turned through the angle 6, 
make the angle 0, Y;= X O Y,, and draw O, X„ parallel with O X, ; 
0,X,„ O, Y„ will be the new system of coordinates, and 0,H=p, 
OT=y. A point taken anywbere in this circle will enjoy the 
tangential properties of the focue. 

44.] A triangle is inscribed in a conic section : two of its sides 
always pass through two fixed potnta, the third side entvlopes a conic 
section. 
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Let the line joining the fixed points be taken as the axis of Y, 



Fig. 12. 




and the diameter conjugate to it as the axis of X. Let the distances 
of the fixed points to the origin be h and A,. 

Let the projective equation of the conic section be 

Ax« + A,y« + 2Ca:-l; (a) 

and as the line {xy) [xjy^ passes through the point [x, y), we shall 
have the dual equation 

ar0 + yy=l (b) 

Eliminating x and y successively between these two equations^ and 
putting 

M=(A + C«)i>2 + A^-2CA^-AA^, . . . (c) 

we shall have 



^- A^-I-Au^ ' ^" A^+Au« ' 

_A^f-Ct^4jM/M AvH-Ct^-g VM 

A^ + Ai;« ' ^'^ A^ + Ay« 



^/= 



(d) 



The signs of the radical VM must be so assumed as to fulfil the 
conditions 



{x,—x)S+(i/,—y)v=0, and a^-\-yv=l. . 



(e) 



We have also 



and 






•\ 



y.^v(g-C)+ VM. y^^.(f_C)-VM 



A^l' + Aw* 



A^+At/« 



(0 



>' 



d2 
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Now, as the point (m, /) is od the conic section, we shall have 
Afi + A,u^ + 2Ct = l, and also Ax^ + A,y^ + 2Ca!=l. . (g) 
Subtracting the latter from the former, and dividing by {t—x) , we 
shall have 

A(/+x) +A,(u + y] (^) +2C=0; 

and as this line passes through the fixed points of wliich the coor- 
dinates are y=A, x=0, wc shall have 

\ X / t-x 
Eliminating t» from the preceding equatioue, we shall have for the 
value of (, 

/= '^(A/A^ll no 

1 -2C^— 2A^y + A/<« ^ ' 

In the same way we shall obtain for the other side of the triangle, 
passing through the points {w, t) and {y,x^, 
»,(A,V-I) 

l-2Cx,— 2A,%, + A,4," " 

Comparing these two valuea of i, we shall have, all necessary reduc- 
tions made, the following equation ; 

A,(4=-4") [i + i -aCiJjJ +(A,"/i'A,'-l)(i- 
=2A,4,(A,4'-l)y,i-2A,i(A,V-l)«- 
Substituting the values of x, y, 3?„ and y, given in the preceding 
forrauhe (d), we shall obtain the resulting condition 

A,(4"-V) (f-C) - (A,'4'V- Iju •JM + k/,i\/f-l)„((-C]'\ 
+ A,4(A/i,'-l) v'M + A^,(A,/i»-l) VM 
-AA(A/'"-l)i'(f-C) -0; 
or reducing, 

A,(A-A,)[A,(A + A,)-(A^A, + l)v](f-C) 
= (A,AA,-l)[A,(A-t-A,)-(A;AA, + l)w]v'M, 
or, eliminating the common factor between the brackets, 
A,(A-A,)(f-C) = (A,AA,-1) VM. 
Now, substituting for M its value given in (c), namely 
M = (A + C«)u« + A^«-2CA,f-AA„ 
we shall have 

.' (A^'-1)(AA'- 1) 

A/(A/<A,-l)»tA4C) ^^ ^1 ^, ■ ■ 
the tangential equation of a conic section. 

Now, if we invert the preceding demonstration step by step, 



''}• 



(i) 



(t) 



(1) 
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Bubatituting tangential coordinates for projective coordinates, and 
reciprocally, we shall establish the reciprocal theorem, that if a 
triangle be circumscribed to a conic section, two of its angles always 
resting ou fixed straight lines, the third angle wilt describe a conic 
section. 

45.] A series of central conic sections having l/ie same centre, and 
their a;ces in the tame direction, but such that the differences of the 
reciprocals of the squares of their axes is constant, the tangents 
drawn to a point on each, their intersection with a common diameter, 
envelope a concentric hyperbola, if the intersected curves be a aeries 
of ellipses, and an ellipse if the intersected curves be hyperbolas. 

Let a«f + AV=l (a) 

be the tangential equation of one of the curves ; let y=«^ . (b) 



1 1 



(«•) 



be the equation of one of the diameters ; and let 
be the relation of the scmiaxea. Then 

a'S=x, . . . (d) b%=y (d,) 

Between the five equations (a), (b), (c), (d), and (d,} eliminating 
a, b, X, and y, we get for the equation of the envelope 

4'(.^-P)+4'(i^')f»-l W 

When the auglewhich the common diameter mokeswith theaxis of X 
is half a right angle, n=l, and the equation becomes /(*(u*—^}=l, 
the equation of an equilateral hyperbola referred to its axes. 

In any series of concentric conic sections, in which 7b=-5 + 7,, we 
•' u* a* A' 

shall have h^=~ 



-i«~ 



,, or all the conic sections will have the 



same Mmor Directrices. 

Curves and curved surfaces having the same minor directrices, 
or minor directrix planes possess properties reciprocal to those of 
coofocal curves and confocal surfaces, as shall be shown further on*. 

* It may be iuBtructive to compnre, with the brevity aud aimpticity of thu pre* 
ending Boliititia, the ordinary uietliod by whicb qiieations of this Iriod are eotved. 
The equation of the tangent through the point j-.y, is 



it becomes, sin 
Eliaiiiiating t, 



this equatiiin and that of the c 



fot the equation of the tangent. 

oatiiig a between the two equationa V = 0, and r = ^i '"^ obtain, after 
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On Polygons vascribed and chcumscribed to Conic Sections. 

46.] There is a large class of questions having reference to poly- 
gons fnscribed and circKmscribed to curvee and alao to curved sur- 
faces, which in many cases may be very simply treated. Questions 
relating to polygons inscribed in conic sections must be solved by 
the ordinary procedure of projective coordinates ; while those which 
have reference to circumscribed polygons must be investigated by 
the help of the methods and formnlte of tangential coordinates, as 
explained in the preceding pages. As the properties of space are 
dual, so must the methods of investigation be dual also. It would 
be bootless to apply tangential coordinates to the investigation of 
the properties of inscribed polygons, and equally futile to use pro- 
jective coordinates in the discussion of circumscribed polygons. It 
is fiirther to be observed that in this class of questions the variables, 
such as X and y or f and v, become given constants, while the usual 
coefficients A, Aj, &e, or a, «,, &c. become nnknown but determi- 
nate quantities of the first order. Thus if it were required to show 
that a conic section may be determined by five given points 
through which it is to pass, or by five given straight lines which it 
is required to touch, the variables jr and y or f and v in the formal 
equations of the curve Ax' -|- A^' + 2Bxy + 2Gc+ 2C^=1, or 
fl|* + ayV*+2^£ti + 27f + 2y,u=l, become given constants, while 
the coefficients become the unknown quantities ; and as there are 
five of them, there must be five equations to determine them, and 
therefore there must be five sets of values of x, y or f , v. And as 
all the unknown coefficients, such as A, B, C or a, ^, y, are linear, 
the equations by which their values will be ultimately determined 
are linear also. Hence they are always real, though their values 
may sometimes be or cc, as the given values of x and y or f and v 
may turn out. 

We shall apply the method to one or two examples. 

Conic sections are inscribed in the same quadrilateral, the polar of 
any point in their plane envelopes a conic section. 

The fixed point being assumed as origin of coordinates, let the 
tangential equation of one of the sections be 

a^ + a,v^ + 2^^o-i-2y^+)ly,v=l (a) 

The equations of the polar of the origin are, see (27), 

a^+^v + y=0 . . (b) and o,u+/9f+y,=0. . . (bj 

tome counderable reductioca, 

,.-^+(l^').^.»!<^ (') 

the projective equation of the locua. 

The elimination of abetwe«i] V=0, snJ -p =0, b rreqiienUy n niHltcr of {Treat 
complexity, nad ia often luite impracticable. 
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Now there are four linear equationB under the form (a) to deter- 
mine the five unknown quantities a, a,, $, y, y,; we may then 
eliminate any three, and connect the fourtli and fiftli hy a linear 
equation. Eliminating then a, a,. 7, y,, three by three anccessively, 
we shall have 

a = Kd+h, a, = Kfi + L„ \ . 

T=M^ + N, y, = Mfi + -M„ J ■ ■ ■ ■ ''^' 

where K, L, M, N, K,, L„ M,, N, are known functions of the 
constant tangential coordinates of the four given straight lines. 
Substituting these values in (h), (b,}, we shall have 

eliminating j9 from those equations, we obtain the tangential equa- 
tion of a conic section. 

When the point chosen is at one of the angles of the quadrilateral, 
the section becomes a point. 

The origin being placed at this point, as two of the sides of the 
quadrilateral which are tangents to the curve pass through it, we 

shall have at the origin for one of the lines x=0, -=0. Let f=*iu, 

n being the tangent which one of these lines makes with the axis 
of X. In the genera! equation, substituting nv for f, we find 



+ (Lf+N)=0, 1 



W 



.1 1 



1 



:0, < 



I'+a 



In like manner for the other tangent, wc shall find 

Eliminating successively a, and a between these equations] we 
shall find o_KA a,-K,S. 

Substituting these values of a and a, in (a), the result becomes 
o = Kj9, o, = K,ft 

hence chminating yS, having substituted the preceding values of a 
and a,, y and y, in the equations of the polar of the origin, (b) and 

N.Kf + N^K + MN.sNK^ + Nw + MiN, 
the tangential equation of a point. 

47.] A series of conic sections are inscribed in the same qtiadri- 
laleral, their centres range on the same straight tine. 

From the four tangential equations of the sides of the quadri- 
lateral wc may eliminate three of the five unknown constants a, a„ 



difficulty and much 
Fig. 13. 
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/9, y, and 7, ; elimiDating the three former, we shall obtain a linear 
resulting equation iii 7 and y,, namely 

L7 + M7, + N = 0, (a) 

the projective equation of a straight line, the coefficientB 7 and 7, 
being, as shown in (I-t), the projective coordinates of the centre; 
therefore the centres of all these inscribed curves will be found on 
the same straight line. 

48.] The method of tangential coordinates supplies a short and 
simple demonstration of a theorem of 
celebrity, due to Newton, that, 
7Sc centres of come sections in- 
leribed in the same quadrilateral 
all range on the straight line which 
joins the points of bisection of the 
two diagonals of the quadrilateral. 

Let O A Q B be the quadrila- 
teral in which a conic section is 
ioscribed. Let A B and O G be 
the diagonals, the line which joins 
their middle points will jiass 
through the centre of tlie curve. 

Let the tangential equation of the conic section be 

of+a,i.* + 2^f..+ 27| + 27,w = l (a) 

Now if O be taieu as origin, and O A, O B as oblique axes, then 
liS the curve touches the axis of X, a,=0, and as the curve touches 
the axis of g, a=0, aud thus the tangential equation of the curve 
is reduced to 

2/3^ + 27f+2r,v = l (b) 

Let A=a, B =fi, O C=c, D=rf; then, as B C is a tangent 

^; hence, substituting i 




to the c 



1,0 B = 



,0C= 



equation (b). 



'V 



I the 



+ ^ + ^' = l,or 2^ + 2A7 + 2c7,=ci, 



in the same way, as AD is a tangent to the curve, d= 

hence substituting, 

- 2r7,= 






Subtracting (d) from (c), 

2{b-ir)t + Hc-a)y, = cb-ad. . . . (e) 
Now y and y, in tlie general tangential equation always denote 
the projective coordinates of the centre. 
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Again^ the coordinates of the middle point of O Q are Vi^^nf 
a 

The equation of the line C B is — I" ^=1^ 1 

* * y (f) 

and the equation of the line A D is ~ -f ^= 1^ 

and therefore the coordinates of the point Q, their intersection^ are 

while the coordinates of the middle point of O Q are -. ^. 

^ 2 2 

Now the equation of a straight line passing through two given 
points being -— — ?l.=^ — ?Ji^ we shall have 

bd(a—c) b 



b 2(ab—cd) 2/ a\ 



2{ab-'Cd) 2 
or 



b d-b/ a\ 
y-2-^a\^-'2> 



or 

2(4 — rf)a? -f 2(c— a)y = cA — arf, 

which is identically the same as (e). 

The above proofs it will be seen^ rests on the simplest elementary 
principles. 

CHAPTER IV. 

ON THE TANGENTIAL EQUATIONS OF THE PARABOLA. 

49.] Let the focus and axis of the parabola be taken as the origin 
and axis of X. The projective equation of the parabola^ referred to 
its focus^ is 

:p« + y«={2* + a?)« (a) 

Now the tangent to the curve drawn through the point xy^ on the 
being - — =^= — , we shall have a?=^ when y=0, and y=- 

Making these substitutions in the projective equation (a)^ we 



curve 
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shall have for the tangential equation of the parabola, one fourth 
of the parameter being equal to k, and the origin at the focus, 

4r + tv« + e=0; (b) 

in this equation there is no absolute term. 

The tangential equation is uatiafied by f =0, v=0; for the para- 
bola admits a tangent at iaiiuity. 

Let the axes of coordinates now be conceived to turn round the 
origin through the angle 6, and then translated, in parallel direc- 
tions, to a point of which the coordinates are —p and —q; then 
using the formulae given in (4) for the transformation of coordinates. 



M 



9.^1—amd.v, _ sin fl.f,+ coa $.v, 

Substituting these values in (b), the general tangential equation 
of the parabola becomes 

(A-/,eos^)r+(A-?siu5).« 

— {p 6\u 6 + tj cos d]£v + C{]a 6.^+sm 6.v=i 
Assuming the most general form of the tangential equation of 
the parabola, let us suppose 

/r+/y+i'£v + Af+V=" (d) 

Now, as the absolute term no longer affords a guide in comparing 
the general form of the tangential equation of the parabola with 
that derived by the transformation of coordinates, and as iu this 
latter form the coefficients of £ and v are cos and sin 0, we must 
reduce the coefficients of f and v to the same form as in (c) ; hence, 
dividing by ^h*+h^, the general form becomes 
/E* f,^ 9^" Af ^," 



hence 


VA' + A 


• ' Vi'+ V 


^ V*«+*,' 


k-pQO%e= 


/ 


i-jsin 


e- 


/, 


V4'+V 


■^If+hf 




+ ffC08e = 


—s 


' 






■^h- + b, 




cose= 
or, reducing, 

Vf+h 


h 
-gkh, 


Binfl- 


1 




A ,= 


If i-h, 


l»i. 


1 
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Let D be the distance of the fociia from tlie origin, 

"■=^^?^^' tw 

Hence, when/=/, and^=0, D=0, or the origin is at the focus. 

When the origin is at the vertex of the parabola, and its axis 
coincides vith the axis of X, the tangential equation becomes 

kv^ + ^=0 (i) 

Wemayalso express A and A, in terms ot^ and g. Solving (g), 

^ ^ p{f-f)-gi f, ^ '!(.f-/ i)-sfp , ■ , 

/,«4-¥* ' ' ;>* + ?' ■ ■ ■ ■ ^ii 
In the projective equation of a conic section, when the absolute 
term is 0, the origin of coordinates is on the curve ; while in tan- 
gential coordinates, when the absolute term is 0, the curve is the 
parabola. Again, in projective coordinates the condition AA,— B^=0 
indicates that the curve is a parabola ; so in tangential coordinates 
the condition aa,— ^=0 indicates that the origin is on the curve, 
as shown in (22) . 

60.] In the tangential equation of the parabola f, is ^0 when 
the curve touches the axis ofX, and /is =0 when the cur^■e touches 
the axis of Y. 

To determine the distance of the point of contact on the axis of 
X from the origin. Let the equation of the curve divided by u be 

^+S^+\; + f'i=OoT l/e + h^)^-i-ffi+h,=0. . (k) 



in the same way, yu + A=0, gives the distance whcu the axis Y 
touches the curve. 

Hence the distances from the origin of the points at which the 
axes of X and Y touch the parabola are given by the equations 

S^ + h,=0, and jw+A=0 (I) 

51.] We shall apply this theory to a few examples. 

Ttte sum of the sides of a ri^ht angle is constant. The hypotenuse 
envelopes a parabola. 

By the terms of the proiiositiau v + ~=c,or— c.fu-f J + u^O, 

the equation of a parabola, since the absolute term is =0. 

Comparing this equation with the general taugential equation of 
the parabola, wc get 

/=0,/,=0, !/=-e, A=l, A,= I, iin<\k=y=^. 
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The locus ia a parabola whose parameter is v'Sc, which touches 
both aides of the right angle, aud whose axis bisects the right augle. 

52.] An angle of given magnitude moves along a fixed straight 
line, one side always passes throvgk a fi^ed point, l/ie other side will 
envelope a parabola. 

Let the fixed line O fl and the perpeudicular o from the fixed 
point C be taken as axes of coor- 
dinates, let the tangent of the Fig. 14. 
constant angle at B be m; then, 
by the conditions of the question, 

t *" + — 

V 1 _ "* ' 

av 

or, reducing, mnu'— aff + mf +u=0, 

the equation of a parabola, as the absolute term is 0. 

Comparing the terms of this equation with those of the general 
form (c) in [49], we shall have J=0, f,=ma, g= —a, h=m, A,= l; 
hence 

1 




tan^=-, k 



VH 



53.] Parabolas are inscribed in a triangle; the locus of their Joci 
is the circumscribing circle. 

Let the base of the triangle be taken as the asisof X, the origin 
being placed at an augle of the triangle, n being the tangent of the 
angle which the second side, passing through the origin, makes with 
the axis of X. 

Let the base of the triangle be a, aud let the two other sideg 
make, with the hose, angles whose tangents are n and m, the former 
line passing through the origin. 

As the base a measured along the axis of X is a tangent to the 
curve, /,=0; and as ^=nv, the general equation (d) becomes 
{fn^+gn]v^-\-hnv + h,v=^; 

and as at the origin, -=0, fn + g=0, or g= —fn. 
Hence the general equation now becomes 

yp-/»{u+/,{+V=o (a) 

Again, the tangential coordLnates of the third side of the tri- 
angle are f^-, 1/= — ■ Substituting these values in the last equa- 
tion, we shall have 

fm-fn+/.a,.t + hfl=0 (b) 
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Substituting in this latter equation the values of h and h, given 
iu (j), first making /,^0, ff^ —ft, 

;,_ /"?-?/ » _q f+fnp f . 



Substituting these values in the preceding equation, we 

p' + q^ 
or dividing by/and (m— n), we obtain the final result. 



p^ + q''~ap+aq 



(H 



(e) 



Now, as p and q are the projective coordinates of the focus in the 
general equation of the parabola, and as they are in this equation 
the variables of the projective equation of a circle, it follows that 
the locus of the foci of the inscribed parabolas is the circle circum- 
scribing the triangle. 

54.] An angle of given magnitude revolves round the focus of a 
parabola, to determine the curve enveloped by the cord which joins 
the points in which the parabola is intersected by the sides of the 
angle. 

Let y' + ip'=(2a + a;)' be the projective equation of the parabola 
referred to its focus as origin, and having the axes of coordinates 
parallel with those of the curve. 

Let y^nx be the equation of one of the lines, then 

v'r+n* = l + — .and -=f+riu; 
eliminating x, 

(4oV-l)»»+4au{l+2Q£)n + -l*rf(l+flf}=0. . . (a) 
Now the roots of this equation are 

too+M) „„_4°{(i+«B. n,, 

n. -f- 111, — . ^ ; 3—5 ^ , ri,H[i — ~ a^ 1 » - ■ I OJ 

' " 4aV — 1 ' " 4a*w*— 1 ^ ' 



(n,+«.r 



and 

Hence 

and 



, 16a'.;«(l+2at)' 
64ii'fv' + 6tn<Pi/'-lfig{-16a'{' 



l+»ft;' 



•toV-1 



(c) 
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consequently 

Let the expresaion uuder the radical be put M, and as ^ '■— — — 
is equal to the tangent of the rerolvrng angle 0, we shall have 

tau5=*y^ = 
4M-1 
reducing and solving for M, we shall find, taking the upper sign, 

M = cot'^; taking the lower sign, M = tan*^> 

or, substituting for M its value, 

«=^-l-oV + fl£=cot»s, or aV + aV + fff=tan*^- 



6 is a right angle, tan^=cot ^ = 1, ; 



the two curves 



coincide. Its equation then becomes o*p + a*v* + £=0. 

Since the coefficients of f* and v* are equal, and the rectangle 
disappears, the origin must be at the focus of the curve. Hence 
the loci and the parabola have tie same foci. 

We may determine the axis and eccentricity of the two loci as 
fbllowH. While the tangential equation of one section is 

a«^ + aV + «£=cot*2, that of the other is 



Let tan' = =sf*- Multiplying the first equation by /*, we get 

Now let A and B he the semiaxes of this curve, and, comparing the 
coefficients of this equation with the general equation 

ar + «,v» + 2(9f w + 2y f + 2y,v = 1 , 
we shall have 



o=a'/«, a,=a'i^, 7=?^ 



8=0, y,=0. 



Substituting these values in (19), the formula for finding the ases, 
we shall have 

2A»=2aV + ^ + \/^- or 2A» = 2o«/» + ^. 

or 

lA» = 4«*/« + a»f and 4B» = 4o«/«; 
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bence — y - j ■ =7 — ji='^*; in t^e same way we may find, for the 
eccentricity of the other ellipse. 



=4 and 1+K»= -,, 



'(i+''>=r«+r«' 



When the two curves coincide, or when 5 is a right angle, the 
eccentricity of the two coinciding loci will be found to be - 
hence, naming the eccentricity e, we shall have 



x^5' 



1= 2 + g 

55.] It is almost needless to observe that, aa in the case of pro- 
jective coordinates, analogous foroiulse may be established when 
the axes of coordinates are oblique, by reasonings precisely similar. 
A single application of such formulaB may suffice. 

A series of parabolas are inscribeti in the same triangle, the line 
joining the points of contact of each parabola with the opposite ver- 
tices of the triangle meet in a point. The locus of this point is the 
minimtim ellipse circumscribing Ike triangle. 

Let the sides a, b of the triangle be talien as axes of coordinates, 
then, in the general equation of the parabola 

yr+/^'+5£i'+Ar+v=o, (a) 

aa the curve touches the axis of X, /j=0; and as it touches the axis 
of Y,/=0. Hence this equation becomes 

ffS^ + Af + V=0; (b) 

and as the third side of the triangle is a tangent also to the para- 
bola, its coordinates being ^=-, u=ti the preceding equation be- 
comes 

jr + A* + V=0 (c) 

The parabola touches the axis of X, see (1) in [50], at a distance 
from the origin=-j^, and the axis of Y at the distance ~^. The 
projective equations of the str^gkt lines joining these points with 
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tte opposite vertices, namely y=0, and x = -^, and a;=Oj y = ft, 
are 

|-^J^=1, and ---y=l (d) 

Taking these as simultaneous equations, the values of x and y 
determined on this supposition are the coordinates of the common 
point. Substituting the values of A and A, derived from these 
equations in the formulay + W + A,fl=0, we get 

fl'y* + i'a;*-t-aAirf/— B*6y— a6'a:=0, . . . . (e) 
the projective equatiou of an ellipse circumscribing the given tri- 
angle ; for this equation is satisfied by the three seta of values 
y=0, y=4, j/=0, 
af=0, ir=0, x=a, 
the coordinates of the three vertices of the triangle. 

Let the origin be translated to the centre of gravity of the tri- 
angle, then x=x, + -=, y=y,+ s. and the resulting equation becomes 

Now, that the ellipse circumscribing the triangle is a minimum 
when its centre coincides with the centre of gravity of the triangle 
may be thus simply shown. Let a circle be circurascribed to an 
equilateral triangle, it will have its centre in the centre of gravity 
of this triangle. On the circle and inscribed equilateral triangle 
let a right cyhnder and right prism be erected, and let them be cut 
by any inclined plane ; this plane will cut the cylinder in an ellipse 
and the inscribed prism iu a triangle, which will be inscribed in the 
ellipse, and every Hue that is bisected or divided in any given ratio 
in the equilater^ triangle or circle will have its projection similarly 
divided in the triangle and its circnm scribing eUipse, and as the circle 
is the orthogonal projection of the ellipse, while the equilateral 
triangle is the projection of the triangle inscribed in the ellipse, 
and which has its centre of gravity in tlie axis of the cylinder and 
therefore in the centre of the ellipse, it follows that the minimum 
ellipse circumscribing a triangle has its centre in the centre of 
gravity of the triangle. 
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CHAPTEH V. 

ON TUB TANOKNTIAL EQUATIONS OP THE POINT, THE PLANE, AND THE 
STRAIGHT LINE IN SPACE. 

Throhohout the preceding Chapters, tlie point and the straight 
line have been considered as pole and polar. This is but a partial 
and inadequate couception, because, in the complete duality of the 
properties of space, the point, the straight line, and the plane are 
the polars of the plane, the straight line, and the point. When a. 
curve or a rectilinear figure is given in the same plane with the centre 
of the polarising sphere, the reciprocal polar is neither a curve nor a 
rectilinear figure, but a cylinder or prism standing at right angles 
to the plane ; and when the centre of the polarizing sphere is not in 
the plane of the given curve or other figure, the reciprocal polar is a 
cone or pyramid whose vertex is the pole of the given plane. When 
discussing the properties of figures in piano or in the geometry of 
two dimensions as it is called, we leave out of consideration the 
cylindrical surfaces, the polars of the curves described on the given 
plane, and deal only with their bases in that plane. 

As a point and a plane may be pole and polar one to the other, 
so may a straight line he a reciprocal polar to a straight line. Such 
a line may easily be found ; for, as&ume any two points in the given 
straight line, the polar planes of these two points will intersect in 
a straight line which is the reciprocal polar of the former, and the 
planes drawn from the centre of the polarizing sphere through 
these straight lines will he at right angles, one to the other, and the 
polar plane of any point assumed on one of the straight lines will 
pass through the other, as we shall show further on. 

On the Tangential Equations of a Point and Plane in Sjyace. 
56.] Let p, q, r be the projective coordinates of a point on three 
rectangidar planes. The tangential equation of the point is 

p^A-qv + r^^l {a) 

The tangential equations of a fixed plane are 

f=constant, u=con8tant, 5"= constant. . . (b) 

On the Transformations of Tangential Coordinates in Space. 
Let three rectangular axes, O X, O Y, O Z, be drawn through a 
fixed point O meeting a given plaue in three points ; let the reci- 
procaJs of the distances of these points from the origin be denoted 
by f, V, f ; let the reciprocals of the distances of the concsponding 
points for three other rectangular axes passing through the same 



50 



ON THE TANGENTIAL EQUATIONS OF THE POINT, 



origin and meeting the same plane be denoted by f ^ v^ (J. Let the 
axis of X, make with the ori- 



ginal axes the angles \, fjL,v; 
and let the axes of Y| and Z^ 
make with the same axes the 
angles X^ fi,, v^; \, fi,p v^^ re- 
spectively. We are required 
to express f , v, f in terms of 

We shall previously give an 
expression for the cosine of the 
angle contained between two 
lines drawn from the origin. 
Let r and r^ be the lines, (f> the 
angle between them, D the 
distance between their extre- 
mities, X, fi, V, Xy, fip Vi the 
angles they make with the axes 
of coordinates. Then 



Fig. 15. 




and 

or 

but 



D*=r*+r/— 2rr|Cos^, 



Equating the values of D, 
rr, rr» rr 



cos^='^^+^^+ "— ■ =cosXcosX, + cos/Ltcos;A^+cosvcosv^. 



(c) 



When ^ is a right angle, 

cos X cosXj + cos/i cos /i^ + cos V cos ^^=0; 

and when ^=0, 

cos' X + cos' /i -h cos' V = 1. 

Let P be the perpendicular let fall from the origin on the given 
limiting plane, then the angles which the axis of X makes with the 
three new axes are X, X^ X», and the cosines of the angles which the 
perpendicular P makes with the same three axes are Pf^, Pi/^, PJ), 
while Pf is the cosine of the angle between P and'X ; hence from (c) 

Pf == Pf ^ cos X + Pi;^ cos X, + P(J cos X^p 

or, dividing by the common factor P, 

f =0; cos \'\'V^ cos X^ + ?/ cos X^^. 

By the help of the following formulae we may express the values 
of the original coordinates in terms of those derived from them ; thus 



f =cos\,f, + coa X,.u, + cos X„.f,, ) 

= cos /*,f, + cos ^,, V, + cos /iyj.f,. [ 



i|'=COB C.f,+ C09 f,,U, + COS v,,.?,.) 
Square these equations and add tliem, bearing in mind that 
{*+u' + l|'=f,* + u* + 5)^, since each is the value of the square of 
the reciprocal of the same per|>endiciilar P, let fall from the origin 
on the planewhosc tangential coordinates are f , v, ^, and also ^,, v,, ^,. 
Hence cos' X + co»* /i + cos* v=l, cos' X, + cos* /i, + cos* v, = l, 
co8*X„ + cos*/i,, + cos* i'„ = l, and 

cos X cos X, + COB fi coa ^, + cos v coa c, =0, ) 

cosX COBX„ + co9;t cos/i„ + cosi' coav„==0, > . . (e) 

COB X, COB X„+ cos /t,CO» fill + cos V, COS v„^0. } 

Again, since \, fi, v are the angles which the axis of X, makes 
with the original axes, and since P makes with the same axes angles 
whose cosines are Pf, Pv, Pf, we shall have for the cosine of the 
angle between P and X, the expression Pf, ; hence 
P£,= Pf cos X + Pu cos /I + Pf coa v ; 
or, dividing by P, 

f, = C08X.f + C03 H,.V-\-iiQivX> ] 
ll, = COSXj.f + CO&/*,.U + C08l'p5', J- .... (f) 
f, = cos X„.f + cos /1„,V + COS v„X- 1 

Here we must also necessarily have cos*X+cob'X, + cos>^X„=1, 

cos*^ + C03'/i,+co8*^„:=l, cos*v-+-cos*i', + coa*»'„=l, and 
cosXcos/* + eosX, cos fi,+ eosX„coB/i,j=0, ) 
cosXcos c+cosXjCos Vj4-cosX„co3 Vu=0, > . (g) 

cos /X cos V + COS/X, cos ("j + COS/X,, COS »'„ = 0. ) 

Several demonstrations have been given of the preceding relations 
between the nine direction cosines ; but nothing can well be simpler 
or more elementary than the above. 

57.] To find an expression for the perpendicular from the origin 
on the plane of which the tangential coordinates are f, v, f. Let 
P make the angles X, fi, v with the axes, then 



lU+CI 



=1; 



cosX = Pf, cos/4^Pu, co6c=Pf; 



but 

hence 

To determine the area of the triangle whose vertices are the three 
points in which a plane is pierced by the axes O X, Y, O Z. 
Let S be twice the area of this triangle, P the perpendicular on 
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it from the origin. TLen the solid contents ofthe pyramid of which 
the three rectangular edges are -p., -, -j, is ^^ „ ; but it is also -^ ; 



-f'v'?"6K' 



=lf'- 



f"? 



ff!' 



or S: 



--[p^ + pp + p^\- 



0=) 



To determine an expression for the perpendicular let fall on a 
plane from a point of which the projective coordinateB are p, ij, r. 

Let f , u, f be the tangential coordinates of the given plane ; let 

a point he assumed of which tlie projective coordinatCB are p, q,r; 

then the volume of the pyramid of which the faces are the three 

coordinate planes and the limiting tangential plane ia manifestly 

1 



-6?< 



Let P be the perpendicular on the tangential plane from 



the point O ; then the volume of the pyramid ia also equal to the 
sum ofthe four pyramids of which the altitudes arcp, g, r, and P, 
while the bases are the triangles made by the axes of coordinates and 
the limiting plane; and it has been shown that the area ofthe triangle 

of whicii the vertices are X, Y, Z is J v^-^ + p|t;^ + ^-g I . Equating 

the volume of the whole pyramid with the sum of the volumes of 
the four component pyramids, 

6fi.!;-6V?" fr {"/ 6 '^ \5v+rr sv; 

Multiply by 6{i'^, and the resulting equatiou becomes 

l-rf+J-'+rf+PiP + i-' + S'l'- 
Hence, finally. 



P=- 



{p+i^+n' 



w 



When the perpendicular is let fall from the origin 0„;9=0, J=0, 
r=0, and 

^"i^ + i^ + fV ^^^ 

58.] We may use the preceding formulie obtained for the per- 
pendicnlars let fall from the points O and O, to determine the 
translation ofthe coordinate planes in parallel directions. 

Let the coordinates, through 0, of the given plane be f, v, f; 
and let the coordinates of the same plane passing through the 
point O, be f ., v,, t ; and let the projective coordinates of the point 
O on these planes be p, g, r. 



*BB PLANE, AND THE STBAIOUT LINX IN SPACE. 
Fig. 16. 




Now the perpendicnlar P from the point O on the given limiting 
plane ia 

and the pcrpcndicultir P, irom the new origiu O, is 
1 



heucc 



P, 



^^-p^.-giV-rK: 



but it is manifest that these perpendiculars on the limiting plane 

from the points O and O, are proportional to the segments 

of the parallel axes of coordinates, through the same points, or 

IIP t P,t „ 
|-s-j=p or f=^ft. Hence 

f w f 

*°i-rf,-!",-'-s'"°i-rf,-'?",-'f,'^"i-pf,-V-'-s' '"' 



In like maimer, by the help of (d) and (f) in sec. [56] we can 
always turn the axes of coordinates through certain given angles, 
and then translate them in parallel directions to another origin. 

59.] On the tangential equations of a plane passing through the 
origin of coordinates. 

When the plane, whose position is to be determined, passes 
through the origin of coordinates, its tangential coordinates become 
f = oo, w=<», £'=00, values which are illusory. Yet the plane 
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muat have a determinate position in space j how is this position to 
be ascertained ? 

Let P, a perpendicular to the plane, drawn through the origin, 
make the angles X, fi, v with the axes of coordinates ; and let the 
intersections or (races of this plane with two of the coordinate planes 
(ZX and ZY) suppose make the angles j( and -^ with the axes of X 
and V. Then the angles which this trace on the plane of ZX makes 

with the axes of coordinates OX, OY, OZ are j(j ^j and (y— XJ- 

But as this trace is also in the plane whose position is to be deter- 
mined, F and this trace must be at right angles, licnce 

C0S\ COS;;^ + COS/i COS ^j +COa l* COs( 5 — ;^ | = 0, 

or cosX eos;^+cosv Ein;;^=0. 

But =^: heiice?+tany=0. lnlikemanncr,^ + tauiir=0, 

cos f 5 C ? 

Consequently, when the plane Tvliose position is to be determined 
passes through the origin, the ratios of the tangential coordiuates 
f-7-f and u-i-i^ denote the taugeuta of the angles which the traces 
of the plane make with the axes of X and Y. Hence the position 
of the plane passing through the origin may be determined by the 
equations 

f4-tanx.?=0, iJ + tan'^.£'=0 (a) 



CHAPTKR VI. 

ON THE TANOENTIAL EQUATIONS OF THE STRAIOHT LINE IN SFACE. 

fiO.] In defining the position of a straight line given in space, 
there are two methods wc may follow. We may conceive of any 
two planes out of three passing through the given line and perpen- 
dicular to two of the coordinate jilanes; and the traces on these 
coordinate jilancs made by the ptTpendicular planes let fall through 
the given line enable us, hy couceiving planes to be erected on these 
traces, to determine the position of the straight line in space. 

But there is another method we may follow. Instead of passing 
planes through the straight line, j)erpendicular to tlie coordinate 
planes, wc may detennine the points in which the straight line 
pierce» the eonrdiuatc planes; and if wc can ascertain any two of 
these three points ou the coordinate planes, we can fix the positiou 
of the straight Hue. The fonner is the projective, the latter is the 
tafigcntial method. Thus the three points which are on the straight 
line, and also on the coordinate jilanes, arc analogous to the three 



THE STRAIGHT LINE IN SPACE. 



55 



planes all passing through the straight line and perpendicular to 
the three coordinate planes. 

61.] Let p, q, pp r, q., r^ denote the projective coordinates of the 
three points z, y, x in the three coordinate planes XY, XZ, and YZ 
through which the straight line passes. Then the tangential equa- 
tions of these points in the straight line will be 

;?f + gv=l, l?/f + r5'=l, and 5r^i;+r,?=l. ... (a) 
We may deduce any one of these from the other two. Thus, eli- 
minating f from the first two. we get for the third ^^ £l2_= i. 

This formula may be shown very simply by a diagram. 

Fig. 17. 




It will simplify the notation if, instead of writing the tangential 
equations in the normal form, we put them under the forms 

(b) 



If wc compare these forms with those given above, 

£=-^5+1 and „=-^?+i . 
Pi P, 9, 9, 



(c) 



we shall see that /Lt= = tangent of the angle which the line 

drawn to the origin from the point in which the straight line 
pierces the plane of XZ makes with the axis of X, while a is the 
reciprocal of the projective coordinate of the same point on the 
axis of X ; and like values may be found for the constants in the 
planes of the tangential equations of the points in YZ and XY. 

It is obvious that to determine the position of the straight line 
two equations are required, namely the tangential equations of two 
of the three points in which the coordinate planes are pierced by 
the given straight line. While one taugeutisd equation determines 
the point, three arc necessary to fix the tangential plane. 
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63.] 7b express the cosines of the armies which a straight line, 
makes with the axes of coordinates in terms of the constants fi, Vj a, fi 
Hfthe tangential equations of the given straight line, 

f=^?+a, i;=vr+i8 (a) 

Assume the general tangential equations of the points in which 
tlie straight line pierces the planes of XY^ XZ^ and ZY^ namely 

/'f + ?i'=l,/»^+r$=l, andv=£?+^, . . (b) 

Jr/Sf Fn 

derived from the two preceding. 

Comparing the coefficients of these equations with those of (a)^ 
we shall have 

Pi "^^ pa pa 

or 

/Lt/?^+r=0, a/^,= l, /?A* + ?»'=0, ap4-i8»=l. . (c) 

Hence 

^^fifi^ai^ ^-^S/i-aK' P^-a^y . . . . (d) 

If we now turn to the diagram in page 55^ a short inspection will 
show (denoting the angles which a parallel line through the origin 
makes with the axes of coordinates by the letters lOZ, lOY, /OX) 
that 

COS/OZ= , o . o . / Tau^ C08/0Y= . g , o . . roru 

cos /0X=: . o . ^ TT^ xaTi- 

Hence, subsftituting the values of p, q, r, p^, as given in the pre- 
ceding equations (d), we shall have, putting 

cos/OZ=^^^^^^^=^, co8/OY=^, cos/OX=|. . (f) 

63.] To determine the conditions that two straight lines may meet 
in space. 

\Vlicn two straight lines meet, a plane can always be drawn 
through tlicm. Let 

f=/Lt5'+a, v=vf4-i8; f=/A^5'+«i and i/=K,?+i8^ . . (a) 

1)0 the tangential equations of the two given straight lines, and let 
{» t;, {T bo the tangential coordinates of the plane which passes 
through both straight lines. Then, from the four preceding equa- 
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tions, eliminating tlie three qua 
lowing equation of condition 1 



two given lines. 



3 £. V, f, we shall have the fol- 
;n the eight constants of the 



a-a,_ H—fi, 



(b) 

64.] We may also define a straight line as the locus of the points 
in whidi two given planes intersect. 

As the straight line is wholly in one of the planes, this plane will 
pass tlirough the three points in which the straight line pierces tlie 
coordinate planes, and the tangential equations of these points will 
be satisfied by the tangential coordinates of the two given planes. 

Hence, the equations of two of these jiointa being 

J=/if+a and v=v^+ff, (a) 

let the tangential coordinates of the two given planes be £., v., t and 

S,. V f.- 

Now, as the former plane intersects the plane of XZ in the point 
where it is pierced by the common line of intersection of the two 
planes, the equation [a] will be satisfied by the coordinates of the 
given planes. Consequently f,=^t-i-o, and also f„=^t.+a; 

hence 1^= JV 'i but we have also f— g,=/t(i;'— f,). 

Hence the tangential equation (a) becomes 

t-crc-f,/ '■""'= °"™" {r-ir,-r,-&- 

65.] To investigate the conditions thai a given line may be found 
in a given plane. 

Let the tangential equations of the straight line be 

f=^r+a, y=vr+/9 (a) 

Let ^1, t/„ f, be the required coordinates to determine the i>osition 
of the plane. Then, substituting the coordinates of this plane in 
the equations of the straight line, 

But there are only two equations to determine the three un- 
known quantities £,, v„ f,. Hence the problem is indeterminate, 
as is antecedently manifest. 

66.] Tofindthe tangenlial coordinates of a plane which shall pass 
through a given point and a given straight line. 

Let p, q, r be the projective coordinates of the given point ; 

* It ie nbrioua tli at these ei^ualioua of a line, the intecsecUou ailtcoyii-mpianft, 
iLnMUtiJoguiXEtothepiojcotivetquHtionaof afiui' joiniug lv;o girni puBits,iiaiuvly 



(b) 
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EQUATIONS OF 



then the tangential equatioii of the given point may be written 

Let ^=fj,^+a, y=vf+^he the tangential equations of the points 
in the planes of XZ and YZ where they are pierced by the straight 
line ; then the plane miist of necessity pass through these points, if 
the given line is to be iu the plane ; hence, substitutiug the values 
of f and V, we get 

{pij. + qv + r)^=l-pa-ge: (a) 

this equation will determine the value of f ; hence those of f and v 
may be obtained. 

When the poiut is in the straight line, {Trntist be indeterminate, 
°' Pfi + gv+r^O, l-pa-qff=0 (b) 

67.] To determine the angle between two given planes. 

Let 1^,, v„ f, aud f,„ w,,, and f,, be the tangential coordinates of 
the two given planes. Let fall two perpendiculars P and P, from 
the origin, making the angles X, /*, v and X„ fi.,, v, with the axes. 

Then, <ft being the angle between the planes or between the per- 
pendiculars to them, 

cosi^=eo8X coaX, + cos/t cos/i, + coB V cosv,. . (a) 

Now, as Pf,=coBX, P^„^cos X„ aud making like substitutions 
for the other angles, wc tind 



pp,cos.^=g^„+v,i'„+r^. 



C09^= 



JJ_M± 



h?4 



— - . . . i a fbi 

08.] A straight line is pcrpctuficular to a given plane, to determine 
the relations between the coefficients of the given straight line aud the 
given plane. 

Let S=fi^+a, and u=vf+^, be the equations of the straight 
line, and let f„ v, ij', be the tangential coordinates of tlie given 
plane. Then, as a [jeriwudicular to this plane through the origin 
is parallel to the straight line, tbe augle between them is^O. 

Now the cosines of the angles nhich P makes with the axes of 
coordinates ai'c f„ v„ f, divided severally by Jf* + f ' + £)*}'; and 
the cosines of the angles which the straight line makes with the 
same axes arc /9, —a, — y, divided severally by {o* + S* + 7*lt^A, 
putting— 7 for yS/t—ai'. Hence the direction cosines may be written 

i =? ....irT „. ,_ «,-~,-7r, ,,) 



, »„d -J 



1=- 



or, reduciug this exfircssion, we sliull huve 

(o{,+«i.,)'+ (»?;-7",)'+ {rl,+fft,)'=o. 
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Hence, as this expression is the sum of three squares, we must 
have each term separately equal to 0, or 

afi+iSu^^O, a{;-7v^=0, 7fi+/3S;=0. . . • (c) 

These are the relations that exist between the coefficients in order 
that a given line may be perpendicular to a given plane. 

We may obtain a much shorter solution of this problem, but 
one neither so simple nor so elegant. 

Let f^, Up (J be the coordinates of the given plane, and f =/Af-Ha, 
t;:=v(r+/3 the tangential equations of the given straight line. 

Then as any plane which passes through this straight line will 
be at right angles to the given plane, we must have f f / + w^ -f 5t)=0, 
but f=/Ltf-ha, i;=vf+/8; substituting, 

but as the plane through tke given straight line is manifestly in- 
determinate, we must have 

f^ + i/,v+$;=0, afi+i8i;,=0, (d) 

or two equations between the four constants of the equations of the 
given straight line. 

69.] To determine the angles which the straight line, in which two 
given planes intersect^ makes with the axes of coordinates. 

Let the tangential coordinates of the two given planes be f ^ v^ (J 
and lzii9 ^ip (T// f ^1^6^ ^^6 tangential equations of the straight hne in 
which they intersect are, as shown in (b), sec. [64], 

f-ft=|^' (?-?,) and v-v,=^"(r-5;). 

Now, if we compare these equations with the general tangential 
equations of a straight line, 

we shall have 

and ''^^(fiii'-av)=^f^. J 

It is easy to show that perpendiculars to the two intersecting 
planes are perpendiculars to their intersection ; for as 

cos /OX =^, co8/OY=^, cos/OZ=^. 

Substituting the values of ^8, a, 7 given in (a), we shall have 

cos/OX=^^^^^^^', cos/OY=^i^^''^', cos/OZ=^^-^^''". 

A ^ A ' A 
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Now the perpendicular to one of the planes makes angles with 

the axes of coordinates, whose cosines are jJ, ^, ^, wlierc 11 ia 

the reciprocal of P. 

Hence w being the angle between thia perpendicular and the 
straight line in the two planes, ve shall have 



An 



the numerator of which is identically =0; hence o ia a right 
angle. 

We should liave found a like result had we multiplied by f,„ V/,, f„ 
the tangential coordiiiatea of the aecond intersecting plane. 

70.] To determine Ike conditions in order that a given straight 
Une and a given plane may be parallel. 

Let f,, V), fy be the tangential coordinates of the given plane, 
f =/if+a, u=»'f+/3 the equations of the given straight line. Now 
a planewhich ia perpendicular to this straight line will also be per- 
pendicular to the given plane. 

Let the coordinates of the second plane which ia to be perpen- 
dicular to the given straight line be |,„ v^, f^,. Thia plane and the 
given straight line will be perpendicular, ace (d), sec. [68], where 

Mf„ + vu„ + !:„=0 and af„ + i9u„=0; 
hence 



£„=-f„„andf„=,(*rs:)„„; 



but as these two planes must be at right angles one to the other, 
we must have 

Substituting the values of f„ and f^,, we get 

^Z-av,-{0,j.-av)i;,=Q (a) 

71.] A straight line is parallel to a given straight line , to deter- 
mine Ike reUition between Ike constants. 

Let f=^f+a, u=v^+j3 be the equations of one of these lines, 
andf=/i,5'+a,, u=i',5'+;a, those of the other; then, as these straight 
lines are perpendicular to the same plane, wc must have 



72.] To investigate an expression for the i 
iiraight lines whose equations are 

f=M?+a, v=y^+ff; ?=/.,?+(!„ 



(e) 

ng/c between two given 
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Now the angle between two straight lines in space is equal to 
that between two planes at right angles to them ; and as this angle 
is equal to that between the pcrpcadiculars let fall from the origin 
upon these planes, we shall have 

cosM=_iM>'ffl^lk_=. ... (a) 

We have now to determine the tangential coordinates of these 
two planes ; and as these planes are given only in direction but not 
in position, we can only obtain the ratios of the tangential coordi- 
nates, but not the coordinates themselves. Let f, = <^?',, Sii=<f'i^u> 
w^=^i;i, v„='^j5';;i "lid the preceding equation becomes 

„^„- i+'^.+'H-, (t) 

But it was shown in (d), sec. [68], that when a stnught line is per- 
pendicular to a plane, we must have 



Hence 



if>/t + fy+l=0, ^+^/3=0.J 



i^) 



Substituting, 



-; also^,= „ ^' , V-,= «-^ 



(d) 



^'a^+'^ + OS/i-ov)* v'o»^-J3,«-|-(/3^,-<l,^'- 
73.] To find an expression for the angle between a given plane 
and a given straight line. 

Let f=/tf+a, y=vf+^bc the tangential equations of the given 
straight line, and E„ u,, f, the coordinates of the given plane. Let 
a plane be drawn perpendicular to the given line, then the angle 
between these planes will be the complement of the angle between 
the given plane and the given line. But since this last drawn plane 
is perpendicular to the given line, we must have 

,.£+"'+5=0, ai+^i,=0, orf==^», ?=<*=^'„. 

Substituting these expressions in the general formula for the angle 
between two planes, we get 
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CHAPTER VII. 

ON THE TANGENTIAL EQUATIONS OF SURFACES OF THE SECOND ORDER. 

74.] When the surface is referred to its centre and axes, as origin 
and axes of coordinates, the transformation of projective into tan- 
gential coordinates exhibits no difficulty. Thus, let the projective 
equation of an ellipsoid be 

the equation of the tangent plane passing through the point {x y z) is 

^2 + 4« + ^«-A, 
the current coordinates being x^y y^ und ^^. 

1 XX X (L 

Let ^1=0, Zr^Oy then Xr=ji, and -^^=1. Hence -=—=«?. 
^' ' ' ' ' f fl* a x^ ^ 

V z 

In like manner T^=bvy and -=c^, and by substitution 

a«f« + ftV4-c2^=l, (a) 

which is the tangential equation of an ellipsoid referred to its axes. 

Let us now refer the surface of the second order to any rectan- 
gular axes passing through the centre. 

Let its equation, in projective coordinates, be 

Ax^+Afy^ + A,^^+2Bzy^2B^z + 2Bf^=:l. . . (b) 

Then the equation of the tangent plane passing through the point 
i^yz) on the surface, is 

[Aa?-f B^+B^y]a:^+ [A^4-B^+B2r]y,4- [A,^+By + B^]2r =l,(c) 

in which equation {xy z) is the point of contact on the surface, 
and Xf y^ z^ are the current coordinates. 
Assume 

A^ + B^+B^^=f, Aff-^B,fl + Bz=v, A^^sr-f-By + B/ps?; (d) 

solving these linear equations for x, y, and z, putting 

D=AB«+A,B«4-A^^B,«-AA,A,^-2BB^B^p 

we shall obtain the resulting equations, 

D^=(B2-A,A,,)f + (A A-BB>+ (A,B,-BB,)f, 

Dy = (B«-A,A)i/+(AB-B,B,)?+(AA-B,B)f, [ . (e) 

D^= (B,«- A,A)r+ (A,B,-B,B)f + (AB-B,B,>; 



SURFACES OP THE SECOND ORDER. 6>J 

or dividiQg byD, and substituting' single symbols for the foregoing 
expressions, we shall have 

y=a,v + 0^-\-0„B, I (f) 

Multiply these equations respectively by tlie tliree following ex- 
pressions, namely 

and adding them, wc thus obtain 



A^ + A,ys + A,^« + 2BJ-I/ + 215,?.? + 2B,ry = 1 



(g) 



of ' + a,i.« + o,,^ + S^fu + 2/3^?+ 2,3„f I- : 

These are the relations which exist between the projective and tan- 
gential equations of the same surface of the second order. 

75.] Let the surface of the second order be now referred to an 
origin of tangential coordinates other than the centre O. Let the 
point Q, be so assumed, and through this point Q let three rectan- 
gular planes be drawn, parallel to the original rectangular planes, 
through the centre O. hetp, g,rhe the projective coordinates of 
the centre O let fall on the new coordinate planes. Let the tan- 
gential equation of the surface, the origin being at the centre, be 
as in (g) in the preceding section, 

ae + a,v' + a,^ + 2^^o + 2^^^+Ufi„^v=l; 

and, assuming the values of the old tangential coordinates in terms 
of the new as given in (a), sec. [58], namely 



f-, 



f, , 

-rf,-«" -'•S' 



f=T 



_§_ 



i-fi-'j",-''!, i-;'l,-?",-'-C' 



making theae substitutions in the preceding equation, we obtain for 
the tangential equation of a surface of the second order referred to 
Qj any point in space, 

It is hence obvious that in the general tangential equation of a 
central surface of the second order, referred to any coordinate 
planes in space, the coefficients of the linear terras j, v, f will be 
tivice the projective coordinates of the centre on the new coordi- 
nate planes. 

This is a matter of much importance, as without any calculation 
at all we can discern the position of the centre. Hence, if the 
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tangential equation of a central surface of the second order referred 
to any system of rectangular coordinates in apace be 

then, comparing this equation witli tbe preceding (a) and eqnating 
like terms, we shall have L = o— 7**, L,=a,— 5', L„=aj,— r*. 

Hence we may return to the system of coordinates passing 
through the centre of the surface, if we substitute for the coeffi- 
cients of tbat equation, namely a, a,, a„, ^, ^,, (3„, their values jjst 
given — that is to say, 

a=h+p% a,=Li + q^, o„=L„ + r*, | 
^=M+yr, ^i=yi,+pr, B„=M„+pg.} 
So that, passing from the equation of the surface referred to any 
system of axes to another parallel system passing through the 
centre, the general equation (b) will become 



(c) 



+ 2(M,+/)r)EC+2(M„+;;?)f..-l. ) 



(J) 



-«,) 






be tile equatiou of a tangent plane to a surface of the second order, 
f{x, y, j) =0, in which x^ y^ r, are the current coordinates and F is 
written for brevity instead of/[x, y, £). 

Since X, j/j r, are the current coordinates, let y,=0, ^,=0, there- 
fore X, is the distance from the origin of the point where the axis 

of X is cut by the tangent plane. Hence ir,= c> »nd we thus get 
dP 
t=TB TI? TIT-, "'"5 «ko i>=7 



"db' 



iV 



ir'+nzn 



di 



iy' 



dl' ' 
*-dJ-- 



dP 

d;/ 



'iy'^iu:' 



and a like expression for ij'niay be found. 

Combuiing these equations with the dual equation 

■we may obtain the tangential equation of the same surface. 

Thus, let the projective equation of the surface of the sec 
degree /(jTj y, z) =0, referred to tlu-ee rectangular coordinate pla 
be 

Aj;» + A,y* + A,^-f2Byz + 2B^j+2B,^yl 
+ 2C;rf2C,y + 2C,^=]; (' 
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taking the partial differential coefficients^ we get 



dP 



dP 



^=2[Aa: + B^+B^y-f C], ^=2[A,y-f B,^+Bz+CJ, 



dP 



do; 
hence 



^=2[A^,2r4-By + B/pH-CJ, and therefore 

dP dP . dP or, /^ n> /^ 1 



dz 



(d) 



^_A^jhB^£+B£+C, 

f^_ A,fZ+Bf/-^BfX+C„ 
^ 1-Car-C,y-C^* 



^ 



> 



(e) 



y 



If now fipom these equations we derive the values of x, y, z in 
terms of ^^ Vy and ^^ and substitute their values in the dual equation 
^+yv4-xrf=l, we shall obtain as the result the tangential equa- 
tion of the same surface — that is to say, <^/(f, u, f) =0. 

If we divide, one by the other, the equations (b), we shall obtain 

dP dP 

i;_dy ?_d2r 
|"3F' |"dF' 

d^ dx 

Square these equations, and add, 

/dFy /dF\» /dFY 



r 



m 



Now P*(P + w^ + ?*) = l, and P«f«=cos«X; hence 



C08*X= 






(f) 



and like expressions may be found for cos /l&, cos v. 

Hence the angles which the perpendicular on the tangent plane 
makes with the axes of coordinates derive their expressions from 
the partial differentiation of the projective equation, and not from 
that of the tangential equation of the surface as we might have 
anticipated. We shall find that like expressions for the angles 
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which the diameter passing through the point of contact with tlie 
tangent plane makes with the axes of coordinates are derived from 
the tangential equation of the surface. 

77] . Resuming the general tangential equation of a surface of 
the second order, 

let us solve this equation for one of the variables, ^ suppose, and 
the resulting equation becomes 



?- 



: VM, 



(t) 



writing M for the sum of the terms under the radical sign, 5 has 
evidently two values, because for the same values of f and v there 
must be two tangent planes to tLe surface. Now, using tlie figtire 
in sec. [20], and the reasoning of that article, let 

Om a,! \ 

1 _ (i3..+w+y .) 

0P~ o„ 



1 _ (p./+^,t + y „) 
0« a,, 



^M. 



W 



Hence r^, ^^p' ^id =r- are iu arithmetical progression, and 

therefore Om, OP, and On are in harmonical progression. Conse- 
quently the plane of XY, the two tangent planes to the surface 
intersecting in the plane of XY, and the plane which passes through 
the point P in the axis of Z, and the common intersection of the 
two tangent planes, in the plane of XY, are four harmonic planes 
all intersecting in the same straight line in the plane of XY ; there- 
fore the plane of XY and the secant plane through the point P 
pass respectively through the pole, one of the other ; hence the 
plane whose equation is 

passes tlirough the pole of the plane of X Y. 
Consequently the following equations, 

aS+^/i+^„v+y =0,1 

fl/w+W + ^i; +r,=o,[ (d) 

are the tangential equations of the poles of the coordinate planes 
of ZV, ZX, and XY respectively ; and the combination of the three 
equations determines the three tangential coordinates of the polai' 
plane of the origin. 
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From the preceding equatioiiB, elirainatiug v and ?, we may find 
the value of j the taogential coordinate, along the axis of X, of the 
polar plane of the origin, or 



^,=^ 



(e) 



ind for V, and J,. 



Like expressions may be f 
When 

the origin of coordinates is on the surface ; for then the intercept« of 
the ases of coordinates cut off by the tangent plane to the surface, 

namely x, -, j, are each eqnal to 0. 

\Mien 7=0, 7;=0, 7„=0, it follows that f,=0, v,=0, ?,=0. 
But when7=0, ')',=0,7„=0, the origin is at the centre, and there- 
fore the coordinates ^, — , =; of the polar plane of the centre are 

infinite. 

78.] To show that when the surface toucften a coordinate plane, 
the coefficient of the sifttare of the corresponding variable becomes 
=0. 

When the tangent plane to the surface becomes indefinitely near 
to the plane, suppose of XV, it cuts the axis of Z indefinitely near 
to the origin, Heuce, when ultimately the plane of XY becomes a 

tangent plane to the surface, — becomes 0. 

The general equation of the surface may be written 



1 



But as the second i 
In like 1 



lember is =0, since ^^0, we must have 

hen the surface touches the coordinate 
=0. Hence, when the surface 



planes of ZX or ZY, oy=0, or 

touches the three cotirdinate planes, the general equation of the 

surface becomes 

2^v; + 2^^? + 2^,^v + ?7f + 27,w + 27;^=l. ■ ■ 0>) 
79.1 ^^i^" 'he surface touches one of the coordinate planes, to 
determine the equation of the point of contact. 

Let the plane of XY' he the tangent plane, then a-,, =0, as shown 
in the preceding section, and the general equation may bo written 
,1 , 
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/3u + /3^+7„=0 is the tangential equation of the point of contact of 
the |)lauc ofXY. 

Consequently the tangential equations of the points of contact of 
the surface with the planes of XY, YZ, and XZ are 

fiv + &£+y„=0. ^,? + ,3„i. + y=0, and /3,^ + ^?+7,=0. (b) 

80.] On the equation of the tangmt plane to a curved surface 
whose tangential equation is <^{i, v, ^)=0, 

Let the tangential coordinates of the tangent plane be conceived 
as receiving minute increments, consistently with the permanence 
of the projective coordinates of the point of contact, iiet f, u, f 
be assumed as having received iuliuitesimal augments, and thus to 
be changed into f+(i£, v-^Av, t+tl? 

Then, on the ordinary principles of differentiation. 



« 



dC 



But 0(fp Uj, £)) =0, <^{f , w, f) =0 ; and writing for brevity a capital 
4» for 0(f, u, f), we olitain the condition 

f^f+f"-f«='' <" 

If we now, on the same assumed principle, differentiate the dual 
equation jrf +yv+jf=l, we shall find .rd^ + ydv + zA^=:0. 

Equating the coeHieients of these ditferentials, first introducing 
an equalizing factor A, we shall have 

d^ , d^ . d^ 
df " du' df 

Multiplying these expressions severally by f, i/, f, and adding, 



d*^ 



d<I> d* 



4- 



But ns icf + yu + sil = 1, we shall have, finally, 
^ d* ,, , d* , d<i> „ 



df * 



dfl> 



<r 



Like expressions naay be found for y and r. 

These very general and beautiful /o/-»H«/(e of transition, as tUcy 
may be called, reduce the passage from the projective to the tan- 
gential equation of a curve or curved surface, or reciprocally, to a 
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mere meclmuical operation as it were ; and the problem ia thus 
reduced in all cases to oue of elimination. 

The fonnulie which exhibit the relations between the projective 
aud lungential coordinates of the same curve or curved surface are 
simple and symmetrical. 

Let *=(^(E, V. 5')=0 be the Let V=f(x, y, z)=Q be the 

tanyenlial equation of a curved projective etiuatioii of a curved 

surface. The projective coordi- surface. The tangential coor- 

nates X, y, s of the point of dinatcs f, v, f of the tangent 

contact of the tangent plane may plane drawn through the point 



be found from the following ex- 
pressions ; — 

d^ 



dF' 



^dC^ 



d* 



^'"cl*^ (I* W' 



df 



f + 



dir^ 






[xyz] may be found from the 
following espreasions ; — 

dF 

p d.r 



^Si'^H' 



""dF 



f=,T 






-jp — ir- 



By the help of these groups of equations and the origiual equa- 
tions <I'=i^(P, v, n=Oi or/('''i Vi ^) = 0, we may eliminate f, u, f, 
or X, y, z, and obtain the final equations in x, y, x, or in f, v, X,. 



CHAPTER VIIL 

ON TBE MAONITITDE AND POSfTIOM OF THE AXES OF A SURFACE OF 
TUX SECOND ORDER. 

81.] If we assume the tangential equation of a central surface of 
the second order, as given in (a), [74], 

«*P + Z.V + (•'?' = 1, (a) 

and refer this surface to another system of rectangular coordinates, 
also passing through the centre, by the help of the formulfe of 
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transformation given in sec. [5(3], the transformed equation will 
assume the following form, 

Hp + H,i.HH,?'+2Kvf+2K^i:+2K>=l, . . (b) 
H, H„ H„, K, K,, K„ being explicit functions of the nine angles 
discussed in sec. [56], and of the semiaies a, h, f. 

Hence the general equation of the surface of the second order, 
referred to three rectangular axes passing through the centre, being 
aP + a,»<+<.,^ + 2/3,f-(-2«f+2^,{»=l, . . . (o) 
we shall have to determine the twelve unknown quantities, namely 
the nine direction cosines, as tbcy are called, and the squarcH of 
the three aemiaxes of the surface — twelve equations, six of which 
are given by the known relations between the nine angles, and six 
may be obtained by equating, term by term, the six coefficients of 
(c) with the six coefficients of (b) ; aud in this way the problem 
might be solved. It may, however, be justly surmised that the 
solution of these twelve equations would lead to very complicated 
and unmanageable expressions. With the help of other principles, 
derived from the following important theorem, we may elude the 
difficulty. 

82,] To find a general expression fur the dintance be/ween the 
point of contact of a larufent plane to a turface, and the foot of the 
perpendicular let fall from the origin on this tangent plane. 

Let T, y, z be the projective coordinates of the point of contact, 
and let ^, t/, |^ be the tangential coordinates of the tangent plane to 
the surface ; and if T be the required distance, we shall evidently 
have 



T*= 



■'+y^- 



1 



We must now eliminate x, y, and r. 

It has been shown in sec. [80] that if ^(f, i 
tangential equation of a surface, 

df B.. 



W 



d* d« 



d*. 



f)=<l>=0 be the 



(b) 



and like expressions for y and z may be found. 

If wc now square these expressions, and substitute in (a), we shall 
have, after some reductions, 



Ld^*" axj^a^Vav^ dg-^J +Ldgg' 



To apply this expreasion to the ellipsoid. 



dt ^J 
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The taugeutial equatioa of the ellipsoid is a*£' + i*i/* + c'f*=l. 
Hence -rp-^Sa'f, and A=2, Like expressions for the other 
rariablca v and ^ may be found. Hence 



"ps. 



(d) 



P+tj' + P 

By the help of this formula we may determine the magnitude 
and position of the axes of a surface. 

83.] We may define the axis of a central surface as a hne which, 
drawn from the origin at the centre, to the point of contact of a 
tangent plane, coincides with the perpendicular let fall from the 
origin on the same plane. 

In this case T=0 ; but as the numerator of the value of 1^ is the 
sum of tliree squares, in order that this expression may be = 0, they 
must severally be equal to 0, or 

d* d'I'p - d*^ d4> -, d<I>„ d*, 



-irf""- i?f- 



Now we have shown in [80| 
iuce in this supposed case P U 



df" 



iif 



!:=o. 



M 



d* 



equal to and coincides with J*. But 



(b) 



d«I> 



and like expressions for the other *wo variables may be found. 

Let a^ + a,v^ + a,,?' + 2;8./ ? + 20,^ + 2/9„f u =1 ..(c) 

be the tangential equation of a surface of the second order referred 
to its centre, then 

^ = 2ae + 2y9,? + 20„v ; but ^ is also equal to 2Ff . 

Hence a^-i- 0Ji + ff,iV=P'^ ; consequently the three resulting equa- 
tions are 

(a-P«)f + ^,C+^„v=0,J 

ia,-P')v + 0„S + m=O,\ (d) 

Eliminating f, v, $ from these three equations, which the absence 
of an absolute term enables us to dojWe obtain an equation analogous 
to the well-known cubic equation for determining the three axes of 
the surface. 

If we could by any means ascertain that particular position of 
the tangent plane which would make the perpendicular coincide 
with the diameter passing through the point of contact, it would 
follow that £, V, U would become known quantities, and we could 
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thus calculate the value of P ; but if matead of so doiog wc elimi- 
nate f, V, $, we shall ascertain in how many ways P may become a 
seniiaxis of the surface. 

Eliminating £, v, ^ &om equations (d), we obtain 

(a- P)(<.,-P») (a„-P«) -,9<(a- F) -ff^',-^ \ ,,, 

a cubic equation which gives us when solved the values of the 
squares of the three aeraiaxes. Keducing the preceding equation, 
and arranging by powers of P, we get 






} (f) 



P«-(a+a, + a„)P*+ l{afi,-ff')-^ {a 
+ y3*a + 0^a, + &,fa„-aafl.„ — 2pp 

Hence we may at once uifer that the sum of the squares of the semi- 
axes is equal to the sum of the coefficients of the squares of the 
variables. 

We shall recur to this equation, which may be termed the 
" tangential cubic equation of axes." 

It may have been observed, by those conversant with the subject, 
that the concentric sphere, which has generally been made use of 
to determine the magnitude of the a:(es of the surface, has been dis- 
pensed with. The principle adopted in the text, that of defining 
the axes as those perpendiculars on a tangent plane which coincide 
with the diameters drawn through the points of contact of the 
tangent planes, possesses the advantage of determining those mag- 
nitudes from a consideration of tlie properties of the figure itself. 

St]. To determine the angles which one of the axes of tlte surface 
makes with the ores of coordinates. 

The cosine of the angle X which the axis P makes with the aii* 
of X is Pf; anda:=P*f. But, as we have shown in [80], we shall 
have P'f=.r=af +y9^ + y3,^; and finding line expressions for the 
other variables, 

K-P»)t,+jS,^ + ^? =0,1 (a) 

(a„-P«)?+^u+/S^=O.J 
Let the three roots of the cubic equation resulting from the eli- 
mination off, V, ^ between these equations, and which determines 
the axes, be t*, t *, t,,*, and let 

a— j^=S, a,-T^=B„ o„-T*=«u; . . . (b) 
also let ?=»if, v=n£; and the preceding equations become 
S + /3,m + 0,^=n. 1 
Bfl + fi, + 0m = O, I (e) 
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from these equations we get 

squaring these CKpressions, nnd addiag, 

We may combine tliia rcault with tlie cubic equation (e) in the 
preceding section, and which may be written in the form 

S8,8„-0^S-/3*S,-^„»fi„ + 2^^^„=O. . . (e) 
Let thia expression be successively mnltiplied by B, and S„. The 
resulting expressions become 

55^,5,* -^*SS, -^,»S,' - /3 „« V/( + 2/3^,/9„S, = 0, ) 

Adding these two expressions (f } to (e) and eliminating, we shall 
obtain a result that will allow of the dividing out of the common 
factor (j3*— S,8J, Hence 

K4»--Hi)= '^'-W + <g-|V-nV-»,) . . ,„ 

Now, as 5=nifj v=nf, 

_ii±ii±5_n! \ L^ 

f* ~£»~P*f~co8«X' 
ConseqQentIv 



.«+! = 



J _^,,'-s5, 

We may thus find similar expressions for the other two Bi 
Hence the problem is completely solved, as we can cipress the 
squares of the three semiaxes and the cosines of the nine angles in 
terms of the coefficients of the given tangential equation. 

On Ihe particular case token the surface is one of revolution. 

85.] In this case two of the axes are equal ; and therefore two 
of the roots of the cubic equation of axes (f ) in [83] become equal. 
But it is a well known property of algebraical equations that when 
two of the roots of an equation are equal, one of these will be found 
in the limiting or derived equation. Writing p for P' in the equa- 
tion of axes, and dilt'ereatiutiug, we find 

3p»-2(o + a, + o„)p-[(3'-a^„) + (&?-aa„) + [|3„*-aa,}]i (a) 



(b) 
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or writing R for a + a, + a,„ Bad 

Qfor (^-fl^„) + {)3,«-oaJ + (^„*-ao,}, 
the limititig equation becomes 

3p=-3Ep-Q=0, or p= ^+ VR'+3Q ^ 

One of these values ot p is the square of one of the equal setniaxes. 

We may obtain the value of the equal semiaxes from other cou- 
Biderations. 

If we refer to the formulse which determine the incliiiationa of 
the axes of the anrfaee to the axes of coordinates, as given in (h), 
sec. [84], it isevident that, when they become unlimited in number, 
the values of the cosines of the angles which these equal axes make 
with the axes of coordinates must be indeterminate also, If we 
refer to the expressions for these cosines as given in (h), they will 

become indeterminate, or of the form - if we put 

^■'-SiS„=0, ^,«— SS,,= 0, fi,^-BB,=0. . . . (c) 
Now reverting to sec. [84] (b), it has been shown that, if t* be 
one of the roots of the cubic equation of axes, 
a,— T*=S,, a,,—7^=B,,, 



(d) 



on the assumption in (c] . 

Consequently -r* — (a, + a„) t* = i3^ — OjOy . 

Finding similar expressions for the two other axes of eoordiuates, 
and adding the resulting equations, we shall have 

or 

3t*-2Rt*-Q=0, (c) 

precisely the same equation as (b) derived from the discussion of 
the limiting equation. 

It may easily be shown that, when two of the roots of the cubic 
equation of axes are equal, the three roots are 



R- VR' + 3Q R- VR^+aQ 
3 ' 3 ' 



and 



R + 2 VR' + SQ 



(f) 



We know that if r, r,, r„ be the tliree roots of a cubic equation, 
the sum of the products of the roots, taken two by two, is equal 
to the cuefhcient of the third term. 
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Now.if wemake>=?l±^-5;^^L±^, r, and r„ each equal to 
3 ' " ^ 

- T" ^ i_ — ^j and substitute these values in the precediug ex- 

presaiou, the resulting equation becomes identical*. 



CHAPTER IX. 

ON' THE TANOBNTtAL EQUATIONS OF TBE FARASOLOinS. 

86.] Let the axis of the surface be taken as the axis of z, the 
tangents to the vertices of the principal sections as the axes of 
if and y. Now we may conceive the elliptic paraboloid as gene- 
rated by the parallel motion of the plane of a variable ellipse whose 
centre moves along the axis of Z, and whose vertices always rest 
on two guiding parabolas in the planes of ZX and ZY, having a 
common axis Z. Let 4k and 4k, be the parameters of the principal 
sections passing through the axis of z. Let the paraboloid be cut 
by a plane parallel to the [ilaue of xy at the distance z. Then, if 

■ If wa take the cuiia equation of ittei fnven iu most boaka □□ surfnces of 
the second order, aa trtfaWd by tlie method of projective coonlinales (see lietov, 
' Analyse eppliqu^ ft la Ot^um4trie des tiais dimUDBionB,' p, IEI8), we shall lind 

(.-A)(«-A,)(«-A„)-B'(:»-A)-B,>(ji-A,)-B„'(»-A„)-2BB,B,=0. (a) 

Now, if R he a root of this equatiou, and we put 

A-R=D, A,-R=D„ A„-R=D,„ 
and if we follow the course indicated ia the text, we shedl find for the cosines 
of the angles a, ff, y, which the semiaxis R makes with the three axes, 

„„,.„- _ fB'-D.DJ n>\ 

(C-D.D,J+(B,'-U,.D)+(U„'-Ut),)' ■ ■ ■ ■ K»J 
and like eipressions for coh'S, cos'y. 

We do not rememher to have seen these tormiiliB in any trealise on this suhject. 
When the Biirfaiie ia one of revolution, two of the nxet must be equal, hence 
two of the roote of the cubic equation of sxes must be equal, hence the litnitinp 
rqualion to (a) must contmn at least one of the equal rooM. Dlflerentiating this 
equation, we shall find the following for the limiting equation 
[(.-A.)(,-A,.)-D']+[(.-A„)(,-A)-B,']+[(— AH.-A,)-B„'].0, W 
■nd this derivative, as also the otiginfd equation, are satisfied hy putting 

TiM..-W=0, 1>„D-B,^=0, DD,-B„'=0, 
sad the expressions for the direction cosines become 







«y = 0. 



M evidently should bo the case. 
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X and Y be the semiaxes of the ellipse in which the paraboloid is 
cut by the parallel plane, we shall have x^=4A:z, Y^=4A:^2r; hence 

is the projective equation of the elliptic paraboloid. 
„ dP „. dF „. dP ... 

and ^ (b) 

dP dP dP ... 

d^''+di^y + dJ'^=***'^- 
Hence 

I:— _*(?_— JL — ^ r— 1 
Substituting these values of or, y, and z in the dual equation 

we shall obtain for the tangential equation of the paraboloid, 

*f-f*,u« + ?=0 (c) 

87.] On the transformation of the axes of coordinates in the case 
of the paraboloids. 

Assuming the equations given in sec. [56], namely 

= f ^ cos \-\-Vf cos X^ + Ki cos \, 

V = ^l cos fJb-^-Vf cos /Af -f ?/ cos flfp 

5 =f / cos y+Vf cos Vf H- ?/ cos v^^, 
or writing Imn^lf m^ n„ /^^ m^^ n^^ for the cosines, 

hence 

kji)^ = */ [^*f /* + ^?v^ 4- w^/®?/* + 2mmffVf + Zmm^^fi;^ + 2wi^m^^i;^ J , 

Arranging according to powers of ^, t;, and ^, and omitting traits 
to £, t;, ^ as no longer necessary, and adding, 

[*/«+*^«]|«-f [*/; + *,m,«]i^+ [*V + */^//'j?* + 2[*%-f *;»i^J?v 
-f 2 [A://^, + *^»»w] I? + 2 [*«; + k^^mm;] f v + nf + n^u 4- «//?= 0. (d) 

When the paraboloid is a surface of revolution and the origin 
placed at the focus of the surface, its equation becomes 

*(f^ + u^-f?*)+?=0 (e) 
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We may now translate the origin to another poiut, the direction 
of the coordinate planer continuiug the same. 

I^t p, g, r be the projective coordinates of the vertex of the 
surface on the new coordinate planes ; then, assiuuing 

like csprcasions may be found for u and 5- 

It is plain that the only terms th at will be afiectcd by tbe trans- 
lation of the coordinates will be the linear terms; and these will 
become 

«f —pn^ —gti£v —m^l^, 
itju—qnii^ —pn^v —rniV^, 
n»5 -I>",^K - gn^vK -n,irl^. 
Hence the general equation of the paraboloid referred to any 
rectangular axes in space is 

lkP+/c,m^ + np-\p+ lkl,^ + k,m,^ + n,,/]v»+ [A// + A,m< ' + "»'■] C 
+ I2klf„ + 2k,mm„ + n,r + ff„y] J^v 

+ [2A//; + 2k,mm, + nq + v.p] |u + b^ + 7.,w + n,,? =0, 
omitting the traits as no longer necesBary. 

88.] Given the general equation of the parabahid to any get of 
rectangular axes passing through the vertex; to determine the magni- 
tude andposition of the parameters. 

We liave shown in the preceding section that the equation of the 
paralKtloid, referred to its vertex as origin, will be 
{kP + k,m 



(0 



(a) 



kP + *,7n*]r + [kl^ + V('] '''' + (*C + ^z"*;;') ^ I 

+ 2 [kit, + t//im,] f o + nf + t,,v + «„? =0. ) 

Let the general equation of the paraboloid be 
/r+/,i''+/„?*+2M+2j^? + 2i'> + Af + V + M=0. . (b) 
Comparing the coefficients of these equations, term by term, we 
shall have 

-J - 



kP + kfn' 



=/, «," + *,m,'=/,, kl,' + t,m/=f,„ 



+kk, [/,%«* + /««,* + /„«;«,* + '>!* + '«*»*' + ^"Z 
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If T 

have 



+ 2kk, III, mm, + //um,m„ + ll„m,^] . ] 
; now subtract this equation from the preceding, we shall 



(0 



= U,ai,m-lm,)'+il„m-l,m„)'+{l,„„-l„m)<].l 
Assiinie 

/,irt — Im, = COB if), l„m, — l,m„ = cos Xi ^'^^ ^^u ~ '«*" = c*** ^- (s) 
Multiply' the first by m„, the aecond by m, and the third by m^ ; 
then we shall have 

l,mm„—lm,m„=m„cosif>, j 

/„wi,m — l,m„m =mcoax> r i^) 

lm„m,—l„mmi=m,cosi^;) 
adding, we shall have O=m„cos (fi + mcoax + fiOos^p: 

But as m, ?«,, m„ are the cosines of the angles which a certain 
straight liue-raakes with a system of rectangular axes, 0, x< 'f' must 
be the angles which a straight line at right angles to the former 
makes with the same axes ; hence 

(i^— /«!,)* + {/,^,-/,in„)*+(/m„—/„wi)« = CO8'0 + coa'x + cos*^ = l, 
and the preceding equation now becomes 

ff,+f,f,.+f„f-if+!ir+9,?) = }'K ■ . ■ W 
If we add the expressions in (c), we get 
* + *,=/+/,+/„. 

Hence, if p he put for one fourth of one of the principal parameters 
of the paraboloid, we shall obtain its value from the quadratic 
equation 

Oti, the Hyperbolic Paraboloid. 

89.] Of all the surfaces of the second order this is the most dif- 
ficult to form clear conceptions about as to its configuration and 
limits. Its sheets extending to infinity in different directions, the 
application of the usual metliods of algebraical investigation 
becomes somewhat vague and indistinct. This surface admits of 
no circular sections, nor can it be cut by a plane in a closed curve. 
It is its own reciprocal polar, and is one of those surfaces called 
gaitche by the French mathematicians. 
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Its genesis and form may best be conceived by the help of the 
following mode of generation. 

Let three rectangular axes be assumed. In the plane of XZ, 
suppose, let a parabola be described, having its vertex at the origirij 
and its axis of figure coinciding nith the axis of Z. Let its equa- 
tion be ;r*= 4*2. Through the axis of Z let two planes be conceived 
to pass, equally inclined by the common angle ff to the plane of XZ, 
the plane of the above mentioned parabola. These planes may be 
called the asymptotic planes of the surface. Now let the plane of 
a variable hyperbola, having its centre always on the axis of Z, be 
conceived to move parallel to the plane of XY, and let this moving 
horizontal plane — assimiing the plane of XY to be horizontal — cut 
the vertical asymptotic planes in two straight lines meeting in the 
axis of Z. Let these lines be the asymptotes of the moving hyper- 
bola, which shall have its vertex on a point of the guiding parabola. 
Then the ordinate A of this parabola will be half the transverse 
axis of the hyperbola, and the other semiaxis B will be A tan 6, 29 
being the angle between the asymptotic planes. 

Let OVV, be the guiding parabola in the plane of ZX. Let 
OAZA, and OBZB, )ie the two asjTuptotic planea cutting the plane 

Fig. 18. 




of XOY in the lines OA, OB. Let HVP, H,V,P, be the moving 
hyperbola in two successive positions having its vertex always on 
tlic parabola OVV,. 

It is to be observed that while the elliptic paral)oloid may be 
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generated by the parallel motion of the plane of a variable ellipse 
guided by two parabolas whose planes are at right angles, and 
haviDg a common axis, that of Z, the hyperbolic paraboloid is 
generated by the parallel motion of the plane of a variable hyper- 
bola guided by one parabola and by a pair of asymptotic planes. 

90.] From the foregoing construction it will be evident that tlie 
entire of this surface, while its sheets extend to infinity in opposite 
directions, will be wholly confined between the asymptotic planes, 
AOZA, and BOZB, inclined one to the other by the angle 2$. As 
the surface approaches the plane of the guiding parabola or the 
plane of XZ, it will thin down to an edge; and this edge will be the 
guiding parabola. 

It will also he shown further on, that while aboi'e the plane of 
XY the surface is confined between the two asymptotic planes 
whose angle of intersection is 26, below the horizontal plane the 
surface will be developed between the same asymptotic planes, but 
in the supplemental angle tt— 25. 

91.] The equation of the guiding parabola being a;*=4Az, let tlie 

equation of the moving hyperbola be ^—=75 = !. 

Now, A being an ordinate of the parabola, A^^iAz; and as 
B=Atan 0, B»=A*/»=4./*A^, if tan 8 be put equal to t. 
Hence the projective equation of the paraboloid becomes 

/V-y'-4/*A^=0 (a) 

To obtain the tangential equation of this surface. 

Putting F for this exjiression, and taking its partial differentials. 



-..„f— .„ 



' %" 



-«•*, 



dF 



Si' 



hence, as in sec. [80], (e). 



= irt^kz, 



2kz' 



)tt^k. 



*4-, and .?=- 



Substituting these values of x, y, and s in the projective equation 

{a), we obtain for the required tangeutial equation of the stufaee, 

*r-*fV+?=0 (c) 

It will be found that the system of tangential coordinates aSbrds 
peculiar facilities for the investigation of the properties of this 
surface. 

02,] To ascertain whether in a tangent plane to this surface there 
can exist any linear generatrices. 
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Let the tangential equation of the straight line which we shall 
Bssume as in a taugetit plane, and a generatrix of the surface, be 

e=^i+^: ........ (8) 

and as this Hue is to be in a tangent plane, it must satisfy the taa- 
gential equation of the surface, k^—kl^v + ^^O. Eliminating 5 
between these equations, we get 

f'+i-^*-'*"'- ■■■■■■ ii» 

Now in order that this equation may break up into factors repre- 
seutiug straight lines on the surface, we must have 

-4a_ 1 1 _ , , , 

^ik "/*"*» ""■ fik- *" ^ ' 

Making these substitutions, aud taking the sijuare roots, we shall 
have as the resulting equation, 

B=±tu + 2a (d) 

This is a very remarkable result. As t the coefficieut of v is 
independent of /i and a the constants in the given tangential equa- 
tion of the straight line, it will fallow that no matter where the 
point on the plane XZ may be, through wliich the assumed line 
passes, the projection of this line on the plane of XY will always 
be parallel to one of the asymptotic planes; aud as this projecting 
plane is also a tangent plane to the surface, it will follow that all 
vertical planes drawn parallel to the asymptotic planes are not only 
tangent planes to the surface, but they also cut it in linear gene- 
ratrices, 

93.] To ascertain whether any other tangent planes can be drawn 
through these linear geueiatrices besides the vertical planet parallel 
to the asymptotic planes. 

The equation of the paralx)loid being 

A£'-A(V-|-C=0, (a) 

let f=Xu-f7, (b) 

be the tangential equatiou of the straight line in the plane of XY. 

If we eliminate v from these eqaalions, the result becomes 

A((»-),i)f«_2^y/»f + A(y_x«5=o (c) 

Now this equation cannot be made to represent the equation of 
a straight line imless X^l, and the preceding equatiou (b) thus 
becomes £=tv-i-'y, 

or, in other words, the line in the plane of XY must he parallel to 
the asymptotic planes as before. 

On this supposition the equation (c) becomes £^;rT^ + ~, which 
is identical with (a), sec. [9:i],if we make 7=2aj for then 7j]—=f- 
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wface c 



^ meet, 



r be in 



A'b two successive generatrices of this s 
the same plane. 

They cannot meet, for they lie all in planes which are parallel 
to one of the aaymptotic planca ; nor can tbey be ever in the same 
plane, for the projection of these generatrices intersect when they 
are projected on any plane hut that of XY- 

If we do not impose on a rectilinear generatrix the condition that 
a tangent plane shall pass through it, its equations in the three ' 
coordinate planes may easily be found. 

The equation in the plane of XY being |= +(u + 3a, the equa- 

tion in the plane of XZ will be £=7t +"> while the equation in 
the plane of ZY will become 

"-iial + J (•" 

94.] If we draw a series of tangent planes to the surface, all 
parallel to the axis of Y, we shall have u=0, and the equation of 
the surface becomes A£' + 5 = 0, the tangential equation of the 
guiding parabola, or, in other words, a cylinder whose axis is parallel 
to the axis of Y circumscribes the surface along the guiding para- 
bola. 

If we make f=0, the general equation becomes Ai^u*— 5=0, 
which is the equation of a parabola in the plane of ZY and situated 
below the horizontal plane. 

Wheni;=0, k^~-kt*u*=0, or f=+/o,or the tangent plane that 
coincides with the axis of Z cuts the surface in the plane of XY 
along the sections of the aaymptotic planes with the plane of XY. 

Had we assumed the point in the plane of YZ and taken the 
tangential equation of the right line in that plane u=v5+3, and 
eliminated f from this equation and from that of the surface, we 
should have found 

Or, in other words, the projection of this line on the j»lane of XY 
must be parallel to one of the asymptotic planes. 

In the general equation, if we make t = \, or the moWng hyper- 
bola an equilateral hyperbola, and take the asymptotic planes as 
the coordinate planes of ZX and ZY, the tangential equation of the 
hyperbolic paraboloid assumes the very simple form 

2hiv^r,=0 {e) 
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CHAPTER X. 

OS THE APPLICATION OF ALGEBRA TO THE THBORY OF 
RECIPROCAL -POLARS. 

35,] Let a cone, the projective coordinates of whose verier: are 
p, q,r, envelope a surface of the second order ; the curve of contact 
is a plane curve. 

The general tangential equation of a central surface of the second 
order, referred to rectangular axes passing through the centre, is 
aJ' + o/ + »„5' + 2/3»;+2ftf5 + Z/3,^i;-l-0=<I>. . . (a) 

Then, as this is a homogeneous function in f , u, 5, we shall have 



d*„ d* 



'^-sff+ 



Now J 



d* 



dfi'^d^" 



-2. 



(1>) 



hence, aa abow 



I (b), aec. [80], 



y = a,v + 3„e+g;,[ (c) 

.r, y, and zbeiiigtbe projective eoonlinatesofthe point on the surface 
touched by the limiting tangent plaue. 

Now a8 these expressions are linear, we may find the values of 
£, V, 5 in terms of x, y, z, and the resulting equations will also be 
linear. Hence 

f=La- +My +N7, 1 

u=V+M,y+N^,[ [A) 

and as the tangent planes to the surface must all pass through the 
TerteK of the circumscribing cone, of which the projective coordi- 
nates are p, q, r, these tangential coordinates f, v, X must satisfy 
the equation ^f+yi;+r5=l. Introducing the values off, v, and % 
given above, we obtain the resulting equation, 
(L/i + L^ + L^^)j-+(M;) + M^ + >V)y + (N> + N^ + N„r)r = l, (e) 
the projective equation of a plane, "whose projective coordinates are 
X, y, z, and whose coefficients L, M, N, &c. arc functions of the 
coefficients of the given tangential equation of the surface (a) . 

Now let f^, V,, and ?, be the three tangential coordinates of this 
plane, we shall have 

i',=Mp + Mfl + M,^,[ (f) 
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Tlieno arc the remarkabte relations that exist between^, y, r, the 
jirHJectivo coordinates of the vertex of the circumscribing cone, and 
the tanKontial eoordinatea f,, u, 5, of its plane of contact; or, in 
other words, Up, q, r are the projective coordinates of the pole, 
f,i f,, i;, arc the tangential coordinates of the polar plane. 

i)(t,] Wo may illustrate this theory. 

lict the surface of the second order be an ellipsoid, referred to 
its axes us axes of coordinates; its tangential equation is ms in 
nee. [7i], 

a»P+iV+c«i:'=l (a) 

Now referring to the group of formulte (e) in the preceding sec- 
tion, yiD shall have 

L--,, M,= L N,,=4, and L,, L.. M, M,,, N, N, each =0. 

Hence p = a%. 9^b\, r=€%, (b) 

Rnhslitiiting thouc valncs of p, q, r, in the dual equation 
p^-¥qv + rK=\,yn^^hti\\ have 

a%^+ii>vp-^-c%K==\ tc) 

Wc may therefore conclude that if an ellipsoid referred to its 
axes, and whose tangential equation is o*£' + o*i;* + c*f'=l, be cut 
by a plane whose tangential coordinates are ^„ v„ ^„ the equation 

a%^+b*vju^c%\^=\ (d) 

will be the tangential equation of the pole of this plane, 

97.] Instead of jj, q,r, which for the sake of clettrnesa we have 
hitherto used as the projective coordinates of the vertex of the cone, 
we may write the more common symbols x, y, and z for/), y, r. 

These equations now become 

i.,=M:r+M,y + M,^,(, or i>,=Y.[. ... (a) 

From these equations, which on the ground of their importance 
we shall call The Polar Equations of surfaces of the second order, 
may the whole theory of reciprocal potars be derived by the appli- 
cation of the elementary principles of commou algebra. 

Thus if the polar i>lane be fix<:d, f,, u,, and ?, are constants, hence 
jE, y, and 7 are coustajits, or the pole is fixed. When f,, u„ and 5( 
are connected by two linear equations, so also are X, V, Z; or if 
the polar plane pass through a, fixed straight line, the pole will 
also traverse a fixed straight line. 

When 5,, Vf, ;, are connected by one linear equation, so also are 
X, Y, Z ; or when the polar plane passes through a fixed poiut, the 
pole traverses a fixed plane. ■ 
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When f,, V,, L are connected by an equation of the second degree, 
BO also are X, Y , Z ; or if the polar plane envelopes a surface of the 
second order, the pole traverses a aiirlarc of the second degree. 

Generally, if the tangential equation of a surface be (f , v, 5) = 0, 
the projective equation of its reciprocal polar will be ^(X,Y,Z}=0. 

Should for simplicity the directrix or polarizing surface be a sphere 
of radius equal to unity, the tangential equation of a surface being 
^(f, V, 5) =0, its reciprocal polar will be i^(j, i/, z) =0, and con- 
versely. 

By the aid of this very remarkable theorem, and of the properties 
of tangential equatious already discussed, we may reduce the whole 
theory of reciprocal polars under the dominion of common algebra, 
with the utmost simplicity. The following are a few of the most 
obvious subordinate relations that may be derived from this cardi- 
nal theorem. 

Given the projective equation of a surface /{ar, y, e) =0, or the 
taugeotial equation of the same surface ^(f, v, 5) =0, we may write 
down the tangential or the projective equations of its reciprucul 
polar by simply interchauging the letters x, y, z with f, v, %. 

Let us conceive a figure compo&edof points, straight lines, planes, 
curves of single or double curvature, and curved surfnces, a surface 
of the second order beiugtaken as the auxiliary or polariEing surface. 
We may imagine another figure constructed, whose points, straight 
lines, and planes shall be the poles, conjugate polars, and polar 
planes of tlie planes, straight lines, and points of the original figure. 
These two figures may be called reciprocal polars*, one of the 
other. 

From the reciprocal relations between the two equations 



we may infer the following conclusions ; — 



=0. 



A plane is the reciprocal of a point. 

2. 
A straight line is the reciprocal of a straight line. 

* Let B point be weumed on a surface (S), niid the polar plone of this point 
taken relative to a surface of ihe pecond cirder |L';; na the dfaunitd point isrieB 
on the surfnce (S), the pular plane eavelopes a eurlsce iS), whicb ix called tie 
recil.Tvcnl poiar of the )(i*'*i Eurface ( S).^.4nBale8 de Math tin aliques, pal 
Gergonne, torn. viii. p. 301. 

Ciitvefl and curved Btirfaeeti, so related, may wiib propriety be railed rtciprocal 
potart, hecBUBe it is obviously n matter of indiflereupe whether the polar plane 
of ibe pole on (8) envnlopes the eurface (2), or the pole of the plsue enveloping 
(XJ deMribes ^S), [Note to first ediUon.] 
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3. 

n planes are the reciprocals of n points. 

4. 
n planes passing through a Are the reiprocals of n points 
straight line in a straight line. 

5. 
n straight lines in a plane. n straight lines meeting in a 

point. 

6. 
The point in which a plane is The plane which passes 
pierced by a given straight line, through a point and a given 

straight line. 

7. 
A cone whose vertex is at a A curve lying in a given plane, 
given point. 

8. 
A polygon of n sides in a A pyramid of n sides passing 
plane. through a given point. 

9. 
A point on a curved surface. A tangent plane to a curved 

surface. 

. 10. 

The point of contact of a tan- The tangent plane drawn 
gent plane. through a given point. 

11. 
A cone circumscribing a given A plane section of the reci- 
surface. procal surface. 

12. 
A number of surfaces inscribed As many reciprocal surfaces 
in the same cone. intersectiug each other in the 

same plane. 

13. 

A chord joining two points of The jntersectious of two tan- 
a surface. gent planes to the reciprocal 

surface. 
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14. 

A polyhedron of n faces in- A polyhedron of n solid angles 
scribed in a surface. circumscribed to the reciprocal 

surface. 

15. 

A polyhedron of n edges in- A polyhedron of n edges cir- 
scribed in a surface. cumscribed to the reciprocal 

surface. 

16. 

A number of surfaces meeting The same number of reci- 
in a point. procal surfaces touching the 

same tangent plane. 

17. 

A surface passing through n The reciprocal surface touch- 
given points. ing n given planes. 

18. 

A number of parallel straight The same number of straight 
lines. lines all lying in a plane passing 

through the origin. 

19. 
A curve in a plane passing A cylinder whose axis is per- 
through the centre of polarizing pendicular to the plane of the 
sphere. given curve. 

20. 

A number of straight lines in As many straight lines per- 
a plane passing through the pendicular to the plane passing 
centre of the polarizing sphere. through the centre of the polar- 
izing sphere. 

21. 
A polygon of n sides inscribed A polygon of n sides cirg||p? 
in a curve. scribed to the reciprocal curve. 

22. 

The sides of a polygon in- The lines which join the cor- 
scribed in a curve meet two by responding angles of the red- 
two on a straight line. procal curve meet two by ts 

in a point. 
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23. 

The vertices of a triangle move The sides of the reciprocal 
along three fixed lines. triangle will pass through three 

fixed points. 

24. 
A conic section. A conic section. 

25. 
A plane at infinity. The centre of the polarizing 

sphere. 

26. 

A straight line through the A straight line at infinity, 
centre of the polarizing sphere. 

27. 
A plane through the centre of A point at infinity in the per- 
the polarizing sphere. pendicular to the plane. 

28. 

n points given on a curve of n tangent planes to the same 
double curvature. developable surface. 

29. 
A plane intersects a curve of n tangent planes through a 
double curvature in n points. point to the same developable 

surface. 

30. 
n points common to two or n tangent planes common to 
more curves of double ciurvature. two or more developable sur- 
faces. 

31. 

A series of tangent planes As many points of contact of 
drawn to a curved surface a curved surface with a tangent 
through a point on it. plane. 

32. 
A cusp on the surface of the A curve of contact with a 
one. tangent plane to the other. 

33. 

A surface is generated by Its reciprocal polar is gene- 
straight lines. rated by straight lines. 
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Aa the reciprocal polar of a Burface of the second order is also a 
surface of ilie same degree, a great variety of the properties of tliese 
surfaces may be derived in this manner, and thus a duality exists 
lietweeo the properties of curves and surfaces of the second degree, 
which in the general case is found only between curves and surfaces, 
and their reciprocal polars. 

98.] We shall proceed to illustrate the foregoing principles by 
their application to a few examples. 

The sum of the perpendiculars let fall from n given points on a 
plane is coTistant. To determine the envelope of the plane- 

Let the sum of the perpendiculars be nk ; and let p, q, r be the 
projective coordinates of one of the points, P the perpendicular 
from this point on the plane whose tangential coordinates are f, v, 
and if. 

Now p=lr£i=ff=r?, p L=£tffi=!j?, g,c., .« (c), .ec. 

[67]. ^ 
Taking the sum of all the perpendiculars, we shall bave 
n+-{p+p,+p„-\-p„,hc.)^-{q + q, + q„+q,„ iK.)v 
-(r + !',+ru + r,„8tc.)C=B*v'f* + w* + $'. 
Let a,b,c\x the coordinates of the centre of gravity of the n 
points, then 

p-^-p,-^PniiC.=na, y + jj+y,, &c.=ni, r +r, + r„ &c,=nc, 
and the ei^uation of the locus now becomes 

or, squaring and adding, 

(*'-»')?'+ (*•-*•)»'+ (*'-c'li?-2n4t"-2"f5-2»™!l , 
+ 2of4-2*» + 2c!=l.) '"' 

The tangential equation of a sphere whose centre is at the centre 
of gravity of the a given points, as may be inferred from (d) [75] . 

When the sum of the perpendicularsis = 0,orA=0, the equation 
becomes cJ + Au + fC=l, 

the tangential equation of a point. 

90.] The sum of the squares of ike perpendiculars let fall from n 
given points on a plane whose tangential coordinates are f , v, f is 
constant, and equal to nA* ; the plane envelopes a surface of the second 
order. 

Let the projective coordinates of the given points on the coordi- 
nate planes be p, q, r, p^, q,, r^ Sec, then, as 

^ l^ jS-qv^r ^ ^ l-p^-qj -^-^^kc. 



, &c., 
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e stiall have 

iP'+p'+P,,' te.)P+ (?' + 5,'+?,'to.)»' 

+ l.r' + rf + r,' kcj^+Slpq+p^i+p^, iicjfi; 
+Hpr+r/',+P,ri, &c.)f? + 2(jr + 5;-,+5,^„ 8!c.)i.; I (.) 
-2(y+P,+ft,llc.)f-2(5 + j, + 5„S<:.> 



-2(r + 



=■)?-» 



.*'(F + 



fO- 



Now let the centre of gravity of tlie n points be taken aa tlie 
origin of coordiaiitcB, and let Oj b, c be the radii of gyration round 
the three principal axes of the system of n points, taken as axes of 
coordinates, then /i*+7J,'+jO,* + &c.=na', q^-\-q^ + g^ + &.c.=rtt^. 

We shall have also p+p,+p„ + &c.=0, q + q, + g„+&c.^O, 
r+r,+r„+kc.=0,pq+p,q,+p,jqu + Six.=0,pr+pf,+p^,i + 8!.c.=0, 
gr + q,r, + q,^i, + kc.=0; heute tlie equation (a) now becomes 

(i*-a')f«+(A'-6»)y* + (A*-0^=l, - . . (b) 
the tangential equation of an ellipsoid. 

The distances of the foci of the principal sections of this surface 
Irom the centre are independent of k. 

Now A depends on the magnitude of the sum of the squares of 
the perpendiculars, while a, b,c depend on the relative positions of 
the n given points. Hence we may infer that if from the same s 
given points there be let fall different groups of perpendiculars on 
different planes, the sums of whose Nquarcs shall be nk', nk,', &c., 
the several tangent planes will envelope as many confocal ellipsoids. 

100.] A series of surfaces of the second order touch seven fixed 
planes ; the poles of any given plane relative to these surfaces are 
also on a jlxed plane. 

Let the given plane be taken as that of xy, and let the equation 
of one of the surfaces be 

flr + o,v*4-a„r' + K/3L.? + 2)3^i: + 2i3,^i/ + 27f+27,.; + 27,^=l; (a) 
the tangential equation of the pole of the plane of xy relative to 
this surface is 

a„< + ^v + ^^ + y„ = 0, sec (d), sec. [77j. . . (h) 

Now as there are seven linear equations to determine the nine 
unknown coefficients of (a), wr may eliminate any six, and connect 
the three remaining by an equation which also will he linear. Eli- 
minating then a, a,, |8,j,')', y,, y^, and a, a„ a^i, ^„, y, y„ successively, 
we shall obtain 

a„=L/3+Mft+N, I 

7„=L;l3-l-M,l3, + N,i/ ''' 

L, M, N, L,, M,, N, being determinate functions of the twenty-one 
constant taugeulial coordinates of the seven fixid planes. 
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Substituting these values in (b) we get the equation 

(L5 + .; + L,)^+(M?+f+M,)j3,+(NC + N,)-0. . (d) 

Now this equatio# is satisfied, ieaviiig /9 and j3, indeterminate, 
by putting eitch of the three factors in (d) =0 ; solving these equa- 
tions, we find 

f=constant, ii=coiiBtant, 5=coistant; 
the three tangential coordinates of a fixed plane. 

When there are eight fixed planes, it maybe shown, in like manner, 
that the locus of the poles of any given plane relative to those surfaces 
is a right line. 

101.] A surface of the second order touches seven given planes, to 
find the locus of its centre. 

Let the tangential equation of tlie given surface be 

and let the twenty-one coordinates of the seven given planes be 
f/' ^1' Kii Hh' "«• ?((! f«i' "iMi ^m> ^- Substituting these values suc- 
cessively in the preceding equation, we shall have seven linear 
equations by which we may eliniiniite the six quantities a, a,, a,,; 
|3. 01, /9j,. The resulting equation will also be linear, and of the 
i'orm 

L7 + M7,+Ny;;=l, (a) 

which is the projective equation of a plane. Now y, y,, 7„, as has 
been shown, are the projective coordinates of the centre of the 
surface. Hence the centre of the surface moves along a plane. 
When there are eight planes, we may then eliminate y or y„ and 
the two resulting equations will become 

Ly + M7,- 1 =0, L^y + Ny^- 1 =0, 
or the centre will move along a right line. 

102] If two surfaces of the seco7id order are enveloped by a cone, 
they may also be enveloped by a second cone. 

Let the vertex of the cone he taien as the origin of coordinates, 
and let the tangential equations of the surfaces be 
o£^ + a,i.« + a,,^' + 2^, 5 + 2y3,f C + 2;?/i; + 2y£ + 2y,t- + 27,^= 1,1 
of' + o,«/* + a,,?* + 2K + 2i^? + 2*,^i' + 2(f-|-2c,i/ + 2c,^=l; J 
and as the common langcut planes must pass through the origin, 
£, V, ?, are the same in the equations of the two surfaces ; but at the 

origin i = 0, ^=0, ^=0. At this point let ^=4,;, u=i^5. Sub- 
stituting these values in the preceding equations and dividing by 



(■) 
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and as these equations represent the same tangent plane, they ' 
must be identical. Uence we shuU have, introducing an equalizing 
factor \, 

a=Xa, a,=\a„ a„=Xa„, b=\^, b,=\^,, 6„=X^„. 
Making these substitutions in the preceding equations, they become 

Xa£* + Xa,v* + Xa/^ + 2X^?u + 2X^^C + 2X0,^1- + 2(g + 2c f) -¥ 2c,,!; = 1 . 
Multiplying the former equation by X, and subtracting from it the 
latter, we get 

2(X7-c)£ + 2(\y,-r,)y+2{X7„-c„)!:=X-l, . . (e) 

the tangential equation of a point which is the vertex of the second 
enveloping cone. 

The projective coordinates of this point are 

2fX7-f) 2(Xy,-r,) __ 2(X7,-'^„) 

^ x-1 ' *'" x-1 ' "- x-1 ■ 

103.] Let a plane cut off from three fixed rectangular axes aeg- 
tnenls, the sum of which, multiplied by a constant area, »liall be equal 
to the tetrahedron whose faces are the three coordinate planes and the 
limiting tangent plane ; to determine the surface enveloped by this 
latter plane. 

Let the three coordinatea of the variable plane be f, w, C J then 

the volume of the pyramid is = ^jr-p. Let the constant area be — , 
consequently 

is the equation of the envelope of the tangent plane, the tangential 
equation of a surface of the second order. 

To find the axes of this surface. Comparing the above with the 
general tangential equation of a surface of the second order, 

af» + a,v« H-n,,^ -f 2i3i.< + 2/3,ie + 2S> + 27g + 2.y,i. + 27,,!= 1 , 
we shall have 

a=a,=a„=0, 7=7,=y^0, ^=,3,=P„=<i«. . (b) 

Substituting these values in the cubic equation which determines 
the magnitude of the axes, sec, [8.3], (f), we get 

T6_3aV-2aS=0 (c) 

Taking its first derivative, we shall have t^— (i*=0. 



or 2fl»(C,. + f?+£u) = l 



(a) 
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Now putting (c) in the form 

t'{t*-<i*)— 2*r*(T* + fl*}=0, 
we find that this equation and its first derivative are satisfied by 
the root t*=— n*. 

Hence two of the roots are each equal to — a', and the remaining 
root ia =2a*. This we might antecedently have inferred from the 
absence of the second terra in (c). 

Consequently as two of the roots are negative and one positive, 
the surface is a discontinuous hyperholoid or one of two sheets. 

Since the linear terms do not appear in (a), the centre of the 
surface is at the origin. 

To determine the position of the axes. In equations (h), sec, [84], 
substituting for 8,S„— (9* its value 3a', and finding the same values 
for the other like expressions, we obtain 



C03* X^^, cos'/*^^. 



1 



(d) 



hence the positive asis of the surface ia equally inclined to the axes 
of coordinates. 

If we were to make in the same formula the necessary substitu- 
tions to obtain the position of the two other axes, we should find 

coa\,= --, and so for the other angles also. This evidently should 

be the case, as the two equal axes have no definite position. 

To transform this equation into one that shall contain the squares 
of the variables. 

Let the cosines of the angles which the new axes of coordinates 
OX, OY, OZ make with the original axes be 



shown in (d) sec. [56]. 



Then 

+ mv,+fr. 



V3 ' V3 

Substitute these values in (a], and we »hall find 
2a%^ + 2a» [m/ + »/ + mn] w ■ + 2«* [m/, + n/, + m,n,] C,« i 



+2. 



^3 



f.r,+2«' 



jl+m + n) 
V3 



f,^/ 



As the two systems of axes are rectangular, we must consequently 
have, as shown in sec. [56], ;+ni-|-n=0, /, + iH, + n,=0, and 
ml,+ m/ + nf, + n,l + m,n + n,m= 0. 
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But this last expression may be written 

m (/+n) +nf{l+m) +/;(m + «)=0, 
but l-^n^—m, l-\-m=^'-'n, m + n^s^ — l, 

hence 11^ + mm^ + n«/=0. 

Now as /4-m +n=0, the square of this expression must be =0, or 

2/m+2/n + 2inii= — (P + m« + ««)= — 1; 
and as 

/^ + m^ + n;=0, 2lpnj + 2l/nf + 2m/n;= — (/ « + m,« +««)=: — 1 . 
The equation (e) from these substitutions^ now becomes 

a^[2P-v^-^=l (f) 

the equation of the discontinuous hyperboloid referred to its axes 
as axes of coordinates. 

104.] If a series of planes retrench from a cone of the second degree 
a constant volume, they will envelope a discontinuous hyperboloid, or 
one of two sheets. 

In the first place^ it may be shown, that if the projective equa- 
tion of a conic section be 

A^« + Ay+2Ba:y+2Ca?+2C^y=l, ... (a) 
its area S will be 

^[(A+C«)(A,+C,')-(B + CC,)«3 ^ ... 

(AA-B»)» . . . . ^Dj 

♦ This proposition may be proved as follows : — 

Let A:r'+A,yH2Bj:y=l, (a) 

be the equation of a conic section ; any rectangular axes passing through the 
centre bein? taken as axes of coordinates, we may determine the axes of the 
section by tae following method, 

dF dF dF dF 

We shall have ^y-g-x=0, or ^^=^, as in (83), sec [22]. 

.- dF cosX , dF cosX PcosX 1 . t» . .j .^, 

Now j-ss-p-j hence —3^= Tr~==~TO — "P*' ®"*^ comcides with r. 

But --T- =pj=2A-|-2B^, by difierentiation ; or ^5= A+B^. 
We have also p3=A,+B-; hence (pj—Ajfpj—AjssB', 

or ^-(A+A,)p+AA.-B«=0 (b) 

This equation determines the axes of the section. Hence the product of the 
squares of the reciprocals of the semiaxes is 

AA,-BS (c) 
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j«2 |<9 2^9 

Let -g+Tg — 2=0, be the equation of the cone, c being its real, 

a and b its imaginary axes, and let ^f +yt; + ^C=^>^6 ^^ equation 
of the secant plane. 

Eliminating z between these equations, we get the equation, on 
the plane of xy, of the projection of the section made by the secant 
plane cutting the cone. This equation is 

Substituting in the preceding expression for the area, the coeffi- 
cients of this equation, we get for S, the area of the projection of 
the section on the plane of XY, 

_ irabc^ 

S being the area of this section, then S sec will be the area of the 
section of the cone made by the secant plane, and if P be the per- 
pendicular from the origin on this plane, the volume of the cone 

will be equal to Ssec^.P, but P=-— , hence the volume =~. 
and consequently the area 

^= vrf^ (•^> 

Now let 

A:r«4-A,.v«+2Bay+2Cj:4-2C,y=l (e) 

be the general equation of a conic section, and let the origin of coordinates be 
translated to a point x^x^-^-aj y=yi+&t ftnd make the resulting coefficients of 
X, and y, severally =0 ; the equation of the curve referred to its centre will be 

A.r2+ Ay + 2Ba:y = 1 - Ca - C A 

jori _ A rj HTJ AC 

or putting for a and h their values, ac . ' ^B» ^ ft= j.. _P2 > equation (e) 

Decomes 

A:r«+A.y«+2a,y=(A+C«)(A+C.')-(B+CC.)« 

AA, — x>* 

Dividing by the absolute term, and writing A, A, and B for the new coeffi- 
cients of 3flj yr, and xy, in order to reduce the absolute term to 1, 

-r- A(AA,-B») - A,(AA,~B') 

^-(A+C2)(A,-hC,'')-.(B+CC.)" ^'-(A+C«)(A,+C,"J - (B+CC,)*' 

^ B(AA-BO 

^= (A+C*)(A,+C,«)-(B+CC,)»* 

Consequently as the area is = / =, the area of any conic section in 

AA.f ^ jjr 

terms of its general coefficients is 

lg_ T[(A+C')(A,+C.»)- (B+CC.)'] (f. 

[(AA,-B»)]» 
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Let this volume be also =^irabc, suppose^ hence substituting in the 
preceding expression this value of S^ the resulting expression becomes 

c«5»-fl«f*-6V=l, (e) 

the tangential equation of a discontinuous hyperboloid. 

In nearly the same way it may be shown^ that if a series of 
planes retrench from any surface of the second order a constant 
volume^ the enveloped surface is a surface concentric similar and 
similarly situated. 

105.] On the cubic equation of axeSy when the surface is one of 
revolution, and the origin at a focus. 

In the general tangential equation of a surface of the second 
order, 

Let a^af^a^p and /3=j3^=/3^y=0, then the preceding equation 
bi*com6s 

af« + ai;« + a?* + 27f+27,i; + 27^^ = l. . . . (b) 

If we now translate the origin of coordinates to the centre of the 
surface, in parallel directions, using the formula given in sec. [75'], 
(d), the equation, referred to the central axes of coordinates, becomes 

(a + y«) f« + (a + 7.«) v« + (a + 7„») ?* + 2y,7„vn 

Now if we write 

(a + 7«) = a, (a + 7/^) = «, («_+ %/*) =«//») . . . (d) 

7/7//=^* rifr=A TTi^^J 
the cubic equation of axes, see sec. [S3], (f), will become 

Or substitutmg for these coefiScients their values as given in the 
pnuHiding equations (d), and putting t for P*, the cubic equation 
now becomes 



(c) 



(e) 



t3- [8a + 7«+7« + y/]T«+ [3a« + 2a{7«+y« + y„«)]T| 

-[a«+a»(7«+7;+7, 



+ y//')]T) 
r„«)]=0.| • 



(f) 



i^«t «+r'+y/''+y/=*, (g) 

and the preceding equation may now be written 

T«-(2o + A)T«+(a« + 2a*)T-a«*=0, . . . (h) 

of wliich equation the three roots are manifestly a, a, and k. 
Let a and b be the semiaxes of this surface, then as 

fl«=o + y«+7«+7„«, and b*=a, a«-i«=y«+y«+y,«, . (i) 
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or the eccentric distance is equal to the distance of the origin from 
the centre. 

If we now tiurn to the formulae in sec. [84], (h), by which the 
positions of the axes are determined, bearing in mind that 

(i-T«)=S, («,-r^)=S„ 
or m this case 

and putting for t* the value k, the square of the greater semiaxis of 
the surface, since 

weshaUhave 8S/-/8„«=7«»(7'+y/*+y«'), [ (j) 

and (SS,-/9„«) + {Z^,,-^) + (M-/8«) = (/+y;+y,«)«.) 

Consequently the formulae for the determination of the inclination 
of the major axis to the axes of coordinates are 

7/ 



cosX= — ==, COS/lA= 



cos y= 



(k) 



V7»+y,*+y/ '^T^^yFWf 

7/i 

Vy'+y^+y/ 

equations which determine the position of the semiaxis *^k. But 
the line drawn from the origin to the centre of the surface makes 
the same angles with the axes of coordinates, therefore this line 

coincides with the semiaxis V^ > hence its origin is on this axis, 
and *— a=7*4-7/*+7/'> therefore the eccentric distance is equal 
to the distance of the origin from the centre, or the focus is at the 
origin. 

Had we substituted a instead of k in the formulae, sec. [84], (h), 
which determine the inclination of the axes of the surface to the 
axes of coordinates, we should have found 

^0 

cosX=^, co8/iA=Tr, COS y=^. 

We may therefore infer that when in the general tangential 
equation of a surface of the second order, the coefficients of the 
squares of the variables are all equal, and the coefficients of the 
rectangles are each =0, the equation represents a surface of revo- 
lution, the origin of coordinates being at one of the foci, while 
the coefficients of the linear terms are twice the projective coordi- 
nates of the centre of the surface. 

106.] Three straight lines y constituting a right-angled trihedral 
angle y revolve round a fixed point in space, meeting a surface of the 
second order (S) in three points. The plane which passes through 
these three points envelopes a surface of revolution (S) of the second 

H 
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order, whose focus is at the given poird, and whose directrix plane 
relative to this focus is the polar plane of the fixed poini relative to 
the given surface (S). 

Let the fixed point be taken as origin^ and let the projective 
equation of (S) be 

+2C^+2C,y+2C,;^=lJ * ' ^^' 

Now it may easily be shown that the projective equation of the 
polar plane of the origin is 

Ca? + C^-hC^;2r=l* (b) 

Let r be the length of one of the revolving lines^ and let X, /tt, v 
be the angles it makes with the axes of coordinates^ then 

a?==rcosX, y=rcos/Lt, and j2r=rcosv. 

Substitute these values of x, y, and z in the dual equation 
iff +yv+^?=l> and it becomes 

f cos X + u cos/Lt-h? cos y=-, 

or writing I, m, n for cosX^ cos fi, cosv the preceding formula 
becomes 

/f+mu+w?=- (c) 

In the general equation (a), writing fr, mr, nr for x, y, z, it 
becomes 

AP -h A/n^ + AX + 2B»»» + 2B/n + 2B^/m ) 

+ 2(C/+C,m + C,n)J=i |- • • W 

Eliminating r between these equations (c) and (d)^ we obtain the 
resulting expression 

AP + A^nP + AtfP + 2Bmn + 2B/» + 2B,/m 
+ 2(C/«f + C^nPv + CffPK) + 2Cl{mv + n?) 
+ 2C/»(/f + n?) + 2C,fl(lS + mv) 
= l^^ + nPv^ -h n«5« + 2m«i;5 + 2/»f f + 2/mf u. 
* Let the projective equation of a surface of the second order be 

Then it may be shown that the locu9 of the middle points of all the chords of 
this surface passing through the origin of coordinates is the surface whose equa- 
tion is 

Ar»+Ay+A,^-f2Bys+2BA5+2B,^+Cx4-ay+02 =0; 

and if we subtract this latter equation from the former, we shall find the locus of 
the intersection of these two surfaces. Subtracting the latter from the former, 
the equation of the locus is 

the projective equation of a plane. 



I. . (e) 
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If we now find similar expressions for the other two revolving 
lines r^ and r^^, adding aU three equations together, and introducing 
the six relations of the nine direction cosines given in (e), sec. [56], 
we shall obtain for the tangential equation of the enveloped 
surface (2), 

f« + v«+?^-.2Cf-2C,u-2C,^=A + A;-hA,,. . . (f) 
If we substitute - for A-f-A^-f-A^^ (g) 

tL 

the preceding equation will be transformed into 

a(f« + i;2 + 52)-2aCf-2aC;U-2aC;^?=l. . . . (h) 

Now as the coefficients of the squares of the variables are equal, 
and the rectangles vanish, (h) is the tangential equation of a surface 
of revolution whose focus is at the origin, as has been already shown 
in sec. [105] . 

The projective coordinates of the centre of (2) are aC, aCp and 
aC^, The cosines.of the angles which the major axis of (2) makes 
with the axes of coordinates are 

oC C . 

i/a«C«+a2C«-ha«C,«"" ^C^ + CT+C^' ^ ^ ^^ 

^/ and ^// . 

but these are the cosines of the angles which a perpendicular P 
from the fixed point the origin, on the polar plane of this point 
relative to (S) makes with the axes of coordinates; hence the 
major axis oi (2) coincides with this perpendicular. 

This plane is a directrix plane of (2); for if a and b be the semi« 
axis of this surface, 

*«=a and a«=a + a«(C« + C;« + C^;), see sec. [105], (i) ; 

a^—b^ 1 a 

hence — T4— =C' + C;* + Cyi*=p2 ^^ -^^ — ^^^ ^^ ^ ^® *^® ^'®" 

tance between the focus and the directrix plane. 

107.] To show that the Contimwus Hyperboloid admits of linear 
generatrices. 

The tangential equation of the continuous hyperboloid 
ff*P+i*v*— c*f*:=l may be written 

(a?+c?)(fl0-c?) = (l + Ai;)(l-*^); ... (a) 
and if we assume the equation of a straight line in the plane of XY, 

pi-{-qv=ly (b) 

eliminating v between these equations, the resulting expression 
becomes 

(aV+*V)f*-2i2/??+6«-j«=cV^. . . . (0) 

H 2 
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Now this is the tangential equation of the curve in which the 
tangent plane thro\igh the point {p, q) on the plane of XY cuts 
the plane of ZX ; and in order that this interaection may be a 
straight line each side of the preceding equation must be a complete 
Bquare, or 

{aY + 6V*) (6* -V*) = * V. 

or aY + b^f^=a^b'', (d) 

or p and q must be ordinates of the principal section of the surface 
in the plane of XY. 

If we introduce this value oi a^q' + b^p^iato the preceding equa- 
tion, the result becomes 

or taking the square root, 

«f-!=±s'f w 

It is ohvioua that if either c^ were negative, or b* negative, the 
square root would be imaginary. 

Hence no eurface, the squares of whose axes are all positive, or 
one positive and two negative, can admit of rectilinear generatrices. 

The preceding equation may be written in the usual form, 

A& p and q are always ordinates of the principal ellipse in the 
plaue of XY, it follows that every rectilinear generatrix to the 
contiuuons hyperboloid must aJwaya pass through a point on the 
principal elliptic section of the surface. 

108.] Let a surface of the second order he ml by a i/iven secant 
plane ; to deterviine the tangential equation of the section of the sur- 
face made by this plane. 

Let the tangential equation of the surface be 

a^^+b%'^ + c^^=\ (a) 

Let the coordinates of the fixed plane which cuts the surface in 
the section whose equation is required be f„ w,,f„ and let f=mf+ a, 
v^nf+^ be the equations of a straight line in space. Let this 
straight line be in the plane whose coordinates are f„ u„ 5, then 
these variables must satisfy the given equations, and we shaO have 

i-e.—oiK-Q, ana v-v,=»(f-f,). 
Substituting these values of f and v in the equation ot the cunred 
surface, we shall have two resulting vahics of f, which are the reci- 
procals of the intercepts of the axis of Z made by two tangent 
planes passing through the straight line in the plane whose coor- 
dinates are £,, v^, f,. 
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When this line becomes a tangent to the sectioii of the surface 
the two tangent planes Goincide ; hence the two values of f become 
eqiialj and they are giver by a quadratic cquatiou whose roots 
must be equal. Now 

v>-v' + 2uv,{i-\t+it'ig^%)',\ ■ . . . (b) 

C-£"+2C(?-» + ((r-C)V ) 

Multiply the first by «', the second by i*, the last bv fl'j and add 
together these expressions. The result becomes 

+ (mv+«»i*+c«)({r-5;)*. 

Now as this equation must have two equal roots, we shall have 

(a»f ,^ + b%* + cV - 1 ) (m'a* + «'*' + c') = [«'<«£, + bhiv, + c^Q \ (<=) 
and this may be reduced to the form 

and if we substitute in this equation for m and n their values 

(-(,' i-i! 

the preceding expression becomes 

=«*({-f,)'+4'(»-",)'+c:'(!:-C)*- ) ' 

This exprCBsioQ may still further be reduced to the form 
[<.'f« + 4V + c>5'-l][o'P+4V+c>!:»-l]l 

The projective equation of a cone circumscribing a given surface 
of the second order is 

[:aV + *'y<'+c»z;-l]Lo'j^ + fiV + '^-'-l]J _ _ (fj 
= [oVrr + 6*y^ + c^s^— 1]*, / 

i^p y^< and z, being the coordinates of the vertex of the cone. The 
duality of the two equations (e) and (f) is manifest. 

109.] The reciprocal polar of any surface of the tecond order, the 
centre of the directrix surface beiitg on the given surface, in a para- 
boloid. 

The directrix surface being for simpbcity a aphere whose radius 
is unity, at whose centre the origin of coordinates is placed, let the 
projective equation of the given surface be 

A** + A^V* + A,^' + 2Byr + 2B,f^ -I- 2B„72/ + 2CT + 2C,y + 20,^=0, 
the tangential equation of its reciprocal polar is (see (d),sec, [87]) 
Ap + A,v« + A„C'+2Bt;? + 2B^C-f-2B,,fK + 2Cf+2C,u + 2C,^=0, 
the tangential equation of a paraboloid. 



w 



w 



ON CONCVCLIC STTItPACES OF THE SECOND ORDER. 



CHAPTER Xr. 

ON CONCTCLIC GtlRFACBS OP THf SECOND ORDER*. 

110,] The propertiea of copfodal sarfaCes of the second order, or 

Burfacea whose principal seeiioD^3iiive the same foci, arc discussed 

at consideral)le lengtlt jji'.iTirious publications, especially on the 

Continent, devtted'.lia -the cultivation of mathematical science ; 

while tiie:%!\| j^perties of their reciprocal surfaces have not been 

at ajl 'nottecd, so far as I am aware. It is true that M. Chasles 

•. wid irtller geometers who followed him have discusaed the propcr- 

: tjtfs'of cyclic coues; but the theory admits of much wider appHca- 

' tion. 

It is known, and is very easily proved, that every nmbilical sur- 
face of the second order may be described by the parallel motion 
of a variable circle whose centre moves along a fined line. 

Concyclic surfaces may therefore be defined as concentric sur- 
faces of the second order, having their axes coincident, and the 
planes of their circular sections parallel. 

Concyclic surfaces are the reciprocal polars ofconfocal Murfacea. 

Let a, b, c be the semiaxes of the original confocal surfaces in 
the order of magnitude. Let a*—b^^h^, a''—c^=k^. In confocal 
surfaces a, b, and c are supposed to vary, whUe A and k are constant. 

Let c„ 6„ o, be the scmiaxes, in the order of magnitude, of the 
derived surface. 

The radius of the circular section of the derived ellipsoid which 
passes through the centre is b, ; 6, will be a scmidiameter of the prin- 
cipal section which contains the greatest and least axis, hence A,is a 

scmidiameter of the principal section whose equation is -s + — ^=1. 

Let 6 be the angle which b, makes with the greatest axis, then 
1 cos' 6 sin* e , . 
j-j= ■ j - H J-, and hence 



1 1 



tan* 8= 



(a) 



' It is Btraoge how the properties of syfltems of coDcealric surfaces of tha 
eectmd order having coincident circulnr sections or, as the; mny be more briefly 
terraad, etma/o!ie mr/aces, hnvo hitherto nltnoEt wholly, at lemrt so far m the 
author is aware, escaped the observation of geomelers ; it is the more remarkabls 
ns the theorems connected with the subject are numerous, and many of great 
defiance. 

So fiu indeed as thy propertiGH of Buch cones are concerned, and of spherical 
conies thence derived, M. Chaslea hflB diseuMcdlhcni in tw ' ' ^ -> - 

eimpticity and benutj, piibliHlicd in Iho ' TtrusselH Trau><a 
[Note to first edition.] 



of rinjnilar 
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This is the angle which the plane of the circular section makes 
with the plane of the greatest and mean axis of the derived surface. 
Now in confocal surfaces let A*— c*=A^, a^—c^ssk^; hence 

a? c^ 

Comparing this with the preceding expression^ we get tan^=T; 

but h and k are constant^ hence tan is constant^ or all reciprocal 
polars of confocal surfaces have their circular sections parallel. 

In confocal ellipsoids i* = c* + h^y a^^d^-^- k^, ) 
In concychc ellipsoids ^=^+^, >^=-.+_.j 

111.] We shall give a few examples of the analogies between 
these surfaces. 

^ parallel tangent planes be drawn to a series of confocal 
surfaces, and perpendiculars from the centre be let fall upon them, 
the differences of the squares of these perpendiculars will be inde* 
pendent of their direction. Thus, let one of the perpendiculars be 
P*= a* cos* X + i cos* /i* + c* cos* v; now A* = c* + h^, a'^=c^ + **, hence 

P«=:c* + A* cos*/Lt+ A* cos* X ; 
for any other perpendicular on a parallel plane 

P^*= c^* 4- A* cos* /Lt + ** cos* X j) . . 

hence P*-P*=c*-c;. | • • • • W 

In like manner, if there be any number of concyclic ellipsoids 
having coincident diameters, the differences of the reciprocals of 
the squares of these diameters are independent of their position. 

Let 

cos*a cos*/8 cos*y _ 1 



but 



hence 



1-lj.l 1-1 1 



1 1 , cos*a , cos*)S J , 1 1 . cos*a . co8*/9 
^=~« + -p- + "7r-> and also --^=-^ + —5-+ 

Consequently 



1 1 _1 1. ^,^ 
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These arc simple theorems, but they serve to illustrate the com- 
plete identity that exists in the analytical investigation of the prin- 
ciples of duality in all their diversified forma. 

112.] Throuijh a given point three central confocal surfaces may 
be described : an ellipsoid, a continuous and a discontinuous hyper- 
boloid, or as they are named by French writers, I'hyperboldide a une 
nappe and I'hyperbolo'ide a deu.v nappes. 

Let a, /3, y be the projective coordinates of the point. Let 
fiS=t» + i^ A^=c' + A', a*=c^ + k^, l,^=c,* + h'; a,* " "" 
b,^=c,^ + h^, then the equation of the surface becomes 



,'+*'. 



c« + A»^cS + A«^ 



= 1. 



(a) 



m 



or reducing, 

(*_ c< (o» 4- /S' + y'- A* - Jt*) - c*(aVi« + ^^A» + 7'A' + r'*'-*^*') [ 

Now as there are two permanencies and but one variation of sign 
in this equation, we shall have, by the theory of equations, two of 
the roots negative and one positive. The product of the squares 
of the three coincident axes is y* A' k^. 

Let c*, c,% c* be the three roots of this equation, then 

or as 

a* = c* + Aa, b,^=c,*+h^, 

we find that 

or the sum of the square of the major axis of the first surface + 
the square of the mean axis of the second surface + the square of 
the least semiasis of the third surface is equal to four times the 
square of the distance of the given point from the origin. 

Had the equation been solved for i*, we should have found two 
of the values of 6* positive and one negative ; while if the equation 
had been solved for a', the three values of a* would have been found 
positive. Thus the three confocal surfaces passing through a point 
are an ellipsoid, a discontinuons hyperboloid, and a continuous 
hyperboloid. 

if the two hyperboloids be assumed as constant and the ellipsoid 
as variable, the successive points iu which the variable ellipsoids 
meet the curve in which the hyperboloids intersect are " corre- 
sponding points" in the theory of the attraction of ellipsoids; for 
since c*c,* Cj,* = A* A'y*, while f^'and c,,* are constant, c varies as y. 

Had the equation (a) been solved for a*, we should have 
a^—a* [a« + ^ + yS + /.^ + A«j + «« [oVi* + »»*« + A V + /3*A« + A»4»] 
-o*A»it»=0, 



(b) 
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in which there are three variations and no permanence of sign. 
Hence the three values of a* are positive. 
Since a« + fl^« + a;,2=a«+i8« + 7« + A2 + A:«, 

113!] A series of coney die sitrfaees of the second order touch a 
given plane whose coordinates are ^, v, ^. To determine the equation 
of the fixes of these surfaces. 

Liet a -^5, -.^, c -^2, n -^j, k -^j, 

then |32=a«-XS 7«=a«->c«, 

and the tangential equation of a surface touching the fixed plane is 

Reducing this equation^ and arranging by powers of a, 

-f«XV=0.j 

Hence^ as there are three variations of sign and no permanence 
in this equation^ the roots are all positive. 

It may be shown that as the three confocal surfaces which pass 
through a given point are each one of the three central surfaces of 
the second order^ so of the three concyclic surfaces which touch a 
given plane one is an ellipsoid^ the second a continuous hyper- 
boloid^ and the third a discontinuous hyperboloid. 

1 14.] A common tangent plane is drawn to three concyclic surfaces 
of the second order, the three points of contact two by two subtend 
right angles at the centre. 

Let a«f* + AV+c«C«=l, and fl;«P+Vv*+c^«r=l, • (a) 

be the tangential equations of two concyclic surfaces of the second 
order. 

Subtracting these equations one from the other^ there results 

(a«-a^«)fH(A^-^V + {c«-c,«)?«=0. . . . (b) 

But as the surfaces are concyclic^ 

1-1-i.i 1-ij.l 1-1^1 i\ 

a^'^a^'^k^' b^^^b^'^k^' c^^ c^^ k^' • • • W 

o^a ^ _>- 

hence a^—a^^ ~p^> ^^^ ^^^ expressions for the other axes. The 

preceding equation (b) may be transformed into 

aVf* + ***>* + ^V(^=0 (d) 

Now it has been shown (sec. [96]) that if {x, y, z) be a point of 
contact of a tangent plane^ 

x=a^S, y=ib^v, z=^c^^; (e) 
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and if <l>, %, ^ are the angles which the diameter 2r through the 
point of contact makes with the axes^ 

COS^ = -=-^, COSX = — , C08^=-^; 

in like manner for the second point of contact^ 

M ^i W 

Making the substitutions suggested by these transformations^ the 
preceding equation (d) becomes 

rr/cos^cos^^ + cos;^cos;^ + cos'^cos'^^)«0, . . (f) 

or r and r, are at right angles. 

115.] Let there be two coney die ellipsoids, and any point on ike 
external one be assumed as the vertex of a cone envekping the other, 
the plane of contact will meet the tangent plane to the first surface 
through the vertex of the cone in a straight line, such that the diametral 
plane passing through this line tvill be at right angles to the diameter 
which passes through the vertex of the cone. 

Let A, B, C be the semiaxes of the external ellipsoid^ a, b, c 
those of the internal ellipsoid. 



^^^ A«""a« h^' B'""** h^' C«"c« /*«' • • • W 

and let p, q, r be the projective coordinates of the vertex of the 
cone. 

Now Bsp, q,r are the projective coordinates of the point on the 
external surface through which the tangent plane is drawn, we shall 
have 

p^A% q=B% r=C%, (b) 

fp v„ and if being the tangential coordinates of the tangent plane 
to the external surface through the vertex of the cone. 

Again, bs p, q,r are the projective coordinates of the vertex of 
the cone circumscribing the interior surface, the tangential coor- 
dinates of the polar plane of this point will be given by the equations 

P^^%p g=f^\p r=c%, (c) 

?//» ^u) ?// being the tangential coordinates of the polar plane of the 
vertex of the cone with respect to the interior surface. 

Now the equations of the right line which is the intersection of 
the two planes whose coordinates are fp Vp f^ and f^^ v^p ^y, are 

?-f,=|Sf" i^-^i)' and v-.;,=^' (5-r,) : see sec. [64]. 
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But fi=;§. f/i=§. hence ft/-fi=/'(^-X^)=p> ^^ ^^ 

manner 5^—5= ^, and V//— V/— ^« 

Consequently the equations of the right line now become 

The general et^uations of a straight line in space are as in sec. [61] , 

f=M?+o, v=Kr+/8 .(e) 

Equating the coefficients of (d) with those of (e), 

M=f> "=?, «=^(1,-^,), ^=y(^,_^,). . (f) 

It has been shown in sec. [62]^ (f)^ that if a straight line be 
drawn through the origin parallel to the straight line whose equa- 
tions are (e)^ the direction cosines which this line makes are 

cos/OX=^, cos/OY=^, cos/OZ=:=^^^^=^. . (g) 

If in these equations we substitute for fi, v, a, /9 their values^ we 
shall have 



cos/OX= , cos/OY=-/?^^g-^J, 

-»^=?(r.-B.)- 



► • 



(t) 



Now the cosines of the angles which D= v''/>*+?'+»^ the dia- 
meter drawn through the vertex of the cone makes with the axes^ 

are ^> 'Ki t^ > multiplying these expressions two by two, we shall 

have 

»co8/OX+gcos/OY+rcos/OZ ^ ... 

^ ^"DA ^^' • • • W 

or the diameter through the vertex of the cone^ on the surface of the 
exterior ellipsoid, is perpendicular to the plane passing through the 
origin and the straight line in which the tangent plane to the exterior 
ellipsoid drawn through the vertex of the cone, and the polar plane of 
the vertex of the cone with reference to the interior ellipsoid intersect. 
116.] Let a cone envelope an ellipsoid, so that the plane of contact 
shall touch a second surface confocal with the former. The Une. 
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drawn from the vertex of the cone to the point of contact of this 
tangent plane will be at right angles to it. 

Let the tangential equations of the surfaces be 

A2p + BV+C«{;2=l, and fl«f« + iV+c«?«=:l. . (a) 
Let 

A«=a«+/*, B«=i«+A C«=c«+/«. . . . (b) 

Let/?, g, r be the projective coordinates of the vertex of the cir- 
cumscribing cone, and let ar^ y^, z^ be the projective coordinates of 
the point of contact of the polar plane with the interior ellipsoid, 
and let 0^ t;^ {^^ be the tangential coordinates of the polar plane. 
Hence, as in sec. [115], 

p^P.%, q^B\, r=C«5J 

^/=«%> yi-b\, Zi=(^^r) 
Consequently 

p-x^^[^?-a^)i^OT p'^x^=^Pi^'^ ^ ^ ^ (^\ 

so also g—Vi^P^p ^—Zi=P^r / ' 

Now the cosines of the angles which the line drawn firom the 
vertex of the circumscribing cone to the point of contact of the 
tangent plane being X^ fi^, Vp we shall have 

£^=^i:^'=|,and?5^=i=y'=^. . . . (e) 
cos Vf r—z, 5/ cos Vf r—Zf {) 

But if we let fall on this tangent plane to the interior surface 
a perpendicular P from the centre making the angles X, /i, y with 
the axes, we shall have 

cos X__ P0/_ f / . cos fl^Vf 
cosf"~P ""?/^ cosf""^/ 
or 

X=\, fi=fip v=V/, 

or the line from the vertex of the cone to the point of contact of 
the interior tangent plane is parallel to the perpendicular from the 
centre on the same tangent plane, and is therefore perpendicular to 
this latter. 

To determine the length P^ of the line from the vertex of the 
cone to the. point of contact of the tangent plane to the interior 

Since P«= {p-xy+ {q-y,)^+ (r-z,y. 

V=Mr + v? + K?) = ^ or P,P=/«. . . . (f) 

Hence the product of the perpendiculars from the centre and 
from the vertex of the cone on the interior tangent plane is con- 
stant. 
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P^ is the normal passing through the point of contact of the 
tangent plane to the interior surface ; to determine the coordinat-es 
of the point in which it will meet the plane of X Y, suppose. The 
projective equations of this normal are 

t y 

To determine the point where this normal meets the plane of 
XY, we must put z=^0, and the preceding equations become 



b/ b/ 



but 
Hence 

Now f. and v. are the reciprocals of the segments cut oflF the 
axes of K and Y by the trace on the plane of XY made by the 
tangent plane^ and x and y are the coordinates of the foot of the 
normal. Hence this curious but well-known relation^ that if we 
construct the ellipse the squares of whose semiaxes are a*— c^ and 
^— c*, the foot of the normal and the trace of the tangent plane on 
the plane of X Y will be pole and polar with respect to this section. 

To determine the length of the normal N from the vertex of the 
cone to the plane of X Y, 

But we have shown that x= (fl^— c*)f^ and y=(i*— c*)i;y. 

Hence N«=(A«-a2 + c2)%«+(B«-A« + c«)V+C»?A 

It may easily be shown that A*— a* + c* = C, and that B*— i* + c* 
is also equal to C^. 

Hence N«=C»(|,2+i;«+{;^)=p, or NP=C«. But we have 

shown that P;P=A subtracting, P(N-P;) =C«-/«=c«. 

117.] Parallel planes are drawn to a series ofconfocal ellipsoids ; 
to determine the locus of the points of contact. Let 

^ v* J2^' , 

^,+|i+^=l (a) 

be the equation of one of the ellipsoids ; and as they are confocal, let 

a2=c« + *S *«=c«+A« (b) 

Let 0, V, ^ be the tangential coordinates of one of the parallel 
planes, then 

^=«^f> y=*^v, z=c^i; (c) 

and as these planes must be parallel, let 

frrmf, i;=w?. (d) 



110 



ON CONCrCLIC SUBPACES OP THE SECOND ORDER. 



Prom these eight equations we muBt eliminate a, b, e, f, v, f, 
and this elimination will afford ua a double locus for the point 
X, y, z. 

Now a7^a*f^(c* + A')Btf, y^{c' + A*)»f, and z=i?\^; from these 
three equations, eliminating c and f, we get 

wA'.r-mt^y -Hmn(A*- A*]z=0, . . . . {e} 
the equation of a diametral plane of the surface. Now as 






\ and c*^fl'— A*, 




Substituting these values of a", }^, i 
reductions, 

!^ y^ af" nyz ^ (1 

This is the equation of a one sheet or continuous hjperboloid 
Those centre is at the centre of the confocal eUipsoida. 

Hence the locus of the points of contact of the parallel tangent 
planes with the confocal ellipsoids is a curve, the intersection of 
the diametral plane (e) with the discontinuous hyperboloid {f ). 

118.] To a series of concyclic surfaces tangent planes are dravm 
touching the surfaces in the points where they are pierced by a 
common diameter ; to find the surface enveloped by these tangent 
planes. 

Let fl'f* + i V + c V = 1 (a) 

be the tangential equation of one of the surfaces, c being the 
greatest axia, and as tbey are concyclic, we shall have 

a^'c^^k"' A«~c«"^A* ^°' 

Let f, V, f be the tangential coordinates of one of the tangent 
planes, and let x, y, z be the projective coortliuates of the point of 

contact of one of these planes J then let x:=im, y=m; . (c) 
also let w=a% y=b%, z=c''^i . . . . (d) 

now between the eight equations (a), (b), (c), (d), we have to elimi- 
nate the six quantities x, y, z, a, b, c. 



Since x- 
Hence 



■«•£, (--,= 



».<i4)="«(?4)- 



-'k\e-mi) ■ 
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1 n.^ 1 

but -gc^ joi __ uv ; equating these values of -5, we get 

(*«-A«)in«f+mA«i;-n*2f=0, (e) 

the tangential equation of a point at infinity. 

Since -==s?=-^=-^=-^( -5— ysV we shall have 

,.Jlit^. ^ ,.=A!(H=!^, c-*!(i=<). . (f) 

f V iwf ^ ' 

Substituting these values of a^, b^, c^ in the tangential equation 
of the surface^ we get 

*T + AV-*«f«-«A«i;?+^^^^^f?=l, . . (g) 

tn 

the tangential equation of a continuous hyperboloid. Hence, as 
the plane envelopes a hyperboloid and passes through a point 
situated at infinity, the locus is an hyperbolic cylinder. 

The reader will doubtless have remarked the duality that exists 
between several of the foregoing problems. In the two latter espe- 
cially, the diametral plane in the confocal surfaces is the polar 
plane of the point at infinity, the common direction of the axes of 
all the cylinders which envelope the concyclic surfaces ; while these 
cylinders are themselves the polars of the several curves in which 
the diametral plane cuts the confocal surfaces. 

It wiU be shown, as we proceed with these inv^tigations, that 
every surface of the second order that admits of circular sections 
has four directrix planes parallel to the planes of the circular sec- 
tions, two by two. In the case of the elliptic paraboloid two of the 
directrix planes are at infinity. These planes may be called the 
umbilical directrix planes. It will also be shown that in every such 
surface there srefotarfoci, the poles of the umbilical directrix planes, 
and distinct from the foci of the principal sections of the surface. 
By the help of these umbilical directrix planes and corresponding 
foci may all the properties of spheres and surfaces of revolution of 
the second order be transformed and transferred to surfaces with 
three unequal axes. 
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ON TUB SUKfACE OP THE CENTRES OF CURVATtlRE OP A.\ ELLIPSOID*. 

119.] It is well known to geometers that the lines of greatest 
find least curvature at auy point on the surface of an ellipsoid are 
at right angles to eacli other, and that they may be constructed by 
the intersections of two coufocal hyperbolas, one continuous, tlie 
other discontinuous, or as they are usually called, a single-sheet 
one and a double-sheet one. It is also known that these three 
surfaces are reciprocally orthogonal, or that auy two of them cut 
the third along its lines of curvature where the three intersect in 
a point. If we fix on the ellipsoid as the Burfa4Je whose lines of 
curvature are in question, and normals be drawn to the surface of 
the ellipsoid along any given line of curvature, the radii of curva- 
ture will uot only lie ou these normals at the successive points, but 
they will all, taken indefinitely near to each other, constitute a 
developable surface, and the line of centres of curvature will con- 
stitute its edge of regression. Hence if we draw tangent planes to 
the two hyperboloids at this point, they will iutersect in the normal 
to the ellipsoid, and will also be tangent planes to the above deve- 
lopable surface. 

Let the equation of the ellipsoid referred to its axes and passing 
through the point (j-, y, z^ be 

^+^'+*JHi W 

then the equation of the tangent plane passing through the point 
{s^iijiZ^ will be 

-^ + 4-4+-^=^; (n) 

and the tangential coordinates of this tangent plane will be 

f=^' v=^> t=^> M 



Let the equation of the tangent plane to one of the hyperboloids 
passing through the point {a:,i/, ^,) be 

XS', t/V, Z2, , 

~*->k+--i. (d) 



• The couMdemtion of thia Burface, first iranpined by Monfte, but not discussed 
by bim, will be found to throw mtae li;.'ht on the nnture of tbe iimbilin, tad of 
ibe lines of curvBture pMsinp throupli them, relative to which there hss been 
BOine diveraity of opinion. On Ihissubject flee Monpe,' Application del'Analyiw 
4 la GADmStne ' : Ilupin, ' Developpi:nient»deU^om6tri«,' pp. 173-187; Poiseon, 
' Jourjial de I'Ecole Poljtechniciue,' 21' cahier, p. 205.^ — [Note to flrel edilion-J 
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or^ as the surfaces are confocal^ we may put 

Hence b^^a^+V'-a^ c^^a^ + c^-^a'^, | • • • W 

and the preceding equation may be written 

The tangential equation of the hyperboloid passing through the 
point {x^ yi z^ is therefore 

«i*P + («*+*'-"«')«^+K*+^-«')?*=l- . • (g) 
Hence we have a?^=sa^*0, Vi^b^v, z^^c^l^. (h) 

But as the tangent planes are at right angles, one to the other, 
we must have 

fie+«/it/+f/C=0; (i) 

or, substituting for f p v,, (J their values as given in (c), the preceding 
equation becomes 

fU + pv+5?=0; (j) 

substituting for x^^ y^, z^ their values given in (h), we obtain 

p+v'+!:'=(«'-o,')|5+p+5| (1) 

If we now refer to the tangential equation of the hyperboloid 
(g) we shall find 

or (f« + v« + ?2)(a«-a«)=a«f«+AV + c«f«-l. . . (m) 

Comparing this equation with the preceding, we may eliminate 
(a*— a^*), and obtain as the tangential equation of the "surface of 
centres " 

(p+„« + ?*)«=|g + p+^j(««r + AV + c«?'-l). . (n) 

This is the tangential equation of the " surface of centres of cur- 
vature/* or, as it may for brevity be called, the surface of centres, 

120.] This surface consists of two sheets — one generated by the 
successive normals to the surface along one line of curvature, the 
second by the successive normals along the corresponding line of 
curvature. Let a perpendicular P on a tangent plane to the surface 
of centres make the angles \, fi, v with the axes of coordinates, 
then as Pf=cosX, Pi;=cos/a, Pf=cosv, the last equation may 

I 
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be written 
— J— H — 7r-+ — 5-JCi*co3^?t + i*cos'^ + c'coB'k— ?*)=!. (a) 

Now the first member of this equation represents ^, the inverse • 

semidiameter squared of the original ellipsoid, making the angles 
X,fj; V witli the axes; and a*cos*\ + A*co8'^ + c*coB*v=P,* is the 
square of the perpendicular on a tangent piano to the ellipeoid 
parallel to the tangent plane to the surface of centres. Hence 

K^ = P«_I«, (b) 

vhence we have this remarkable property of the surface of 
centres : — 

Any two parallel tangent planes being drawn to the surface of 
centres and to the ellipsoid, the difference of the squares of the coin- 
cident perpendiculars lei fall upon them from the centre is always 
equal to the square of the coinciding semidiameter qf the ellipsoid. 

Assume the original equation (n) written in the form 

+[a'-c^fb'^^ y ^''' 

Then, by giving to f a constant valuej we might determine the 
tangential equation of the section made in the plane of XY by 
the cone whose vertex is in tlie axis of z, and which envelopes the 
surface of centres. 

But it will be better to determine the sections of the surface made 
by the principal planes ; and this may be effected by putting f, v, f 
Buccesfiivety equal to cc and 0. Hence we shall have in the planes 
of YZ, XZ, XY, the sections whose tangential equations are 

»s ,*« n\ ^^aw « I in the plane of YZ, 

(i»-f»)Vf*+(a«-ft'')»'^«f»=aVl . ^. , ,^„ 

..f.+W=(«.-0«|-/ jmtheplauaofXZ, [.(J) 

Consequently the sections of the surface of centres iu the prin- 
cipal planes arc two in each ; one an ellipse, the other the evolnte 
of an ellipse, 

It may easily be shown that the tangential equation of the evo- 

lute of the ellipse whose projective equation is -,+^=1 will be 
„<{« + t«„'=(„«-4')«p„> (e) 



OF AN ELLIPSOID. 115 

The projective equation of the evolute of au ellipse of which the 

semiaxesarea aiidfiis («y)*+(fir)' — (a*— 6')'=0; . . . , (f) 
takiiig the partial diSerentials of this expreBsioii, we shall have 
(IF 2 6 dF 2 fl dF dF 2 , , , 

But, aa we have shown in sec. [22], 



f=; 



dF 
At 



w — 3r' 

ii' + dj!' 



dP 



""dP dF ■ 
di'+dj^i' 



4' 



Consequently ^g= p(„._ai). - i"' = „«(a '-t«) »- 

Substituting in the dual equation a{ + yv=l, the values of these 
expreasious, we obtain the tangential equation of the evolute of an 
ellipse, 

a'P + iV=ia'-i']Vv' (g) 

If in the equations (f ) and (g) we make i'=03or y = 0, or f =00, 
or « =0, we shall have for the semiaxes of the evolute in the axes of 
Xand Y, 

A=2!=i!, B=5!=^ ,h, 

Hence the semiases of the evolute are inversely proportional to 
the semiaxcs of the ellipse. 

It is worthy of notice that, while the axes of the elliptic sections 
of the surface of centres in the three principal planes are fimctiooa 
of the three axes of tlie ellipsoid, the axes of the evolutes are func- 
tions only of the axes of the principal planes in which they happen 
to be. Thus c does not appear among the constants of the evolute 
in the plane of XY. 

From the foregoing investigation it follows that the sections of 
the surface of centres in the principal planes are two in eacli — one 
an ellipse, the other the evolute of an ellipse. 



On the umbilical fines of Curvature. 
121.] Among the French mathematicians there has been much 
difference of opinion as to the nature of the lines of curvature which 
pass through an umbilicus of the ellipsoid. Some hold, with Monge 
and Dupin, that the two lines of curvature which everywhere else 
on the surface are at right angles to each other, here merge into 
one. This is such a violation of the law of continuity, that others 
adhere to the opinion of Poisson and Leroy, to the effect that at 
an umbilicus the radii of curvature arc all equal, aud that there is 
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an infinite number of rectangular systems gf lines of equal curva- \ 
ture all passing through the umbilicus, f 

An examination of the surface of centres will demonstratively 
show that the latter opinion is the correct one. 

For this purpose let a tangent plane to the surface of centres be 
drawn through the umbilical normal. Now the prt^eclive coordi- 
nates of the umbilicus are 

"'="■ ''='^/S~^ ■ ■ w 

of X and g cut off by the normal are 



and the segments of the axci 

c 

Hence the tangential coordinates of the normal in the plane of xz 
are 

?'=(aa_c»)(6*-c*)' ^=(a*-c»)(a»-i«)' ' ' ^^^ 
Now, substituting these values of ^ and f in the equation (e), see. 
[120], of the surface of centres, we shall have for the value of t^ 
the following expression : — 

f[(a'-c') + (c'-a') + (a«-t')] „^„_0 
0' 



. V^(a'-c')la'-t') 



(o'-J»)(i"-c»)u« = 



(d) 



■ [(4«-e«) + (c'-c«) + K-i«)] ' 
Or an infinite number of tangent planes may therefore be drawn 

through the umbilical normal to the surface of centres. 

The principal sections of the surface of centres in the mean plane, 

or in the plane of XZ, of the greatest and least axes, possess some 

very curious properties. 

The ellipse and the evolute in the plane of the greatest and leost 

axes of the ellipsoid have four points of contact ; and in these four 

points they are severally touclied by the four umbilical normals ; 

and these normals are the radii of curvature of the umbilici ; and 
A* 

their value is severally = — 

To show this, let the ellipse and evolute in the plane of xz be 
BUpposed to have the same tangent. Their equations are 
(fi»-c»)»aT+ (a'-6*)*cT = a'c»,l 

and oT+cT=(«'-c»)Tr'- ;• ■ ■ ■ 

Let f and i; be the same in both equations. Reducing 
supposition, wc shall find 

{a-— c*) (i*— c')f*=c*, 
hence 



Uiia 



c'tili'-c') 



mill P = 



[a'-c'ifa'-f]'- 



(f)l 
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but these are also the tangential coordinates of the umbilical normal 
found in (c) . Hence the four umbilical normals form an equilateral 
parallelogram or lozenge^ and touch externally the ellipse^ and inter- 
nally the evolute^ at the same four common points ; and the common 

Ifl 
distances of these four points from the umbilici are severally a — ^ 

or they ai*e the centres of curvature of the umbilici. 




These points may be called the centres of umbilical curvature, 
122.] We may write the tangential equation of the central ellipse 



in the form 



ij^f>'i.i^v^a-i (.) 

Let X and z be the projective coordinates of the centre of umbi- 
lical curvature. 

Substituting for f and f their values as given in (f ), sec. [121], 
we shall find 



s 






(b; 
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The length of the aide of the quadrilateral made by the intosee- ' 
tiona of the four umbilical normals is — («'— c") : and it Is divided 
at the common point of contact of this umbilical normal with the 

ellipae and cvolutc into the segments — (A'— c*) and — (a* — 6*), 

BO that the length of this line and ita segmeuta made by the point 
of contact are respectively 



-J-' 



-c'), a 



-("'-*')■ 



(0 



123. The arena of the umbilical parallelogram, of Ike ellipse, and 
(jf the evolute circumscribed by and inscribed in the four umbilical 
normals, have certain reciprocal relations which are independent of 
the axes of the ellipsoid. 

The area of the ellipse ^^ («'-^')(^'-c') _ 



The area of the parallelogram =1 



;(^ 



) V(q'-6')(A'-c^ 



The area of the evolute 



STrCa'-c*)' 



Hence 



area of ellipse x area of evolute 



=i(i)' 



w 



(area of parallelogram)* 
an abstract number independent of the axes of the ellipsoid. 

When the mean semiaxis b of the ellipsoid is a mean proportional 
between the semiases a and c, or i*=ac, the umbilical ellipse 
becomes a circle whose radius is a—c. 

If we examine the ellipse and correlative evolute in either of the 
other principal planes, we shaJl find that they have no commoa 
point of contact or intersection. 

An inspection of the expressions for the axes of the ellipses 
and evolutes in the three principal planes will show that these 
axes are so related that the axes of the central ellipse in any one 
of the three coordinate planes are the axes of the evolutes in the 
two other planes, one in each evolute. Thus, if the ases of the 
ellipses in the three coordinate planes be hk, kfi^, and h,^,,, the axes 
of the evolutes in the same coordinate planes will be /*,A:„, A,^, and 
AA,; so that the twelve axes of the three ellipses and three evolutes 
are reduced to six. 

Thus, as in figure 20, we pass from Z to /S along the elliptic 
quadrant, from to a along the quadrant of the evolute, from a to 
7 along the elhptic arc, from y to Y along the quadrant of the 
evolute, from Y to X along a quadrant of the ellipse, and from X 
to Z along a quadrant of the evolute. 
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Pig. 20. 




Thus in our course along the ^^ edges of regression/* setting out 
from Z, we traverse 

the plane of ZY along an ellipse^ whose quadrant is Z/3^ 
the plane of YX along an cvolute, „ „ is /3a, 
the plane of XZ along an ellipse, „ „ is 07, 
the plane of ZY along an evolute, „ „ is 7Y, 
the plane of YX along an ellipse, „ „ is YX, 
the plane of XZ along an evolute, back again to Z. 

Prom the previous discussion of the properties of the centre of 
surfaces it follows that it consists of two distinct sheets which touch 
only in four points, the centres of umbilical curvature ; for it is only 
in these four iK>iuts that the radii of curvature of any point on the 
surface of an ellipsoid are equal. 

On the projective equation of the surface of centres of an ellipsoid. 



120 
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124.] Let 
|5 + ^+p=P. «T+*V+c«(:«-l = Q, and P+v«+r'=a, (a) 

then the surface of the centres of curvature may be written 

PQ=R«, or *=PaR-»-l=0 (b) 

Let the partial differentials of this expression be taken succes- 
sively with respect to f, v, and f ; hence 



d<E>s 



dP.QR+dQ.PR-2PQ.dR 

R» 



(c) 



But 



^1-% f =2^5, i|.2f. 



consequently 



df 

d* 
df 



df 



df 



=2[^+PRo«-2PQ]fR-»; 



(d) 



or, since PCl=R*, we obtain 



^=2f[^+Po«-2R]R-« (e) 

We have now to find the value of the expression 

dF^+di7''+d?^=^- 
Making the necessary substitutions, 



or 



2P 



A=2[QP + PQ+P-2R]-*, or A=^; 



heuce 



d^ 
df.A 



^+Po«-2R 



-X, 



or 



£=■ 



i« 



?+T. '''+:s ?*-:^i+f'+xi«''+r« i:'-2J'-2'^-2C 



a" a* ' a* ^ A* '^ ' c* 



and reducing. 
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jMbM^ 



A(tit±2t£ 



' ¥7^- 

a' i* c* 
having found like expressions for ?/ and z. 

If we introduce the relations established in the eecond form of 
the equation of the surface of centres, see (c), ace. [120], we may 
easily show, though not at first sight apparent, that the preceding 
cquatiouB satisfy the criterion of duality, 

By the help of these three equations and the tangential equation 
of the surface of centres, we may eliminate f, u, ?, and express the 
projective equation of the surface of centres in terms of x, y, and s. 

'ihe pTOJective equation of the surface of the centres of curvature 
has been given by Dr. Salmon, Professor of Divinity in the Uni- 
versity of Dublin, and published in the Quarterly Journal of Pure 
and Applied Mathematics of Feb, 1858. 

Although this surface has been familiarly known to the conti- 
nental mathematicians since the time of Monge, none of them has 
ventured to grapple with the enormous difficulties which stand in 
the way of exhibiting its projective equation, or its equation in xyz. 
These difficulties have been surmouutcd by Dr. Salmon ; and the 
resulting equation, wliich is of the twelfth degree, contains no fewer 
than eighty -three terms. 

125.] To show the power and exemplify the reach of the combi- 
nation of the methods of projective and tangential coordinates, it 
will be an apposite illustration to discuss the reciprocal polar of the 
"surface of centres." This investigation will afford a further instance 
of the great law which pervades all geometrical truths, that if one 
method of investigation be more easily applied to the discussion of 
the properties of curves or curved surfaces, their reciprocal polars 
will be best investigated by the other. 

The reciprocal theorem to that of the surface of centres is the 
following : — 
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Let there be three concyclic surfaces of the second order touched 
by a common tangent plane in three points; these points y two by two, 
will subtend right angles at the centre, and the locus of all the points 
of contact with the two variable hyperboloids will be a surface which 
may be called the " surface of contacts J^ 

Its projective equation may be found as follows. 

Let the tangential equations of two of the surfaces^ having a 
common tangent plane^ be 

a«f« + 6V+c«?«=l, and a«f«+i>«+c«5«=sl. . . (a) 
Subtracting one of these equations from the other^ we shall have 

(a2-Of+(6«-V)^' + (^'-^/*)?*=0; . . (b) 
and as these surfaces are concyclic^ we shall have 

a^^afb^ b^" c^" c,^" k^ ^^' 

Making these substitutions in the preceding equation^ there results 

aVf^ + ***>* + ^V?^=0 (d) 

Let the projective equation of one of the hyperboloids be 

«i */<?*"" 

and the equation of the tangent plane to this surface passing through 
the point Xp y^ z^ be 

J,-h|U+$-1; (f) 

and as this must coincide with the second of (a)^ we shall have 

a^^=x,, b;hj=yp c/^^^^p 



ari=^,» o^v^yp C;'f=2r^, I 

Substituting these values in (d)^ we shall obtain 

aVf' + *'*/'^ + cV?*=^+^V^'=0,. . (h) 
or, reducing, 

(^9-^)(«V+*V+«%')=(^;+y,'+^,'). • • (i) 

Equation (e) may be written in the form 



or 

3.9 .,9 



&+|k+^-l=(^,-^,)(-,Hy,«+0. . . . (k) 
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Eliminating the quantity f-, ^ J between this and the preceding 

expreeaioa, we find for the resulting equation 

(»«+j,'+j«)'=(»W+sv+A')(^+g+p-i), . (1) 

omitting the traits as no longer necessan'. 

This is the equation of the " surface ^f contacts." 
This equation may be written 

= {62_csj!„sy»^4. (a!_c»)*6»a;V»+ (a«-i'}'cVy«. (m) 
If, instead of taking the concyclic surfaces with independent 
axes, and thus investigating the equation of the " eurfaee of con- 
tacts " directly, we had derived the concyclic surfaces from the 
confocal surfaces of which they are the reciprocal polars, we should 
have obtained a projective equation for the surface of contacts more 
nearly in accord with the tangential equation of the surface of 
centres than the one above given. 

To show this, let the radius of the polarizing sphere be r, the 
radius of the polarizing sphere being quite arbitrary ; and let a, b, c, 
be the semiaxea of the concyclic ellipsoid; then, writing «, y, z for 

f , y, t 

r' , r' r" 

a = -, 6 = T. c~-; 

a, b, Cf 

making these substitutions in (u), sec. [Uy], and omitting the 
traits as no longer necessary, we shall find 



(j?'+y*+^')' 






■j:« + 4V + cV-r<), 



(») 



which is identically the same in form as the tangential equation of 
the surface of centres. 

This equation may also be reduced to the form 

r*lb^c*x' + a''ch/ + (iW3'''\ 1 

= {*» - c'}'aY^^ + {a' - cybVz^ + (fl« - A») ^c*xY- J 

It should be observed tiiat while the axes in the confocal sur- 
faces are in the order of magnitude a>fi >c, in the concyclic surfaces 
they are in the order of magnitude c>b>a. 

We may show that this surface of contacts has four edges of 
contact perpendicular to the plane of jra. 



To show this, let i'= 



!^>''=T. 



, . , '(«'-»-)(o"-4')'- («"-c«)(J'-c>)- 

Substitute these values of x and s in (o), and we shall have 

y=Tj, or any point taken on the axis of Y wiU be on the surface. 
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The sections of the surface of contacts in the plane of xz nil! be 
the curyeB 

and 

(a«-6»)»cV+ (A»-c*) V--»=r*<i»c«, 1 . . (p) 
or f 

(fli_i,«)2|^+(6*_c«)«-'=/*. J 

of which the former is the reciprocal polar of the evolute of an 
ellipse, while the latter ts an ellipse. 

We shall find that these two curves have four common points of 
contact. For if we make the variables x and z in each equal, the 
resulting valae of;: will be given by the espression 

but as this is a perfect square the two values of z' merge into one, 
and the resulting value becomeB 

,_ f*^ , 
' (a«-c«)(6»-<:*) ' 
in like manuer J (q) 

, r'g' 

and these are precisely the values of x* and z^, which, substituted 
in the equation of the surface of contacts, give the value of y under 

the indefinite form ^=TT- 



CHAPTER XIII. 

ON THE AFPLICATION OP THE METHOD OF TANGENTIAL COORDINATIiS 
TO THE INVESTIGATION OF THE FROFERTIEB OF TRANSCENDENTAL 
AND OTHER CURVES OF A HIGHER ORDER THAN THK SECOND, 

On the tangential equation of the Caustic by reflection of the 
Circle*. 

126.] Let the projective equation of the circle be 

a.* + i/*=4a« {a) 

• The general solution of this problem long bnffled the ekill of the moat expert 
analvsts ; at length M. Oergonno Banounced, ' Annates de Matb^matiques,' 
torn' XV, p. 34G, " J'^tais, depuisquulque temps, en possession de I't^quation de la 
Ckustique par reflexion our to cercie, qui n'avait encore ^t^ donnee par peraonne; 
mais jo I'avais obtenu par des calculs trop prolizos, ot sous une forme trop peu 
ti^gante ^ur soDger & la publier," &c. 

Some time after, the complete solution wm ^ven b the seveateenth volume 
of the same work by M. de St. I^aurent, but in a most complicated and un- 



of the same work by M- de bt. l.aiirent, b 
manageable form. — [Note to first edition. J 
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Let the axis of X pass through the radiating point, or " radiant/' 
as for shortness it may be called. Let p be the reciprocal of BO, 

Fig. 21. 




>Bi 



the distance of the radiant from the centre ; then, as the lines RP, 
PC make equal angles with the radius PO, we shall have 

RP:PC ::R0 : OC; 



but 



hence 



OC=i, OD=5r, PD=y, 



or reducing, and putting 4a* for y^+a^, we get, dividing by the 
factor (f — f>), 

f-^=£ o» 

If we draw a tangent to the circle at P, meeting the axis X in t, 
4a« , a? 2 , 2 



then Ot= 



X 



and oT5=7T- ; hence jr-, f, and— p are in arith- 



metical progression, and therefore Or, 7;, and — are in harmonical 

f P 

progression, which should be the case, seeing that PR, PO, PC, PT 

constitute an harmonic pencil. 

1— ^f 
Since the dual equation gives y= ^, combining this with (b) 

and the projective equation of the circle a?*+y^=4a*, we may eli- 
minate y and a?, so that the resulting equation becomes 

4fl«(J« + i;«)[l-a2(f-p)2] = l+4aV?> • • • (c) 
the tangential equation of the caustic of the circle by reflection. 
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Tbis equation ma^ also be writteu 

4<.«(P+»«)[l-a(f-p)]Cl+«(f-p)] = l+4«W • (<1) 
When the radiaot is at infiaity, or p = 0, the equation becomes 

4o«(P + v«)(l-.<{') = l (e) 

We shall show further on that this is the tangential equation of 
an epicycloid, the radius of the base circle being twice that of the 
rolling circle*. 

If we solve (c) for v we obtain 

., l-2o'£(g-p) 



2av'l-«»(f-p)« 



(0 



Hence, if we assign a series of values to £, we shall obtain corre- 
sponding values for v, so that the caustic may be defined or set oat 
by the successive poaitions of the limiting tangent. 

wiliahed editor of the Matheamtical Papers in the 
\. J. Miller of Huddersfield, derives the projective 
BqufttionB of the bicuaped hvpoj^ycloid aud PArdioid from the general tjiiigeatial 
equELtioQ of the caustic aa follows. 

" As )U) ewunple of the method of finding the pnj/prfi'c* equation from the tan- 
gejUial equation, let us take the catacauatic of thu ciicle for parallel rays ; then, 
b; putting f)=0 in equation (e), the tangeiUial equation ia found to be 
«-4o'(l-u'f;(f+v')-l=0. 
"Now assume mi' <^=2a\^ +v') ; then from *=0 we have 
2o'-'f=l-cot>,|-, 2flV = cos=.^cot'f ; 



and^=8aVl-'^f) 



du 



=4aSi coaec" ^ ; 



d# , , d* 



«+jr -'««■♦• 



hence, applying the formula) in Art. 2, we have 

2{a^— a') = 3a'coBec'^— cosec*^, 2;/' = a'c08oc"^; 
and, eliminating ^, the pngixtht equation is 

4(i"+ir'-a=j'=27ay, 
which shows that tbc cataamitio of^ lAe circle, fur paraUel rnyt. it a ttoo-tnaptd 
rpicycloid whose base is concentric with the receding circle and hu its radius 
(n) half the radius of that circle. 

" We may further observe that the tangential equation of the Canliout, or rmt- 
tmtptd epicycloid, referred to the centre of the base as origin, and the radius (a) 
thMugb the cusp as positive axie of |, in 

27a'(l-o|)f|'+'^)=4. 
This may bo obtained from the equation in_Queslion 1402 by putting 



, , , [a)~' ; for it can be easily sEi 
that, when the mdiant point ia in the c 
(y= — p), the caustic is a Car-'" 
tnat of the reflecting circle," 



. Parkinson's 'Optics,^ Art. 72) 
mfa-ence of the rcHecting circle 
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In this expression, 
we obtain 



f hen p = 0, or the radiant point is at infinity. 



\-2aT 



■ ■ ■ ■ (g) 
put f =— p, the 



In the general equation (c) of the cauetic, if 
resulting equation becomes 

4«'{g« + u») = l, (h) 

the tangential equation of the circle which generates the caustic. 
Hence, if the radiant be outside the circle, the tangent drawn &om 
the radiant to tlie caustic is also a tangent to the circle. 

If we assume, on the opposite side of the origin on the axis of X, 
a point R, which shall be equidistant from the origin, so that 
OR=OR„ then f=p, and the general equation (c) becomes 

4aV = l, (i) 

or the tangent to the caustic drawn from the point R, will cut the 
vertical diameter of the circle in its circumference. 

If in the equation (f ) we put v=0, or make the limiting tangent 
vertical, then we shall have l=2o*^(£— p), or, solving this equation. 



£=p± 



'/l+'ZaY 



(J) 



Hence, when the limiting tangent is vertical, it cuts the horizontal 
axis in two points at unequal distauces from the vertical diameter 
of the circle ; but when /3=0, or the radiant is at infinity, these dis- 
tances become equal. 

To find when the axis of X is a tangent to the caustic. 

When the limiting tangent coiiicidea with the axis of X, then 
v = ix>; substituting ihb value of u in (f), we obtain 



■ ■ (^' 
when p=0, the cusp is at the middle point of the radius. 

The tangent to the caustic parallel to the axis of X cuts the 
axis of Y at the distance 

2a y/l^^Y 
from the origin; for if in the general equation we put f=0, the 
resulting value of - becomes 



2a '/l- 



(I) 



If the radiant be at infinity, p=0, and the horizontal tangent to 
the caustic is also a tangent to the circle. 

127,] There are two cases of the general theoi'em which may 
repay discussion. 
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Let ttic radiant bo at tlic extremity of the horizontal diameter of 
X; thciip=^, and 2ap = l. Suhatitutiug thia value in the general 
equation of the caustic, we find 

o<(f' + »»)(3-2(if)_l (.) 

Now this, as wc shall show further oiij is the tangeutial of the 
cardioid, the radius uf the rolling circle, as also that of the base, 
being = §B, or a third of the radius of the reflecting circle. 

If we put f =0 in (a), the limiting tangent becomes horizontal, 
and cuts the vertical diameter of the circle at the distance VSa 
from the origin. 

If we put v=x , the limiting tangent must pass through the 

centre; and this condition gives f = 5-> or the cusp is at the dia- 

taucc -^ from the centre. 

If in this equation (a) we put u=0, or make the limiting tangent 
vertical, the points in which it cuts the axis of X will be given by 
the cubic equation 

2u3ga_8a*^ + l=0; 

or, putting the equation for the moment under the form 

2a^-3^* + l=0, (b) 

the three roots of this equation are +1, —1, +J. Hence the 
points in which the vertical limiting tangent cuts the axis of X are 
a, —a, and 2a. 

Since the vertical limiting tangent cuts the axis of X at the dis- 
tance a from the centre, and the cusp at the distance fa from the 
centre, it is clear that the distancu between the cusp and the point 

where the vertical limiting tangent intersects the axis of X is 5. 

128.] If in the general equation, (d) sec. [12G], we put Lr=0, or 
make the limitirig tangent vertical, wc shall have the following 
biquadratic equation to determine the points in which the limiting 
tangent, when vertical, cuts the axis of X — that is to say, 

4,aT - 8«Vf - 4a' ( 1 — ay) f* + iu'pS + 1=0.. . (a) 

Now this expression is the square of the following, 

or, solving this quadratic, 

2a£=ap± v'2 + oV (b) 

lliese are the values of the segments of the axis of j- cut oS' by 
the vertical limiting tangent. 
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CHAPTER XIV, 

ON EPICTCLOIDS AND HTFOCrCLOIDS, 

129.] The theory of tangential coordinates may be applied with 
singular facility to the investigation of the properties of curves of 
this class, wliich comprises all those cases in which circles are sup- 
posed to roll, either on the outside or the inside of other circles 
assumed to be fixed, carrying along fixed points on their circum- 
ferences, which like tracing -points describe the curves in question. 

Let r be the radius of the rolling circle, R=2nrthat of thetised 
circle. At the beginning of the motion let the fixed or tracing- 
point coincide with the point of contact of the two circles. Through 
the centre of the fised circle let the axes of coordinates be drawn, 
the axis of X passing through the first point of contact A. Let O 
be the centre of the fixed circle, Ci the point of contact, B the 



Fig. 22. 




extremity of the common diameter OQ, P the point on the rolling 
circle which has traced out the arc AP of the epicycloid, ami which 
coincided with A at the bef^inning of the motion. As the curves 
are assumed not to slide, one on the other, the arc AQ=PCJ, 

Now the principle assumed in the vihe en Equation is this, that 
P is always on the circumference of an ever varying circle whose 
centre is the instantaneous point of contact Q, of the two circles. 
Hence the magnitude and position of the instantaneous radius is 
always changing, and the limiting; tangent to the epicycloid is 
always at right angles to this radius. UP is the changing radius; 
and HPC is the limiting tangent at right angles to PQ. Ilcnec it 
fallows that the limiting tangent CP and the common diameter 
OQIl always meet in the same point B on the rolling circle. 

Let the angle which the common diameter of the two eirch-s 
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makes with the axis of X be <f>, then the arc described by the 
tracing-point of the moving circle is 2nr0 ; for as the arcs of the 
circles which have been in contact are equal, putting for the 
moment this angle as ^, r^=2nr^ or i^=2h<^. Hence the angle 



qiieutly in the triangle OBC, OB : OC ;: siuOCB : sin OBC, or 



a+l)r: 5::8in(n+l)0:sinn^, or 



f= 



sin (n + l)<J 



■ ■ (a) 
of V at a 



It is manifest that the limiting tangent meets the 
dittanco - from the origin, which will be equal to OC x tan OCY, 

or - = itan(n + l)^ ; or substituting the value off found above. 



^{n+l)<P 



2r{n + i}»m n<f) ' ' 

Eliminating the trigonometrical functions of between these 
two equations, wc shall obtain an equation between f and v, the 
tangential equation of the epicycloid. 

When the circle rolls on the inside of the fixed circle, we must 
take its radius with the negative sign, so that the formulse 
Bin(»tt)0 „_ COT(n + l)* 
'^~2r(n + l) siuM^' 2r(n±l)smn^ • ■ ■ W 

will answer for hypocycloida as weU as epicycloids. 
Squaring these expressions and adding, we find 

4r'*{n+l)'{^ + v^)ein^n<f>=l, . . . . {d) 
which enables us in all cases to find the value of sin tup, and also of 
cos titfi in terms of f and v. 

130.] We shaU now proceed to apply tliis theory to the following 

selected cases — namely, when »"=n" or " = 1, when r=R or n=). 



or B=2; we shall also consider the case when the 
half that of the base 



when r: 

radius of the circle rolling inwardly is 
circle. 

{a) In the general formulie for epicycloids, let n = l, and the 

expressions (a) and (b) in the last section become Zt^= . ^ , and 

2ru=^^^ al8olfir*(£» + v»)sin*<i=l. 
2sin^> ^ 
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Now 2rP=^^H^^ = cosA, or 8iii«A=l- tr'f'. Eliminating 

810 

ain* <^, the equation of the epicycloid becomea 

16^(r' + ^*)(l-lrT) = l (a) 

But this is the equatioa that we found for the cauBtic by reflexion, 
see aec. [126] (e), when the radiant is at infinity. If we put 
2r=o, the equation becomesla''(J* + u*)(l — o*f*) = l, which is iden- 
tical with (e) in sec. [126]. 

(^} To determine the epicycloid when n = ^. 
The general formulie become 

™aj^ 2n,=»4(ii*'i:. . . . („) 

f ain i»j> f Bin i^ 

Let <f>=20. The cqaattons now become 



3r£=T 



Bru = 



" am fl ' 

Hence 9/-*(f* + u*) sin* S= 1. 

Now 3rf sin^=8in2^cos0 + co82ffBintf. Dividing by sin^, 
3)f=2coa*^ + {cos'5~sin«^)=3-48m''5, or 4.Bin'5=3(l-r£), 
hence 27r*{f* + u*)(l— rf) =4; or if we put r=^a, this equation 
becomes 

„.({. + „.)(3-2oE) = l (b) 

Tliis is the tangential equation of the cardioid, and is identical with 
the equation for the caustic by reflexion, when the radiant is at the 
extremity of the horiiontal diameter of the reflecting circle, see (a) , 
sec. [127]. 

(y) Let n=2, or let the base circle receive four undulations of 
the epicycloid. The general equations become 

_CO8 301 

sin20' ""'~8in2^t {^) 

at G*H(^ + t/*)Bin«.2^ = l. I 

Let sin20=c, cos 20= Vl — c*. Then 

Bin0 + eoB0= Vl+c, 8in0— eo30= vT— c, 1 

2sin0= \/rTc+ l/\^c, 2cos0= v'T+c— '/T^cX (d) 
and sin cos 0=^. \ 

Hence 6rf . c=Bin 30=9in 20 cos + cos 20 sin 0, 
and 6ri',c=co3 30=cos20co8 — sin20 8in0. 

Multiplying these expressions toyetlier, we shall have 
GV»f y..*=sin 20 cos 20 cos« 0-siu 20 cos 20 sin* 
+^cos*20sin0co3 0— Biu^20 eo8 0»iii0. 
k2 



6rf= 
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Hence 6Vfi;c*=sin 2<f> cos* 2<f> -I- (cos* 2^— sin* 2^) sin (f> cob (f>. 

Substituting the values for these sines and cosines as ffiven in (d), 
we shall have 6V*fi;c*=3c— 4c^ ; or dividing by c* and squaring^ 

6Vg*»^* 9 24. _ _ 

— ^«-=^-;? + 16; (e) 

and if wc substitute for -| its value as given in (c), namely 
6V*(f*+i;*), on making the necessary reductions we shall find 

27r«[4327^|«i;«-27r«(J« + i;«) + 2](f+t/^) = l. . . (f) 

This is the tangential equation of the quadrarUal epicycloid. 

Another solution of this question may be given. 

131.] Since R=4r, w=2, and the general equations become 
6rf sin 2^= sin 3<^ and Qrv sin 2^=cos 3^^ consequently 

36r«(f« + 1;2) sin«2<^= 1, and sin 3<^= ^ . . . (a) 

Let 36r«(J* + i;«)sin*2<^=a«isj«sin2.2<^=l. . . . (b) 

hence 

2f* 

-^ = 2sin*2^cos*<^ +2cos*2^sin*<^ + 4sin2^cos 2<^sin0cos0. (c) 



i!r« 



(d) 



Now sm* 29 = -5—3, cos* 26 = — 5—5- = "0—5, 

writing M for a*«r*— 1 ; 

aw am ' 

Making these substitutions in the preceding value for sin 3<^, we 

shall have 

2^€?'fa^c?fifl^- i/M(4-aV2). 

Putting a = fR, we shall obtain for the tangential equation of the 
quadrantal epicycloid : — 

(3R)«(f« + i;2)fV=[16-27R«(f + i;«)]«. . . (e) 

On the Epicycloid whose base is a Semicircle. 

132.] In this case R = 2r, and, as generally R=2nr, w=l, and 
the general formulje in sec. [129] become 

j^^;in2^ ^^ cos2<^ 

^ 4rsin<^' 4rsin<^ ^ ' 

Eliminating the trigonometrical functions, which presents no 
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difficulty, ive sliall finally obtaii 
semicircular epicycloid ; — 



as the tangential equation of the 

. . . (b) 



When the limiting tangent is parallel to the axis of X, f =0, and 

u=2-i as we might have auticipated. 

When '^= 1 , the equation becomes ^Gr'*(^ + v^) x = 1 , or w= » , 
hence the limiting tangent at the cusp pusses thruugh the centre of 
the base circle . 

On Hypocycioids. 

The general formulEe, as given in sec. [129], which hitherto have 
been used to obtain the tangential equatioria of epicycloids may 
with the same facility be applied to the investigation of the pro- 
perties of hypocycioids, by taking the radius of the rolling circle as 
negative. 

133.] To determtTte the equation of the hypocycloid, when the 
radiua of the rolling circle is one half that of the base circle. 

lu the general formulte, sec. [129], 

a(«-l)0 ., cos(«-l)^ 



let/ 



(» — 1) sinni^ 
= 1, and they become 

_8in(l-l).j 



2rS= 



\\-l]sin<p' 



(n — 1) siiiM^' 



(1-1) aiu.^ 



How are these expreasiona to be interpreted i" 

Since(l — 1)^ is an indefinitely small angle, we may write {1 — 1)0 

instead of sin {1 — 1)0, and then dividing by (1—1), g= . a 

Unite quantity ; but since 

cM(i-i)*=i, "= (i_i'.i„^ -s==°! ■■■(e) 

hence, as £^ is finite and v is infinite, the limiting tangent always 
coincides with the axis of X, as we might have anticipated ; for the 
locus of the tracing point on the hypocycloid is the diameter of the 
base circle. 

13^1.] On the hypocycloid whose radius is one fourth that of the 
base circle. In this case n= 3, and the general equations {e) in sec. 
[129] become 

„;^ J. ^ CO3 

a 20' |iD20' 



^''^=^ 



• T7-f=2coS(i, - — = 2siu0: 
Xr" ^ 2rv ^ 
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hence 

l^(^+i)=l (a) 

If we put R for the radius of the base circle^ B=4r^ and the 
equation of the hypocycloid becomes 

f« + i;2=R«fV (b) 

Since ^ and - denote the intercepts of the axes made by the 

limiting tangent^ and since the sum of the squares of these inter- 
cepts is constant^ we may infer that if a line of constant length 
revolves between the sides of a right angle^ it will envelope a qua- 
drantal hypocycloid. 

135.] To determine the involute of the quadrantal Hypocycloid. 

The projective equation of this curve is 

^+yi=saf (a) 

Let / be the length of the string or elastic radius measured from 
the extremity A of the horizontal axis of the hypocycloid at the com- 
mencement of tlic motion at G ; then at any point P on the hypocy- 
cloid^ the varying radius PT of the involute at this point will be the 
line ly plus s the arc of the hjrpocycloid AP ; and as this line is per- 
pendicular to the limiting tangent QT^ it is also a tangent to the 
hypocycloid. Now in sec. [5] we have shown that the length of a 
perpendicular let fall from a given point P on a limiting tangent is 

ss — P^ " . or as /+ « is the length of the perpendicular, and the 
projective coordinates of P are x and — y, we get 

/-H,=i5^^ (b) 

but j^ derived from (a) is the tangent of the angle that the varying 
d^ 

radius (which is a tangent to the hypocycloid) makes with the 
axis of X, and this line is at right angles to the limiting tangent 

QT; hence 

u_dy_y* 

f dar il' 



or 



,,= j!!4. a^=^J^' 



consequently 






(c) 
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Q G 



Now the arc *, measured from A to P, is =.5^a*y*, or *=f« m^j-o* 

Substituting these values of 8, x, and y in the expression for the 
perpendicular (b)^ we obtain on reduction 



[(/+a)?+(/+|y]'=|«+^. 



(d) 



the tangential equation of the involute of the quadrantal hypocycloid. 
It is obvious that when I, the length of the strings the continuation 
of the elastic radius s, is very large as compared with a, the equa- 
tion approximates to the tangential equation of a circle ; and when 
/==0, or when the tracing point begins with A, the vertex of the 
hypocycloid^ the equation becomes 

(a|«+^)'=f»+«« (e) 

136.] On the projective equation of the involute of the quadrantal 
Hypocycloid, 

The projective equation of the quadrantal hypocycloid is 

^+y*=fl* (a) 

The tangential equation of its involute^ as shown in the preceding 
section^ is 

f2 + u«=[(* + a)f«+(*-a)i;2]«, . . . (b) 
hence 

^=[4«(A + a)-2]f, ^=[4,r(*-«)-2]w, . (c) 



I- 
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and 

d4> d4> 
A = ^f+^i;=2«r*, putting {« + i;*=s«j*; 

consequently 

v^x=[2xD{k+a)-'l]i; w«y= [2w (*-«)- l]t;. . (d) 
The equation of the curve (b) may be written 

It may also be put under the forms 

wssitr*— a«r* + 2a^, or tff=A«r* + a«j'— 2ai;*, 
or ^ . (e) 

2a|^=ts^-^(^-a)'BJ«, 2ai;«= (A +«)««-«. 

If we square the expressions in (d) we shall have 

^y=41s^2(^-a)V-41!^(^-a)v2 + l;2.J ' ' ' ^ > 
Adding these expressions^ bearing in mind that 

^«+u«='c^^ and that ^^^t/i=.^}—M^ from (e), 

dividing by w', and putting 

U for [a:«4-y* + 4(A:«-a«)], 
we shall have 

Ui!r2=8*i!r-3. (g) 

If we subtract the equations in (f ) one from the other^ we shall 
find 

a(a?«-y«)t!J«=4^(a«-A:2)t!ja + 8*«i!r«-5*tu + l; 
or putting 

V for a(^«-y«) +4*(^«-a«), 

the resulting equation becomes 

V«r8=8ytV«-5^tsr4-l (h) 

If we multiply this equation by 3, and add (g) to it, the resulting 
equation becomes 

3Vw«=(24yt«-U)tsr-7* (i) 

Eliminating ^ from the two quadratic equations 

Utsr«=8*tsr-3, 1 

3Vtsr«=(24*«-U)tBr-.7*J ^^' 

we shall obtain the resulting expression in terms of x^, y^, k, and a, 
the projective equation of the involute of the quadrantal hypo- 
cycloid. The elimination of tar gives the final result, 

U[U2-13A:«U 4- 1 28*4] ^v[18^U+ 128*8- 27V], . (k) 
where 

U=^« + y'+i(A:*-a'), and V=a(a'«-y«) + 4*(it«-o«). 
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137.] On the tangential equation of the trigonal Hypocycloid. 
In this case R=3r ; hence, as R=2»r, n=f ; and if we substi- 
tute this value o£ n in the general equations, 

sin(n--l)<^ cos(n-l)<^ . v 

^ 2r(»-l)8inw<^' 2r(n-.l) siniw^' • • • vy 

putting <l>^20, we shall have 

^_ sin 6 _ cos .,. 

^"F^iiTsS' ^'""rsina^ ^^^ 

Hence * 

r«(^ + y«)8in«3^=l (c) 

Dividing the expressions in (b) one by the other, we shall have 
sm 6 = — .7 cos = — ;=r=->. sin 20 = xs-t— 



cos 20= 






But sin30=sin2dco8 0+co6 20sind (d) 

Substituting the preceding values of these expressions, 

sm Z0 = -^ — ^-^ ~-^ • 

But (c) gives sin 3^= - ^ g.^ . Hence, equating these values 

of sin 3d, 

rf[3i^-f«]=f*+i^ (e) 

We shall arrive at a more symmetrical equation of this curve if 
we choose the inclination of the axes at such an angle as will enable 
us to place two successive cusps of the curve on the axes of coordi- 
nates. Let the coordinate angle be 120°. Then, by the help of 
the formula given in sec. [4], which enables us to pass from a rec- 
tangular system to an oblique one, that is to say, 

Vy — f COSCi) 
I/ — : , 

smo) 

2u -ff 
as ft)=120°, we shall have i;= — ^=^. 

V3 

Substituting this value of i; in the preceding equation, we shall have, 
putting B for the radius of the base circle, 

Rfv(f-fi^)=r + v' + i;f, (f) 

a symmetrical equation in £ and v. 



-f^^^vf 



(B) 
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Thiii equatiou may be written in the form 

Now 

c " 

by the tangent to the hypocycloid. Let / be the length of this 
taugeut between t))e axes, and s, s^ the Begmeuts of the axes cut off 

by it; theu, as ^=M + -j+t"> '^^ ^^^ ^^^^ 

E(« + «^=/». (h) 



a + s, 
or the sum of the squares of tlie sides is to the sum of the sides in 
a coikstant ratio, while iu the quadiontal hypocycloid the sum of the 
squares is constant. 

Let P be the perpendicular from the centre on tlie limiting tan- 
gent to the trigonal hypocycloid. It may be shown that 



2P= 



1 



4rJ = 



1S8.] On the tangential equation of the hexagonal Hypocycloid. 
Let the radius of the revolving circle be one sixth of the radius 
of the base circle, or R=;2»r=Gr or m^3. 
Hence the geueral expressions now become 

11 30' sin 30 

Consequently 

16r"(f' + i;")«inS30=l (») 

We shall also have 

. 1=, 008 2*-— .i — 1 



sill 2if>= 



(I) 



VP+ 



2 sin* 0= 



V'P + 



■ It is bemdo the pur^se of this work further to devclope the n 
beautifulpropertiesof this curve, which, in accordance with anBlogy I have named 
the trimmal hypocycloid. The object of thia worlc is rather to develope now 
mothoOB of inveBtigntiDn than to discuss at k'ngth properties of pnrttculiu curvea 
or surfacea. There ia the less need to <lo eo in the present case, as the pmpertiu* 
of the tricuep hypocycloid have been mode tha subject of profound inveetigaliaiu 
by MM. Chagles, Cremona, and Steiner on the continent, and amongst ournelvM 
l^ Messrs. Clifford, Laver^, Townsend, and others. The subject will be foiunl 
treated witb much elegance and research in the mathematical portion of the 
' Educational Times ' and other tike publications. 
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siu' 3^=2 ain^ 2^ cos* i^ + 2 COB* 
+ 4 sin 2tf> cos 20 ein tf> cos i^. 



lip bin' 



I' 01 



Substituting the preceding values of these expressions, and 
equating the two values of siu 30, we finally obtain 

j;i_8r*(£^4.y«)]*(f* + u2) = 6-lH^(3f*-v«)», . . (d) 

the tangential equation of the hexagonal hypocycloid. 

To exhibit the tangential equations of epicycloids and hyjio- 
cycloids of more numerous convolutions than those above invea- 
tignted, would require the solution of cubic and still higher equa- 
tions, 

139.] On the tangential equation of the_ Cycloid. 

The cycloid may be considered as an epicycloid, the radius of the 
fixed circle being infinite. 

Let A, the initial position of the moving point in contact with 
the horizontal striught line, be taken at the origin of coordinates, 
and let the circle be conceived as having rolled forward so as to 
bring the point A into the position P. 

Then, aa in the case of epicycloids, the limiting tangent is at right 
angles to the momentary radius PQ 
of the circle whose centre is the point Fig. 24, 

of contact Q. of the rolling circle with 
the horizontal line or axis of X, the 
other extremity being the tracing- 
point P. 

Hence the limiting tangent always 
passes through B, the extremity of the 
vertical diameter of the roUiug circle. 

Let f and v be the tangential coor- 
dinates of the limiting tangent, and let 

r.20 be the arc which the circle liaa rolled over, being =C1BX ; 
then manifestly, since QX = arc QA, plus the tangential coordinate 
AX, we shall have 

2rtan0=2r0 + i (a) 



Now tan 0=^, and 0=tan-'(i.l; consequently wc shall have 



2r{[|-liui-0)]=l, or 2r [„-ftan-'(p]»l, 



(b) 



the tangential equation of the cycloid. 

If, instead of taking the origin at the extremity of the curve, wc 
take it at the centre of the base, or at the distance rjr from the first 
origin, then using the formula: given in sec. [3] for the traus- 
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formation of coordinates, i 



mely 






by whicli the translation of the origin and axes of coortiinates in 
parallel directions may be effected. lu tins case we shall have 
«==r7r, and q:=0. Hence the formulte uow become 



w 



J fi_ „ a_ 

Substituting these values in (b)j we shall have 

Now it may easily be shown that the tangeut of I g— tau" ' (^'\ 

is -. Hence the tangential equation of the cyeloid, when the origin 
is translated to the middle of the base, is 



2r\ o + ftan- 



■(!)] 




140.] The vcrtes V and the hypotei 
triangle are given in posi- 
tion. The sides are W 
and VB, while VP is the 
perpendicular on the hypo- 
tenuse. The line AD is 
taken always equal to the 
circular arc VQ,. The line 
drawn through D parallel 
to VA will envelope a cy- 
cloid. 

Let VP=2r, 'and the angle PVQ=<^. Then we shall have 

PQ=2r^=AD, and PA =2/ cot 0, and cot^=|. 

But PD = PA + AD, or 

3r[w+£tan-'(^] = l, 

an equation which exactly coincides with {d), the tangential equation 
of a cycloid, the origin being at the middle point of the base. 
HI.] On the iangenlial equation of the Logarithmic curve. 

Let the projective equation of the logarithmic curve be ^=ae'>, 
and, without detracting from the generality of the expression, we 
niay take a as the base of the syetetn of logarithms whose modulus 




ON EPICYCLOIDS AND HYPOCYCLOID8. 141 

is m ; then ^^ = — c«» : but ~- = — ^ ; hence — - = — 6»»». and 

Qx m ax V a V 

y=— m-; substituting this value of y in the dual equation 

yi;=l— arf, we shall find 

-=f^+i)' w 

m \m^ J ' 

and the tangential equation of the logarithmic curve becomes 

(=r+«"-='' <") 

In any curve the subtangent «= (^— ^ ) > ^^* ^^ ^^® logarithmic 

;r=-z+i'»> as in (a) ; substituting this value of ;r/ 

«=m, or the subtangent is constant. 

When ^sst/^ or when the tangent is inclined at half a right angle 
to the axis of X, y= — m. 

When ;p=0, w0=:--l, and the general equation (b) becomes 

— ) +1, or-=a. 
at;/ V 

142.] On /Ae tangevdxal equation of the Cissoid, 

Let the projective equation of the cissoid be 

ar(^+y')-ay*=FaO (a) 

dP dP dP dP 

Then finding the values of -r— , -p, and of j~^+ j— > we shall 

have 

^__ 8g— 2j? o_ 4(o-g)^ 

Eliminating ;r^ we shall obtain for the tangential equation of the 
cissoid^ the expression 

27aV=4(^f-l)3 (b) 

143.] On the tangential equation of the Lemniscate. 
Let the projective equation of the lemniscate be 

(^+yV~4a*(^*-S^')=0=P (a) 

Let 4?*+y'=r*, then we shall have 

r*=4a«(^«-y«), 8aV=r«(4a« + r«), 8aV=^* (4a* -»•«). (b) 

Hence^ using the formulae of transition^ and substituting in them 
the values of x and y in terms of r, we shall obtain 

2aVf«= (4a« + r«) (r«-2a«)«=16a«-12aV« + r«l 

2aMi;«=: (4a«-.r«) (r« + 2a«)«= 16o« + 12aV«-r6J • v^^ 



( 



(b) 
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Consequently, 

r^{P + i/^)=16c^, and aV(f2-i^)=r*-12a*. . . (d) 

Eliminating r from these equations^ we obtain finally the tangential 
equation of the lemniscate 

27a*(f« + i/^)«=4[l-.a«(f«-t;«)]» (e) 

144.] On the tanffential equation of the Cardioid. 
The projective equation of the cardioid is 

(ar«+y«-a«)«-4a«{(ar-a)«+y«}=0=F. . . (a) 
Hence 

^=4iF(^«+y«-3a«)+8a», ^=4y(a?«+y«-3a«), 

and 

dP dF 

consequently 

Eliminating ;r and y between these equations and that of the 
curve (a), the resulting tangential equation of the cardioid is 

27fl«(P+t;«)(l-af)=4* (d) 

* Mr. W. Spottiswoode, F.R.S., has ^ven a very elegant solution of this 

froblem in the mathematical papers published in the ' Educational Times ' for 
865. It is as follows. '< To ehminate a: and y between the three equations 

"3f {(:r-«)»4-y«} •"3v{(x-(i)'»4-j^}"4{(x-a)»4-y»}*'' ' * ' ^*^ 
" Let 0:4+ y*— a*=r*, then the given equations become 
ar(r8-2o»)4.2<r'=3a»f(r8+2a»-2aa:), (1) y(ra-2a«)=3aav(r2+2fl»-2ar), (2) 
r«=4«»(r»4.2a«-2ar). . . (8) Whence (r«-2a8)«=Jr<f-2a^, . (4) 

(r2-2a«)y=Jr*v (5) 

".-. (r»-2a»)s(o:»4-y»)=(r»-2a»)»(r»+«^) = Ar8(f»4-v^)-3aVf+4a«; (6) 

also, from (3) and (4), 

8r*{-8a» _ 8a<-h4flV-r< 

4(>-»-2a>)'" 8a' ^^^ 

** But multiplying out, and dividing throughout by r*, (0) and (7) become 

9(f»4-vV-l^+48aXl-«f)=0> (B) 

»*-6aXl-flf)=0; (9) 

also 

{ (8)4-8(9) }H-r2 gives 9(f»H-i;^)r»-.8=0, 

whence finally 

27fl'(f+v»)(l-«i)=4, (b) 

the tangential equation of the cardioid.'^ 
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On the projective equation of the curve whose tangential equation is 

aV + i*f'=a'6^{e* + i>*)', (a) 

or the curve touclietl by one side of a right angle wliicli moves along 
an ellipse, the other aide passing through the centra 

14o.] Let f* + u*=«r', then the equation of the curve may be 
written 

^= a--b^ ' ^"^"'^ («^-i») ■ ■ • {^' 
If we differentiate the equation fl'A'(f* + v')'— fl*v*— i'P="l>=0, 
wc sliall have 

^=iaW[P + ^%-a'(, and i?=4o«S'(P + v')»-2a'i/,1 
df dy 'I (j.) 

Henee ^- '^'^j''^ »ml ;,= '°''°^7''" . . . (d) 

If we square these equations separately, and introduce the values 
off and V given in (b), we shall have 
a*sT«jr^ (b« - b^) = 4fl*«r* — 4fl^»* + 1 - 4«*i*w« + 4o*t«w* - A*or«, (e) 
6*w«i/»{a*-A«)=4AVw«-4a«iV* + aV=— Ifi^ia^ + ii^*-] ; (e,) 
adding these expressions, and dividing by a*—b^, we shall have 

[a«j* + 6V + 4«*A*]or<=4(tt« + i*)w*-3; . . . (f) 
or writing Q,* for a*a:* + A*y' + 4a*4*, the equation becomes 

Q*B*=4(a«+ 6')6r*-3 (g) 

If we multiply (e) by i* and (e,) by a', and then add the results, 
we shall hare, dividing by («'— t*), 

a'i^{a;' + y^)o6=(a» + fi»)Br'-l {h) 

Let a^+y'=R*, and this equation multiplied by 3 becomes 

Sa«fi»R*w^=3[<i« + 6*')w«-3. 
If we subtract {g) from this expression, and divide by «*, we 
shall have 

3a*i»B,*n^ - Q^w» = - (o« + 6*) (i) 

We have now to eliminate o* and a* Iretween the equations 
3a»6*R*«*-Q*isr* + (o^ + 6')=0,andCl''«*-4(aH6*)w^ + 3=0. (j) 
Eliminating bH and w', we pet finally for the projective equation 
of this curve the following expression, 

Q'«-(aHi*)*Q8-18a«A*(a« + A')R»Q*) 

+ 10(fl» + 4'')VA*R'+27a*A<R*=O. | ' ■ ^ ' 
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Substituting for Q* its value [a*a?*+AV+4a*A*], we obtain the 
projective equation of the curve, which is of the sixth degree. 

When the curve is an equilateral hyperbola, a*4-i*=0, and the 
general equation becomes 

[(;r*-s^«)-4a«]»=27aV'+yT- 

146.] On the tangential equation of the curve inverse to the central 
ellipse. 

The projective equation of this curve is 

a«a?«+AV={^*+y*)* W 

Let 

4?2+y2=r«, (b) 

then the preceding equation becomes a*a?*4-Ay=r*. . . (c) 
Hence 

" a«_i« ' y a* -A* ' • • • W 



but 



and 



g=2(2r«-a>, ^=2(2^-4%. 

T» dF , dF o_4 
°=di^+dyy=^''^- 



> • 



(e) 



Consequently 

.f=(?r!r?.v .=(Hr!^; . . . . <f) 

or, substituting the values of x and y given in (d), 

(a«-ft«)r«f«=4r«-4aV + aV«-4ftV + 4a«4V-a^Z»S . (g) 
(a« - ft«) r«i;« = - 4r« + 4fl V - ft V -f 4ft V - 4a«ft V« + fl^ft* ; (h) 

add together (g) and (h), divide by (a*— ft*), and the resulting ex- 
pression will become r^(f* -f- u*) = (a* + ft*) r* — a*ft*. ... (i) 

Multiply (g) by ft* and (h) by a*, and the resulting expression, 
dividing by (a*— ft*), becomes 

(ft*f*+a*i/^)r«=-.4>'«+4(a*-f-ft*)/^-8a*ft«r*; . . (j) 

or if we put U=ft*P + a*i/*-|-4, (k) 

we shall have, dividing by r*, \5r^ = 4 (a* + ft*) r* — 3a*ft* ; . (1) 

and if we write «r* for (0* + w*), (i) becomes 

r6t!r*=(a* + ft*)r*-a*ft* (m) 

Multiply this expression by 3, subtract (1) from it, and divide by 
r*, we get 

3r4tsr«-Ur*+(fl* + ft*)=0 (n) 
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Multiply (1) by (a« + i«) and (n) by 3a«6«, the resulting expres- 
sions will become 

9/^a«4«tff2=3Ua2ftV-3a«A«(a« + i2). | • • • V 

Subtract one from the other and divide by r* ; consequently 

{U{a« + ft«)-9a«6«tsr«}r«=4(a2 + 6«)2-3Ua«4«, 
or 

o_4( a«+&T-3Ufl «A' ,. 

U{a»+6«)-9o«A«w« ^" 

(1) may be written 

and (n) may be written [ (l) 

Equating these values of 7^, we get another expression for r* — 
that is to say^ 

U«-12(a« + 4V^ ^^ 

K we now eliminate r' from this and the preceding equation (p)^ 
we shall have the equation 

and if we substitute for U and cr their values^ the tangential equa- 
tion of the inverse curve of the central ellipse becomes 

If in this equation we make A*= — a*, the original curve becomes 
an equilateried hyperbola, and the preceding equation is reduced to 

27a4(f« + v2)«=4[l~fl«(f«-i;2)]8, 

which is identical with (e) in sec. [143], writing 2a for a, and is 
therefore the tangential equation of the lemniscate. 

147.] On the reciprocal polar of the evolute of an ellipse. 

The equation of this curve is 

and it may be generated as follows. 

LfCt a tangent to an ellipse be drawn meeting the major and 
minor axes produced in the points C and D. If ordinates to the 

L 



146 
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axes be erected at these points^ the locus of their points of inter- 
section will be the curve whose equation is given above. 

Fig. 26. 




The tangents to the ellipse at A and B will be asymptotes to the 
curve. 



Let 

then 
and 






Hence 






Ax 



» . 



. • 



(b) 



; 



xy 



,« > 



Vs=' 



or 






consequently f=-5. In like manner ^=-3- 



Let 



aa=l, A/3=l, ;r«=^, y«=4- 



Substituting these values in (a)^ 



or^ as 



JM . a«M «♦*♦ At at 1 

1 A 1 
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the tangential equation of the reciprocal polar of the evolute be- 
comes 

©*-©*-• <«' 

precisely the form, of the projective equation of the evolute of the 
ellipse. 

On the tangential equation of the semicubical parabola. 

148.] The projective equation of the semicubical parabola may 
be written in the form 

27ay«-4p8=0=:P (a) 

Taking the partial differentials^ 

dP _ dP .„^ , ^ dP . dP .. - ,„ . 
^-54fly, ;g^=-12a;»,and D=^y+-g^a?=54ay«-12^. 

8 —2 

Consequently J7=^, y= — . Making these substitutions in (a), 

we shall have 

af-.t;»=:0, (b) 

the tangential equation of the semicubical parabola. 

On the tangential equation of the Cubical parabola. 

149.] The projective equation of the cubical parabola may be 
written under the form 

3a«y-a?»=0=:P. 

„ dP Q 9 dP ^ , , dP . dP T^ „ „ 

Hence -=-=:—8d?*, -T-=8aS and -T-y4- j-a?=D=— 2ar. 
da? ' dy dy ^ da? 

3 1 

Consequently arnsg^, V^^^ii 

Substituting these values of x and y in the projective equation^ 
we obtain for the tangential equation of the cubical parabola 

9i;+4a«i^=0. 

On the Involute of the Cycloid. 

150.] Let the cycloid be conceived as placed in the position 
O V C (fig. 27), O being the centre, V the vertex, and C the cusp ; 
and let the unwinding of the curve be conceived to commence at the 
point V, and let P Q be the position of the elastic radius. Now P Q 
is a perpendicular to the limiting tangent LT at P, and 

PQ=thearcQV = 2QB=4rco8«^. 

l2 



OH TBB INVOLUTE OP THE CYCLOID. 
Fig. 27. 



ii ^^ ^^ T^p -ii * 



But we have shown in sec. [5] that the erpreaaion for a perpen- 
dicular on a limiting tangent let fall &oin a point Q, whoae pro- 
jective coordinates are x and y, is 



P=- 



1 



The angle ABQ=LTO=0, QT = -|, and OU=i. Hence 
co«^=- 



But in this case as P=4r cos <^, 

4rv=l +x^—yv, since f is negative. 



(») 



Now 



"f* + i^ 



'W+^' 



and a:=OC— AC+AD, or i=2rJi-— ^l + sin^cos^t, since 

the angle which the limiting tangent at P makes with the vertical- 
is the complement of the angle which the elastic radius makes with 
the same vertical ; hence 

Consequently 

and therefore 

4rw=il+2rf(^|-A Now tmC^-4>\=cot<f,^~i 
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consequently 

4ru-2rftan->/0 = l (b) 

If we now translate in parallel directions the axes of coordinates 
to the vertex V of the curvej which we may effect by the help of 
the formulie in sec. [3], 

1 +2rv/ l+ary, 
the preceding expression becomes 

ar|u-fti>i|-'(j)l = l (c) 

But this is exactly the expression we have found for the tangen- 
tial etiuation of a cycloid when the origin is at a cusp ; see (b), sec. 
[139] . Hence the involute of a cycloid is a cycloid having its axis 
parallel to the axis of the former, at the distance 2r from it, and 
having its cusp at the vertex V of the original cycloid. 

Since PQ=4rcos0, and BQ=2rcos0, it is evident that the 
flexible ra<iiu9 is always bisected by the horizontal tangent to the 
original cycloid at V. 

When the axes of coordinates are translated in parallel directions 
to the vertex V of the cycloid, the tangential equation of the cycloid 
assumes the very simple form 



2rftan- 



(!)- <^) 



CHAPTER XV. 

ON PARALLEL CURVES. 

151.] Two straight lines in a plane are said to be parallel when 
a perpendicular to the one is also perpendicular to the other ; whence 
it foUows that these ptTpendicular distances, wherever taken, are 
equal. 

So also two concentric circles may be said to be parallel, since 
the differences of their radii are equal, and they are at right angles 
to their respective circles. 

We may widen this definition and say that two or more curves 
are parallel when the differences of their coincident normals are 
constant. 

In general the parallel cunes will be of different orders. Thus 
while the tangential equation of the ellipse is of the second degree, 
the tangential equation of its parallel curve will be of the fourth 




1= 



\-im; ' 



1-*.. 



I imd also i 



l-lm 



W 



Making these subatitutiona far f and v in the original tangential 
equation of the curve, we shall obtain the tangential equation of 
tlie parallel curve. 

We shall now proceed to apply tliia tlieory to a few examplea. 

152.] To determine the tangential equation of the curve parallel 
to tht ellipse. 

The tangential equation of the ellipse referred to its centre and 
axis is a'f + 6S^*=1. 

Substituting the values above given for f and v, we shall have 
[(a«-A')f»+(A'-A^)t/'-l]«=4.A'(£* + v»). . . (a) 

Hence it foUowa that if a series of elastic radii or strings be applied 
to the erolute of an ellipse, of all the curves that may be thus traced 
out by a tracing point at the extremity of the radius, there is only 
one that will be an ellipse ; all the rest will be curves of a higher 
order than the second. 

The length of a quadrant of tlie evolutc of an ellipse is manifestly 
the difference between the normals to the elliiMe at the extremities 
of the minor and major axes. Let g be the arc of the quadrant of 
the evolutc, then 

'-T, a — :*- C"' 

Let a and j9 l>e the scmiaxcs of the evolutc. These scmiaxes are 



t 
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evidently the differences betweca the semiaxes of the ellipse aiid 
the coiucident iiormalB, or 



e^ aud ^=-r—b-- 



consequently 



r;- • ■ ; « 

Now the length of the elastic radius or string that may describe 
the ellipse by a tracing point at its extremity is the quadrant of the 
evolute, plus the difference between the coincident semiaxcs of the 
ellipse aud evolute ; hence, the letigth of this radius being /, 

— T-~ + a— ae* = -7-- 
ab b 

This is the length of elastic radius or string that will describe the 
conjugate ellipse. 

To express the length of this elastic radius in terms of the semi- 
axes of the evulutc. 

; eliminating a and ft, we find 



l=s-k-{a-a), or /= 



Now l=-r, and a = ae^, 



Hence, if the semiaxea of the evolute of an ellipse be a and (3, all 

other lengths of flexible radii or strings greater or less than 573^— j 

will describe curves whose tangential equations are of the fourth 
order. 

Hence also, if we assume the surface of the earth to be an oblate 
spheroid, and to be covered by a sea or atmosphere of uniform 
depth, the outer surface of this enveloping shell will not be a surface 
of the second order, but one whose tangential equation is of the 
fourth order ; and if we imagined aucceaaive shells or strata of uni- 
form thickness to be applied, the equations of the outer surfaces 
would all be of the same order. 

This is a curious illustration of a breach of the law of continuity. 
However small the thickness of the shell may be, while the interior 
suH'aee is that of an ellipsoid the tangential equation of the outer 
surface will be of the fourth degre«. 

153.] The Twrmals of a parabola are increased by the constant 
line h ; to find the tangential equation of the curve. 

The tangential equation of the parabola referred to its focus as 
origin, the axis of the parabola being the axis of X, is, as shown in 
see. [49] (b), 



.11(1 V llieir values given iii the pre- 



w 
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If we now substitute for f e 
ceding section, we shall have 

the tangential of the curve which is always at the distaoee^A firam 
the parabola, or the curve whose normals differ from the coin- 
cident normals of the parabola by the constant quantity h. 

The parallel curve of the evolute of the ellipse whose tangential 
equation ia 

will have for ita tangential equation the following expression : — 

To find the parallel curve of tfte quadrantal hypocycloid. 

Ita equation is f*-+-i/*=u'f*i''. 

Hence the equation of its parallel curve is 

[L-2aAfw](f* + v*)=A«(^ + w«)« + a«fV. . . . (d) 

Tojind the equations of Ihe parallel curves of the involute oj the 
quadrantal hypocycloid. 

154.] The tangential equation of the involute of the quadrantal 
bypocycloid is, as in sec. [136], 

Uk+a]P+{i-a)^]'=e + v' (a) 

To obtain the equation of the curve parallel to this curve, we 
have only to substitute in this equation the values of f and v indi- 
catetl in [151], and the equation ofthe parallel curvej or of one whoae 
normals differ from those of the former by the constant A, is 

[{t + A + a)f«+(ft + A-fl)i.']«=|» + vS . . . (b) 
a form exactly the same as the preceding, only having k-\-h instead 
of k. Whence it follows that whatever the lengths may be of the 
aucceasive elastic radii, the difference between the anes of any one 
of the involutes ia constant, and independent of the length of the 
elastic radius. Hence these successive eurvcs constitute bands of 
equal width, like concentric circles. 

We may easily find the tangential equation of the curve that is 
parallel to the semicubical parabola. We have only to substitute 

for i and u the values ^j — '-. — and -r-—^, — in the conation of the 
1 — Aw, 1 — Aw, ^ 

', as given in sec. [148]. The equation will become on 



curve «£■= 
reduction 



i*f'-AV+(AV--2af}f'i'*+i/'=4.. 
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158 



In like manner we may find the equation of the curve parallel 
to the cycloid^ whose tangential equation is 



to be 



2r.[l4.^tan-(D]=l, 
r2n;-f2rftan-»('^-iy=A2(f« + u*). . . .(d) 



CHAPTER XVI. 

ON THE TANGENTIAL EQUATIONS OF EVOLUTES. 

155.] The system of tangential coordinates supplies a general 
method of determining the tangential equation of the evolute of any 
curve whose projective equation is given. To determine the equa- 
tion of the evolute of a curve by the ordinary methods often requires 
eliminations that are wholly impracticable. 

Let A B be an arc of a given Fig. 29. 

curve, whose equation is 

F(^,y)=o. 

Let Qt be a normal and 
QT a tangent to the curve 

AB. Let 0T=^, Ot=^, 

OD=ar,QD=y; andasTQr 
is a right angle, Q D«=D T x D t, 

y*=(fc-^j(^-t), or [a?-(y«+a;*)f]f,=l-arf. 

dP 




or 



(a) 



But, as we have shown in sec. [22], f = 



dF 



dP 
dy* 



^4-5-y 



IS we substitute this value of f in the preceding equation, we 
shall have 

dP dP 



dv d^ 



^-aZV 



dF • 
x-—y 



(b) 



dy dr^ dy *" d;r 

156.] We may apply this method to a few examples. 

To determine the tangential equation of the evolute of the ellipse. 
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The equation of the ellipse is a*^+l?a^ — a*A*=F«Oj hoice 

dP - . dP .,.j 

Substituting these values in the preceding formulae, we find 

-_?!__ -_J!__ 

Introducing these values of x and y in the equation of the ellipse, 
we obtain, omitting the accents, 

a2f« + iV=(a«-A2)2|«i;% (a) 

the tangential equation of the evolute of the ellipse. 

157.] To find the tangential equation of the evolute of the para- 
bola. Let the projective equation of the parabola be y* = 4A: (2* -f ^), 
the origin being taken on the axis at the distance 2k, or the semi- 

dP dP 

parameter, firom the vertex. Hence ^=2y, ^=4*; making these 

substitutions in the general formulae, we find for the tangential 
equation of the evolute k^=zv% the tangential equation of the 
semicubical parabola. 

158.] On the evolute of the semicubical parabola. 

Let the projective equation of the semicubical parabola be written 
in the form 

3ay2-2^=0=P. 

dP dP 

consequently 



^ a a: 



Hence 



and 



-=^, or a?=*^> 

^x^ ^ c^xfi 
'' V a ^ ^ 



Substituting these values of x and y in the dual equation, wc 
shall have for the tangential equation of the evolute of the semi- 
cubical parabola the expression 

4ai/4=3f«(3f-2ffu«). 

159.] On the evolute of the cubical parabola. 
The pi*ojective equation of the cubical parabola is 

3a^y-s^=0 (a) 
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Hence ^=-3^', ^=8a«, ^*-^y=8a«ar+ar«y. 

Consequently^ and v being the tangential coordinates of the 
evolute, 

* &c(a«+«y)' &r(a«+«y)' • • • • W 

dividing one .by the other, ;r=aA/^ (c) 

Substituting this value of x in the equation of the curve {a), we 
find 






and if we substitute these values of » and y in the dual equation 
^^+yv=l, we shall obtain as a final result the following equation 
for the evolute of the cubical parabola^ 

9^=fl2i;(3f2+t;«)2 (d) 

On the evolute of the quadrarUal HypocycUnd. 

160.] The tangential and projective equations of the quadrantal 
hypocycloid are 

J*-f v^ssa^f^v*, and a7*+y*=a*; ... (a) 

difierentiating this latter^ and applying the usual formulse of trans- 
ition^ we obtain 

dP « _. dP ^ . 

and 

dP dF -, . ., 

^^-d^y=*(^"*-y*"*)- 

Consequently 

o 0?* a^ , — y^ 

hence ^= , or y^ + a!i^=0 ; combining this expression with the 

if 

dual equation a?f +yv=l, we get 

_ P _ -xfi 

Substituting these values of x and y in the projective equation 
of the curve, we obtain 

f« + v«=a2(f«-v«)«, (b) 

the tangential equation of a quadrantal hypocycloid^ which we 
may reduce to the usual form by turning the axes of coordinates 
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through an angle of 45^^. In sec. [2] it has been shown that this 
transformation may be effected by putting f =f, cos 5 + u, siufl. 



-w, cos^, or in this caae, as 0=~, '/2£=£,+ v,, 
:2f ju, ; consequently equation (h) may 



Pig. 30. 



=£(—",; hcncef*— 1 
now be written 

Hence it I'ollows that the 
evolute of the quadraiital hy- 
pocycloid is also a quadrautal 
hypocycloid whose parameter 
is twice that of the original 
hypocycloid, and whose axes 
make angles of 45° with the 
original axes. If we take the 
evolute of this hypocycloid, 
its parameter will be four times 
that of the original hypocy- 
cloid, and its cusps will lie in 
the same direction. 

On Me tangential equation of the evolute of the Lemniacate. 
161.] Let the projective equation of the lemniscate be 

(x»+y*)«=4a^(:t«-j,«) (a) 

Putting r" for a^+y', we may write this equation under the forms 

^=-8^^' ^ 8^- f^) 

Hence 




=4rV- 



dF 



Substituting these values in the general formulie for detenniniag 
the tangential equations of evolutcs, we shall have 

. 2fl*+r* 2a*-r« 2a' + r' 2«*~j^ 

«=~-r^ — '1 "= -,- 9 ■ > or x= , a,. , y=- - , , - . . (o) 
4a*jr 4u*y 4«'f ' 4u*i; * ' 

Between (b) and (c) we may eliminate x and y. 
The elimination of x gives 

The elimination of y gives 

[ 1 + 2a V] r* - 4yi« [1 + 2a»u*] r» + 4a* = 0. 
If we subtract these ctguations, one from the other, we shall have 

[BUv'y^=4-4a^£^-v^) {d) 
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Adding theae equations together, we shall have 

[l-a«(f-i/«)]r^-4fl*(f»+i.')r»+-ta*=0. . . (e) 

Eliminating r between theae equations, we get 
4[l-a>(P-^)]--lo-'[l-a'(f'--«)](£« + „T + «<(P + »«)> = 0,(f) 
the tangential equation of the evolute of the lemniBcatc. 

The preceding equation may be written also under the form 
8[l-„«(p_„.)].-l[l-«<({>-^)](H-k,<p„!)+o«(ri + „«)S=0.(g) 

We shall now apply this method to a more difficult example, 

162.] To find the evolute 0/ Ihe curve 

a*j^ + AV=(^'+y')* (a) 

This is the equation of the locus of the foot of a perpendicular 
from the centre to a tangent to an ellipse. Let 

a^+y»=r«, (b) 

and the equation of the curre may now be written in either of the 
forms 

^=^z^ ^' 'f=l^:^ ('^) 

If we diSerentiate (a), and substitute in the general formidae for 
determining the tangential coordinates of the evolute the values 

thus found for -,- and -r-, we shall find, after some simple reduc- 
tions, 

3r«-A« , a«-2r« ... 

^=(5f36^f »"'»!'= (Hc:a>- ■ ■ ■ W 

If we now eliminate x between the first of (c) and the first of 
(d), and y between the aeeond equations of the same groups, we shall 
have two equations by which we may eliminate r. Hence 

[a«fS_6Sf*_4]r*+ [h*^-a%^p +4A»]r«-6*=0,"l 

If we multiply the first of (e) by a* and the second by A*, we shall 
have 

Subtract one from the other, divide by (o'— A')r', and the result- 
ing equation will become 

[tf'f» + 6*u*-4(o' + i»)]r'-|-[4a»6«-a*6»f«-a«6<i;»]=0. (g) 
Hence 

^_ i.'t'[»'P + tV-t] ^, 

Kf + 4V-4(o« + 4«)] ' ' 

If we divide e{iuationH (f ) by the coefficients of r^, and then sub- 
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tract them one from the other, we shall obtain another expression 
for r* — that is to say, 

[(«^-6»)r-'lK(a*-A*)i'* + 4] " 

Between (h) and (i) we may eliminate r; so that the resulting 
tangential equation of the evolute of the inverse curve of the central 
ellipse is as follows : 

If in this equation wc make — i*=a', it will coincide with (g), 
ace. [161], the tangential equation of the evolute of the lemniacat€. 



(J)* 



CHAPTER XVII. 

ON BEVOLVINO ANGLES, PROJECTIVE AND TANGENTIAL. 

163.] These constitute a large class of prohlcms. It is an obvious 
question to ask what may be the locus of the point in which a per- 
pendicular from a fixed point meets a tangent to a given curve ; and 
it is equally pertinent to inquire if a right angle move along a given 
curve, one aide passing through a fixed point, wliat will be the curve 
enveloped by the other side of the angle. 

To these questions answers have hitherto been obtained by inde- 
pendent methods, each adapted to the particular case under inquiry. 
But they may all be solved by one uniform method, as simple as it 
is universal, and one that requires neither skill nor ingenuity in its 
application. 

It is proper to give distinct definitions of these curi'es. When a 
right angle moves afong a curve whose projective equation is given, 
one side of tlic right angle paaaing tiirough the origin, the other 
side will envelope a curve which may be called the tangential pedal 
of the given cur^e. 

When a right angle moves so that one side shall touch a curve 
whose tangential equation is given, while the other aide passes 
through the origin, the vertex of the right angle will describe a 
curve whicli may be called the projective pedal of the given curve. 

Nothing can be more simple than the proof of these important 
propositions, 

Let XY be a tangent to a curve afi, and OF a perpendicular on 

• Profeesor Price, in hia able trentise on the Infiniteminal CtJculiu, vol i. 
p. 363, well obBervec, " Theorulically, the equations to the evolut«B of nil curve* 
may be found by means of the given eijufttions ; but the difficulty of elimination 
ie ill all Ctiaes, save in two or tcree bemtoi; the abovi', tui tn^ii bs to bt- beyond 
the preMnt powers of aimlyHe." 
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id let the angle 




(a) 



this tangent. Let PD = j/,OD = : 
which P luakea with the axis 
of X be ^. Now tan = '-, 

and cot 0=5. Hence ^=1, 

or y^ ~- XV = 0. Combining 
this relation with the dual 
equation xi + yv = 1, elimi- 
nating one variable at a time, 
we shall have 

(a) Let a perpendicular be let fall from the origin of coordinates 
on a tangent to the curve aj3, whose tangential equation is 
0(0, t')=0, The projective equation of the locus of the point in 
which the perpendicular from the centre meets the tangent will be 

obtained by the mere substitution of -h -„ and —s^ — s for £ and v 

. . ^■* + ff'_ _ x^'^■y^ _ 

in the preceding equation ; so that the projective equation of the 

projective pedai wiU be N J^s. ^q:pj=0- 

((3) Let AB be a ciirve (see preceding figure) along which a right 
angle moves, one side passing through the origin. The tangential 
equation of the curve a^ which the other side envelopes, will be 

found by substituting « T.^2 ^^^ t^ , i for x and y inf{x, y) = 0, 
the projective equation of the given cur\e AB; so that the tangential 
equation of the envelope will be/ ^ g , ^ ^ =0. 

These are very remarkable ae well as general theorems. They 
admit of the widest application ; and there arc no difficulties of eli- 
mination to contend with. The solutions are obtained by simple 
substitution, and tbcy afford another striking illustratiou of that 
duality which pervades all mathematical truth. 

164.] "We may illustrate this theory by its application to a few 
examples. 

(a) The projective equation of a straight line is ay + bx^ad; 

for y and x substitute their values v, ^ and ■ ' ■ - ^ , hence 

ow+if=n6(f'+w*}, the tangential equation of a parabola. Hence 
the tangential pedal of a straight line is a parabola. 

O) The tangential equation of a point 'Ka^-^bv = \. Foif and i< 
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substitute their valnee -3 — -s and -=-=- — 5 j the reaultine equation 

becomes ax+b!/=3^ + y^, the projective equation of a circle passing 
through the origin. Hence the projective pedal of a point ia a 
circle. 

(y) Let the general tangential equation of a conic section be 
af + <x,i>» + 2/Sfu + 27f+27,''=l. 

Substitutiiig for f and v their values aa given above, wc shall 
have 

this is the projective equation of the locus of the foot of a perpen- 
dicular let fall from any point in its plane on a tangent to the curve. 
It is manifestly a curve of the fourth degree. 

(8) The tangential equation of a circle when the origin is at the 
extremity of a diameter is r*i;' -)- 2rf = 1 ; and if we substitute for 

V and S their values ■ „ — ., and -g — -5, we shall have 
x^ + y' a'* + y*' 

{x'^ + yy—2rxi^ + y^)=ry*, 
the projective equation of a cardioid, the origin being at the cusp 
of the curve. 

165.] The projective equation of a circle, the origin being any- 
where in its plane, ia 

a^ + ij^—2px—)£q>f^r^—p^~q^ (a) 

Hence, if a right angle move along this circle, one side passing 
through the origin, the other side will envelope the curve whose 
tangential equation is 

ir^-p^-<j^)r + v^)+2p^ + 2qv=l. . . . {b} 

Now, as the coefficients of the squares of the variables arc equal, 
and as the rectangle vanishes, this is the tangential equation of a 
conic section whose focus is at the origin and whose centre coincides 
with the centre of the circle, seeing that p and g are the projective 
coordinates both of the circle and the conic section. 

When the point is within the circle the locus is an ellipse, when 
on the circle it is an infinitesimal parabola degenerating to a straight 
line passing through the centre ; and when the point is outside, the 
locus is an hyperbola. 

Let the tangential equation of the parabola be, see (d) sec. [49] , 
y? +/,«^ + fff t^ + Af + V = ; 
and if wc substitute in this equation the values of ^ and v, wc shall 
have 

fx''+f^,^+3xy + (^ + h,y) {x^ + y^) =0, 
a curve of the third degree which passes through the origin. 

Let the tangential equation of the ellipse referred to its centre 
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and asesbe fl*£*4-6*u* = l, then the equation of the projective pedal 
of this curve will be aV* + i*y*=C** + y*)*, a welUkuowii curve. 

166.] Let the projective and tangential equations of the semi- 
cubical parabola be ay' =a^, and u* — o£^^0. If a right angle move 
along this curve while one side passes through a cusp, the other 
side will envelope the curve whose equation is ot/*(f* + u*)=p; 
and the locus of the foot of the perpendicular on a tangent to this 
curve will be i/^[r/^+a^) = aa^. 

167.] The tangential equation of a cycloid, the middle of the 

base being theorigin, is 2rJ y + S tan''i-H = l (a) 

Consequently the locus of the foot of the perpendicular on a tan- 
gent to the curve is 

(b) 



■©} = 



An independent geometrical proof of this theorem may be given. 
Let O C be a perpendicular 



on the tangent P B to the 
cycloid at P. Let OD=a', 
C D = y, and the angle 
PBa=<^, 

In the adjoining figure, since 
C D and O D are the coordi- 
nates of C, the foot of the per- 
pendicular OC ou the tangent 
PB to the cycloid, we shall 
have 

OU = 0,V-QA = 



Fig. 32. 




■[2 -f 

— [2r-y)tau0. 

shall have the above expres- 



and OQ=OD-aD = 

Equating these two values of OQ, i 
sion for the locus. 

168.] A right angle moves alonff a cycloid; one side passes through 
the centre of the base, the other side will envelope a curve whose tan- 
gential equation may be thus found. 

When the cycloid is referred to projective coordinates, the origin 
being at the centre of the base, we know that its equation is 



''(r^)^'^~ ^^'■*'-y'- 



K we make the necessary substitutions, the equation of the c 
veloped curve will become 

"■»-'■! ,=-„—.> l'={- V2f^+iiH?. 
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169.] Let the tangential equation of the cardioid be 

a«(P + i^)(3-2flf)=l3 
and if we put a=8c, the equation will become 

27c«(e2-fi^)(l-2cf)=l. 
Substituting for { and v their values^ we get 

or 



27c2(^2^y2-2ca?) = (ar«+y2)« .... (a) 

is the projective pedal of the cardioid. 

The projective pedal of the evolute of the cubical parabola whose 
tangential equation is 9^ = a^v (S^ + v*) *, see sec. [159] , will become^ 
on making the indicated substitutions^ 

9a^{a^ + y^)^=a^y{3x^ + y^)^ (b) 

170.] Let the curve be the quadrantal hypocycloid whose tan- 
gential equation may be written 

For i and v substitute their values -p- — b and ^ ^ : the re- 
suiting equation becomes 

And the polar equation of this curve, putting a? =r cos 5, y s=r sin 0, 
becomes 2r=/sin2d. 




Hence the locus of the foot of the perpendicular on a tangent to 
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the quadrantal hypocydoid becomes the looped curve^ as shown in 
figure 33. 

171.] The equation of the logocyclic curve is 

as we shall show further on. 

The equation of its tangential pedal is therefore 

or if a right angle move along the logocyclic curve so that one side 
shall pass through the cusp^ the other side will envelope the curve 
of which the preceding is the tangential equation. 
169.] The projective equation of the lemniscate is 

(ar«+y«)«=a«(^«-y2). 

The tangential equation of its tangential pedal is therefore 
fl*(f*"~v*) = 1^ ^^^ tangential equation of an equilateral hyperbola. 

Hence, if a right angle moves along a lemniscate, one side passing 
through the centre, the other side will envelope an equilateral hy- 
perbola. 

172.] The projective equation of the evolute of an ellipse is 

the equation of the tangential pedal is 

(D'H^)'-'^^"*'' "■' 

The tangential equation of the evolute of an ellipse is 

i2f«^aV=(««-A«)2£«t;«, (c) 

the projective equation of the projective pedal is 

The projective equation of the cissoid is 

y*(2r— ,r) =0?*; (e) 

the tangential equation of its tangential pedal is 2ri;*— f =0, the 
equation of a parabola with its axis in a reverse position. 

Hence, if a right angle move along a cissoid so that one side 
shall always pass through the cusp, the other side will envelope a 
parabola. 

The tangential equation of the cissoid is 

3rM = l-2rf; 

the projective equation of the projective pedal is therefore 

3ri(/ + a^«)VI=ar«-fy^-2ra^ (f) 

173.] The tangential equation of the curve generated by the cx- 

M 2 
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treraity of a liue of constant length A added to the Qormals of an 
ellipse, as shown in sec. [152], ^a), is 

[(fl»-A*)r + (A*-A«)v«-l]«=4A«(r+i^')- - ■ (a) 
If now in this equation we substitute for £ aud v the values 

x'+y^ x^ + y* 

we shall have for the resulting equation of the locus 

[(a^-A«)a:'+(i*'-A')y*-(a:»+j/*)*]*=4A»(a:' + y')^ ■ (b) 
a curve of the eighth degree. When A=0, we get the equation of 
the foot of the perpendicular, 

a»^^+fiV = (*'+y')*. (c) 

as may he otherwise investigated. 

Hence, if a right angle so move that one of its sides shall pass 
through the centre of an ellipse while the other side envelopes the 
curve parallel to the ellipse, the vertex of the right angle will move 
along the curve whose projective equation is (h), a curve of the 
eighth order, 

174.] When we take the parallel curve to ihe parabola whose 
equation is given in sec. [153], (a), that is to say, 

[*(P+v') + t]'=4<piE'+.>), W 

it becomes 

(a^« + y^(A + :j:)»=/iV, ....... (b) 

the projective equation of a con- 
choid. Vig- 34. 

Indeed we might Lave antici- 
pated this — because, if we let fall 
a focal perpendicular to a tangent 
to a parabola, the locus of the 
foot of the perpendicular is the 
straight line perpendicular to the 
axis touching the parabola at its 
vertex; and if we produce all these 
perpendiculars by the cotistantliiie 
A, their extremities will describe 
a conchoid of which the modulus 
is A, the rule the vertical tangent 
to the parabola, and the pole the 
focus of the parabola. 

Let F A Q Q, be the parabola, 
F the focus, A the vertex, and 
P Q, P, Q, tangents to it. P 
moves along the line A P P,. Let 
PC=P,C,=A, then CT, C, T, 
parallel to P Q, 1', Q, are tangents 
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to the parallel curve^ and CC| are evidently points in the conchoid 
BCC,. 

Hence^ if a right angle move along a conchoid, one side passing 
through the pole, the other side will envelope the curve parallel to 
the parabola, which has its focus at the pole of the conchoid. When 
AssO, the conchoid degenerates into the vertical tangent to the 
parabola, and the curve parallel to the parabola becomes the para- 
bola itself. 



CHAPTER XVIII. 

ON RIGHT ANGLES REVOLVING ROUND FIXED POINTS IN THE PLANE 

OF A CURVE. 

1 75 .] Let the tangential equation of the given curve be ^(f , v) = 0, 
the fixed point being taken as origin. Let a right angle revolve 
round this point, one side meeting a tangent to the curve in its 
point of contact; to determine the projective equation of the locus 
of the point in which this tangent meets the other side of the right 
angle. 

The equations of the locus are 

d* _d^ 

dv df 

di;^"d?'' dv^ df'' 

This theorem may be established as follows : — 
Let (d?y, Pi) be the projective coordinates of the point of contact, 
and {x, y) the projective coordinates of the required locus. As the 
tangent to the given curve passes through the points (^^ y^) and 
{x, y), we shall have the equations 

ar/f-fy/V=l (a), and x^+yv^l ; . . (a^) 

and as the sides of the revolving angle are at right angles, we shall 
also have 

yff + xpp^O (b) 

We have also by the formulae of transition, see sec. [22], 

d* 

^'=3*— d*" ("^ 

df^+d^;^ 

Eliminating x^, y^, and y from the four equations (a), (a^), (b), and 
(c), we shall have 

d4> _d* 
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176.] To apply these general formnlse to some particular exam- 
ples. 
The tangential equation of an ellipse^ referred to its axes^ is 

a2J« + AV-l=0=*. 

Hence -r- =2i*v, -jj.=2a^f ; substituting these values in the gene- 
ral formula (d), the resulting equation becomes 

Comparing this equation with the one given in sec. [147], we 
shall see that the locus is the reciprocal polar of the evolute of a 
certain ellipse. 

1 77."] A right angle revolves round the point of inflexion of a cubical 
parabola ; one side meets a tangent at its point of contact with the 
curve, the other side will meet the same tangent in a point, of which 
the projective equation is required. 

Let the projective equation of the cubical parabola, asshown in 
sec. [149], be 

3a2y-a^=0 (a) 

The tangential equation of the same curve is 

4a2^=9v. (b) 

d^ d<I> 

Hence ^=9, ^ 12a«r, 

d^ d<I> 
and A,=^f-^«=3f(3+4a«ft;). 

Consequently ^=^^^^1-^ and y=-~2^y 



(c) 



Therefore 1?=^ or f=A /^. 



Introducing this value of ^ into the equation of the curve (b), we 



k^/'h- 



find for the value of i;:- ^ 

Qax 

Substituting these values of ^ and v in the dual equation, the 
resulting equation becomes 

[y2 4.ar2]2y=12aV, (d) 

the projective equation of the required locus. 

178.] A right angle revolves round the cusp of a semicubical para- 
bola ; one of its sides meets a tangent to the curve at its point of 
contact ; the other side will meet the same tangent in a point, of which 
the locus is required. 
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Let 3i;«-aP=:0=<I> (aj 

be the tangential equation of the semicubical parabola^ then 

=6v, ^=-3flJ«, and A,^-^ f-_i;=8fv(af + 2). 



dt; 
Hence 



j?= 



2 _ ag , y_^a^ 



(b) 



Substituting in the equation (a) of the curve this value of t; as 
derived from (b), 

^"^W ^^^' ^^^ ^^^ ^^^ ^'^^' • • • (c') 

Substituting these values of f and v in the dual equation 
^f +yv=l, and reducing, we obtain the projective equation of the 
locus^ 

12a?V+8y*=9aa?8 (d) 

179.] A right angle revolves round the vertex of a parabola ; one 
side of the angle meets a tangent to the curve at the point of contact ; 
the other side of the angle will meet the tangent in a point whose 
locus is a curtate cissoid. 

Let Arv*— f =0=<I> be the tangential equation of a parabola^ the 
axis being taken in a reverse position. 

Let P O Q be the right angle revolving round the vertex O, one 

Pig. 35. 

T 




side O P meeting the tangent in P, the other side O Q meeting the 
tangent in Q. 
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Now^ taking the partial dilSerentials^ we shall have 

d<l> ^, d4> - , . d4>j, d<l> ^, ^ , 
^=2*1;, g^=-l, and A,= ^f-;g^i;=2A:uf + i;. 



d^ 
Hence a:=-T-= 



2kv 



y= 



Af 2k^V'}-v' ^ 2k^V'hv' 



Consequently - = 2kv or v^nTTf 



and = 



2k-'X 

2kx ' 



Substituting these values of f and v in the original equation^ we 
shall find on reduction the equation of the locus 

2y«(2A:-^)=a^ (a) 

If now we substitute y^ for 2y^, we shall have y*(2A:— ^)=a7®, 
the projective equation of the cissoid. Hence, the abscissae remain- 
ing the same, if we shorten the ordinates of the cissoid Q B in the 

ratio of 1 : \/2, we shall obtain the curve C B C., the required locus; 
or if the ordinate of the cissoid be represented by the diagonal of 
a square, the ordinate of the required locus will be its side. 

180.] If the revolving angle, instead of being a right angle, should 
be one whose tangent is t, we rniist transform (b), sec. [175] into 

^=m=M; (a) 

and eliminating X/, y„ and y between this expression and (a), (a,), 
with (c) in the same section, we shall have 

d*_d* 
3?" dv 



and 



(dr^+dirl+idf-d;;^}^ 



y-j^ 



d^ d^ 

di; "•" df "^ 



(df^+di7''j + (dF''-d^f}^^ 



(b) 



We may apply these formulae to one or two examples. An angle 
whose tangent is t, revolves round the centre of an ellipse, one 
side passes through the point of contact of a tangent, while the 
other side of this angle meets the tangent to the ellipse in a point 
of which the locus is required. 
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Let a^P + 1^\^ = 1 be the tangential equation of the ellipse ; then 
Substituting these values in the preceding formulae^ we shall have 

dividing one by the other, we shall have 

y_^v±^ ^^ v^ fl^(y~Tj?) .^j 

a? a^^—bhn f 6*(a?+Ty) 

ir* 1 
But the equation of the curve gives a* 4- A* p^fes' ^^^ ^'^ ^^^ 

equation gives a? 4- y-^=^. Prom these equations^ eliminating x, 
we shall have 

a« + A«^=a?« + 2a^|+y«^, . . . . (e) 



or 



Introducing into this equation the value of ^ as given in (d), the 

resulting equation will be 

(a«-d?«)ft*(a?+73^)«+ (A«-y«)fl*(y-T;r)«=2:rya«A«(jr + 7y)(y-TO). (e) 

If we assume the revolving angle to be half a right angle, t= 1, 
and the preceding equation becomes 

Analogous expressions may be found for the parabola and other 
curves. The application of the method presents but little difficulty. 



CHAPTER XIX. 

TO INVESTIGATE THE LOCI WHEN THE BBVOLVING ANGLES IN THE 
TWO FBECEDINO CHAPTERS ARE OTHER THAN RIGHT ANGLES. 

181.] We may, with very slight modifications, apply this method 
to determine the equations of curves generated by the motion of 
an angle o), whether the angle on move along a given curve, or be 
the intersection of a tangent with a line drawn from the centre at 
the angle to. 
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We can show that the lines 3P, y, ^, v may be transformed into 

f V 

X y 



x= 



> • 



f= 



ir = 



(a) 



^* + y^ 4" icxt^ " a?^ + y^ 4- Kxy' 
Let O X and O Y be the axes of coordinates meeting at the angle 

Fig. 36. 




». Let X Y be the limiting tangent. Let the revolving angle be 
O P X. Let P D be drawn parallel to the axis O Y. Let P I)=y, 
OD=;r. Then, as the supplement of the angle YOX=PDO=:OPX, 
the triangles X O P and POD are similar. 

Hencea?=r*f : but r*=7s 5 =-, putting ic for 2cosa>. 

Consequently 4?=i= 1 z-- 

^ P + t^ + K^v 

In like manner we may show that f =-0 o 

•^ * x^-\-y^-\-Kxy 

When we shall have obtained the equation of the locus of the 
moving angle a> by the help of oblique coordinates, we may pass 
back again to rectangular coordinates and exhibit the equation of 
the required locus referred to rectangular coordinates. 

182.] To apply this method to an example or two may suffice. 

To find the projective equation of the point in which a tangent 
to an ellipse is met by a diameter which makes with it an angle 
of 60^. 

The tangential equation of an ellipse, referred to its centre and 
axes, is 

a«f« + AV=l; (a) 

and if we alter the angle of ordination from a right angle to 60^ by 
the help of the formula in sec. [4], we shall have 

(3a« + A*)r + 46V-4&20t;=3; . . . . (b) 
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and if we now substitute for and v their values as given in (a)^ 
since 2 cos <o^k=1, we shall have 

(3a« + A«)a?«+4AV-44«ary=3(^«+y«H-ary)«, . . (c) 

the projective equation of the curve along which an angle of 6(f 
moves^ one side touching the ellipse while the other passes through 
the centre. 

183.] The tangential equation of the trigonal hypocycloid^ the 
axes of coordinates being inclined at an angle of 60°^ is 

R(f +i;)fv-f* + t^ + fi/, see sec. [137]. 

If we now draw a tangent to this curve and a radius meeting this 
tangent at an angle of 60®, the projective equation of the locus of 
this point will be 

R(d?H-y)ary = (a?2+y'+a?y)* (a) 

Let O X, O Y be the axes of coordinates, inclined at an angle of 

Fig. 37. 




120°, so that YO X may be equal to 120°. Let the angle O PQ^GO*"; 
then the above equation will be the locus of the point P, the inter- 
section at an angle of 60^ of the line O P with P Q, a tangent to the 
trigonal hypocycloid, having two out of three of its cusps at the 
points X and Y. 



CHAPTER XX. 

ON THE LOCI OP RIGHT ANGLES REVOLVING AROUND GIVEN CURVES. 

184.] A right angle revolves so as to touch with its sides a given 
curve, to determine the projective equation of the vertex of the right 
angle. 

Let P and P^ be the perpendiculars let fall from the origin* on the 
sides of the revolving right angle ; and let x and y be the projective 
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coordinates of the vertex of the right angle. Let the tangential 
G(|uation of the given curve <t(f, v) =0 be transformed into 
^[P, sinX, co9X]=0, by writing siuX for Pf and cosX for Pu. 
It is manifest that ar* + y*=P*+ P,*. 

Since the limiting tangent passes through the point (xy), we 
shall have a'f +yw=l or y cosX+a^-sin X = P; and for the perpen- 
dicular P, at right angles to the former, y sin X— ar eos\=P,. 

Making these substitutions in the given equation of the curve, 
we shall have 

i/)[(y cosX+j?Bin\} sinX, co8X]=0; ... (a) 
and for the perpendicular P, at right angles to the former, 

0[(y sinX— «co8X)sinX, C03X]=0. . . . (h) 

Between these equations, eliminatingthe trigonometrical quantities, 
we shall obtain the projective equation of the locus in terms of jt, y, 
and the constants of the given tangential equation of the curve. 
To apply this method of investigation to some examples. 
185.] Let the tangential equation of the ellipse referred to its 
centre and axes be B'f^ + AV=l. Multiply by P*, and the result- 
ing espressi on becomes 

Q*cos*X + i*sin*X=P* = (y cos X-|-j:sinX)*, 
or 

a* cos' X + i* sin* X= y* cos' X + 2xy ai n X cos X + jr* sin' X ; 

for the perpendicular ?„ at right angles to P, we shall have 

a* sin* X + i' cos* X= y ^ sin* X — 2icy sin X cos X + a^ cos* X ; 
adding these equations, 

or the locus is a concentric circle whose radius = */«*+**, awell- 
known theorem. 

Lei tite curve be the parabola. 

186.] The tangential equation, of the parabola, see sec. [49], (i), 
the origin being at the vertex, Is 

Au'+f=0 (a) 

Multiply by P", and we shall have k cos* X + P sin X =0, or, sub- 
stituting for P its value, we shall have 

Acos*X+a:sin*X + y sinXcosX; . . , . (b) 
for the other side at right angles to the former, wc shall have 

isiu'X+xcos'X— y sinXcosX; .... (c) 
adding these expressions, i + a:=0, or the locus is the directrix. 

To invettigate the equation of the vertex of the right angle which 
envelopes the involute of the guadranlal hypocycloid. 
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187.] The equation of this involute, see sec. [186], is 

(/+a)f«+(/-a)i;«= Vr+V^, (a) 

or, multiplying by P*, 

(/+a) 8in*XH-(/— a)co8'X=P=yco8X4-a?sinX. . (b) 

For the other side, at right angles to the former, we shall 
have 

(/+a)co8*XH-(/— a) sin'X=y sinX— orcosXj . . (c) 

writing cos 2X for cos^X— sin^X, squaring these expressions, and 
adding, 

2/« + 2a«cos«2X=ar«+y«, (d) 

or 

cos2X=[^— L_J, (e) 

and 



L 2«' J 



If we multiply (b) and (c) together, the resulting expression 
becomes 

2/«-2a«cos«2X=(y«-^«)sin2X-2arycos2X; . . (g) 

or if we write for brevity M and N for the values of cos 2X and 
sin 2X given in (e) and (f ), we shall have 

4/2-(a;«+y«) = (y««ar«)N-apyM, . . . (h) 

the projective eqiuition of the locus of the vertex of a right angle 
rolling round the involute of the quadrantal hypocycloid. 

A right angle revolves , touching with its sides the curve parallel to 
the parabola; to determine the locus of the vertex. 

188.] The tangential equation of the curve parallel to the para- 
bola is 

[*(^ + u«)+f]«=A«f«(£« + v*), .... (a) 

the focus being the origin, see sec. [153]. 

Multiply by P*, first taking the square root, and we shall have 

A: + P sin X:=^ sin X, 
or 

A:+a?sin*X4-y sinXcosX— AsinX=0; . . . (b) 

for the perpendicular at right angles to the former we shall have 

A: + a? cos^X— y 8inXcosX+AcosX=0 ; . . . (c) 

adding these expressions, 

2A: + a?=A (sinX— cosX) (d) 

Consequently 

sm2X= ^p '- (e) 
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Subtracting (c) from (b), 

A(co8X+8inX)=y8m2X— jrco82X; . . . (f) 
and 

A(8inX— C08X)=2A:+a:, from (d). 
Consequently 

A* cos 2X= (2A:H-a?)a? cos 2X— (2A:4-a:)y 8in2X, 
or 

(2*4-^)ytan2X=(2A+a?)a?— A«j (g) 

and substituting for tan 2X its value derived from (e), 

[A«-(2*4-a?)]y=:{(2* + a?>-A«P[2A«-(2*+a?)«], . (h) 

the projective equation of the required curve. 

When A=0, the equation is satisfied by putting 2*4-^=0 or 
ar=— 2*, and y indefinite^ or the locus is the directrix when the 
curve is a parabola. 

A right angle revolves, touching with its sides a cycloid; to deter- 
mine the locus of the vertex. 

189.] Let the tangential equation of the cycloid be 

2rri; + ftan-»(^J=l, (a) 

the origin being taken at the centre of the base. 

Multiply this expression by P the perpendicular from the origin 
on the limiting tangent^ the resulting expression is 

2r [cos X + X sin X] =P ; 
and as 

P=y cos X -fa? sin X, 
we shall have 

[y— 2r]cosX-f [ar— 2rX]sinX=0 (b) 

K we take the perpendicular at right angles to the former, we 
shall have 

[y — 2r] sinX— hp— 2>Yx+^HcosX=0. . . (c) 

Eliminating sin X, cos X from these expressions, we obtain 

r2;.X_(x-r|)T=(r|)'-(2r-y)«. • . . (d) 

But if we eliminate X between (b) and (c), we shall have 

• o> 2r— y , . 

sm2X=— ^, (e) 

'•2 

or 2X=sin~' / ^\ ; substituting this value of 2X in the pre- 

TT 

'2 
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ceding equation^ the resulting expression becomes 



rsin~' ' 



^ '"2 ^ J 

the projective equation of the vertex of a right angle revolving 
round a cycloid. 

A right angle revolves round a fixed point, whose sides meet a curve 
in certain points, to determine the tangential equation of the curve 
which is enveloped by the line joining these points. 

190.] Let /(^, y)=0 (a) 

be the equation of the curve^ the origin being taken at the fixed 
point. Let 

y=^mx (b) 

be the equation of one of the vectors^ and let 

a:fH-yv=l (c) 

be the equation of the limiting tangent. Now (a) and (c) may be 

1 
written /te, w) 9XiAx=^^ : eliminatinfi: x between these two 

equations^ the resulting expression will become 

/(?,t/,w)=0 (d) 

The other side of the right angle will give 

/1(0, v,w^)=0; (e) 

and as the angle is assumed to be a right angle^ we shall have the 
additional equation 

mm^^^\=^0 (f) 

Eliminating m and m^ between these three equations^ the resulting 
equation in { and v will be the tangential equation of the sought 
curve. 

An illustration of this method may suffice. 

A right angle revolves meeting two given straight lines in the points 
A and B ; the line which joins the points A and B will envelope a conic 
section whose focus is at the origin, and will also touch the two given 
lines. 

191.] Let -+i = l, (a), and -+| = 1 (a^) 

be the projective equations of the two given straight lines ; let 

y=nx (b) 

be the projective equation of one of the sides of the right angle^ 
and let 

r^+yv^l (c) 
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be the dual equation ; eliminating a? aiid y between tliese three eqiia- 
tioQS, we shall have 

"='.(1^) <^) 

For the otlier straight line we shall have 

•■.4;(*^-f) w 

But as the revolving angle is a right angle, Bn,+ 1=0; conse- 
quently, substituting for n and n, their values, we shall have aa the 
resulting expression 

the taugential equation of a couLc section. 

Since the coefficients of the squares of the variables are equal, 
and the rectangle f u does not appear, the focus of the conic secttou 
is at the origin. The given straight hnes arc tangents to the curve ; 



for the equation (e) is satisfied by putting g= 



and v- 



1 



•f=i. 



The curve is a parabola when aa,+ lfb,=0; for then the absolute 
term vanishes, But when ««;+ 1)6^=0, the given linca are at right 
angles. 

192.] A right angle revolvts round a point in the plane of a conic 
seclioH meeting the curve in two points; Ike line joining these points will 
envelope a conic section, one of whose foci is at the given point. 

Let the origin of coordinates he taken at the given point, and 
let the equation of the curve be 

Aa:« + A^» + 2B^ + 2Ca:+2C^=l (a) 

lict y = nx (b) and x^+gv = l (c) ; eliminating x and y between 
(a), (b), and (e), the resulting equation mav be written 
2[B + C ^ + C^|ij A+2Cf_-p_ 
" + A, + 2C>-./« "^A, + 2C>-i-*-"- ■ ■ ^''' 
If now we take the other side of the right angle, bearing in mind 
that Vim, + 1=0, we shall have 

2[B+S£+C,^-M A, + 2C..-v« 

Now, as n must have the same roots in each equation, the coejii- 
cients must be identical. Equating the absohite terra in each, we 
shall have {A + 2C{-P)'=(A, + aC>-i'')". 

And taking the tsquare root on each side, 

(A + 2l'£-f') = +(A,+ 2l>-„'). 
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We cannot, a priori, say which of these signs we should select ; 
but on eomparing the second terms, and dividing out the commuu 
numerator (B + C^ + Cu-fu), we find 

Consequently the resulting equation becomes 

r + i/'-2Cf-2C,i.=A + A, (f) 

Now, aa the squares of the varinblea have the same coefficients, 
and the term in fi; does not appear, this conic section has its fociis 
at the origin. 

RECiPlTtlulTION. 

193.] It may be well to recapitulate the propositions that have 
been established in the preceding Chapters, on the description of 
curves by the motion of straight lines and angles constrained to 
move under certain conditions. 

In Chapter XV. it has been shown that a curve may be drawn 
parallel to another curve at the distance h from it, by substituting 

s_ 



s ^1^ 



^ for f and v, 



1-A Vf.^ + w,^ l-hVl^~ 

in the tangential equation of the eune i^(f, v)=0. 

In Chapter XVI. it has been established that if a right angle 
re^'olves touching at its vertex a curve whose projective equatiou is 
/(x, y} = 0=F, the other side of the right angle will envelope a curve 
(the evoliite) whose tangential equation may he found by eliminating 
z and y between the expressions 

dP _(1F 

^ Jv 

— W 



md /(^, y) = 



fl« '^■' il,.J' 



dF _dF ' " W" 
Aij da;" dy 

In Chapter XVII. it has been pi-oved that if a right angle 
revolves so that its vertex shall move alonga ciu-ve whose equatiou 
is /(a", 1^) =0, while one side of the angle passes through the origin, 
t!ic other side will envelope a curve whose tangential equation may 
be found by substituting, for x and i/ in the preceding equation. 

It has been moreover establiahed in the same Chapter that 
if a right angle revolves, one side paBsiug through a fixed point, 
while the other aide envelopes a curve whose tangential equation is 
0{fj '') = 0. the projective equation of the vertex of the right angle 



will be found by substituting -r s ai 

' " x^ + y^ 

given tangential equatiou of the cur\'e. 



.■■■=+y' 



for f and v in the 
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In Chapter XVIII. it has been Bhown that if round a fixed point 
in the plane of a curve a right angle revolves so that one side 
ahall i>a8B through the point of contact of a tangent drawn to the 
curve, the locus of the point in which the other aide of the right 
angle meets the same tangent will be found by eliminating f and i; 
between ^(f, v]=0, the tangential equation of the curve, and the 
equations 

d* _d5 

Av , df 

^= d^^_tK' ■ ""** y= a^, j^ ■ 

di- ^ df " du ^ df " 

In Chapter XIX. it is shown how the preceding methods of de- 
scribing curves by the motion of right angles constrained to move 
under certain conditions may be extended to the description of 
curves by the motion of any angle whatever. 

lu Chapter XX. it has been established that if a right angle 
revolves touching with its sides a curve whose tangential equation, 
0{f, v) =0, is given, the coordinates of the vertex x and y are found 
by eliminating f and u between the equations ^(f , v)=0, x^+yv= 1, 
xSi + j/Vi = \, and, as the lines are supposed to be at right angles, 
^^,+ vv=0. 

Finally, if a right angle revolves round a point, meeting in pointa 
a curve whose equation is/(.T, y), the line joining these points en- 
velopes a curve whose tangential equation may be found by elimi- 
nating X, y, and n between the equations 

f{x,y)=Q, xi+yv=\, x,l+y,i>=\,\ 
y=jue, y,=nf:, and nn, + l=0. J 



CHAPTER XXI. 

ON PEDAL TANGENTIAL COOaDINATEE. 

194.] Besides the system of tangential coordinates which has 
had its principles developed in the foregoing pages, there is another, 
which for distinction may be called pedal tangential eoonlinates. 
The object of the former method is to develope the duality of the 
properties of space in an analytical form ; while the scoi)e of the 
latter is to derive new curves from others already known, by the 
mechanical action, as it were, of a very simple law. 

Let Y{x, ff)=0 be the projective equation of any plane curve or 
other locus. In this equation for x and y let their reciprocals if 
and V be substituted, xi and yu being each = l, and the new equa- 
tion, Pfp, -1=0, becomes the taiigcntial equation of a curve, iu 
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general of a different species^ but derived from the projective 
equation F{r, y) =0 by a very simple law. 

A few illustrations will render this method of pedal tangential 
coordinates very obvious and plain. 

Let the projective equation of a straight line be ~4-t= 1. For 
^ and y substitute ^ and -, and the equation becomes 

-s4-Y-=l, or oAfi;— flf— fti;=0, 

the tangential equation of a parabola^ see sec. [49] . 

195.] Let us take the common projective equation of the circle 
a?« -f. y« = a*. Substitute for x and y their reciprocals^ and the equa- 
tion becomes 

P + x^=:a^^, (a) 

the tangential equation of the quadrantal hypocycloid. 

It is obvious that as ^4-^=fl«, the portion of the limiting tan- 

gent which revolves between the axes is of constant length and 
equal to a. 

Let us assume the central projective equation of the ellipse, 

x^ \fi ..11 

-g +^2= 1 > for J? and y put their equivalents g and -. The result- 
ing equation becomes 

a«f«+AV=a«A«£«i;«, (b) 

the tangential equation of the evolute of an ellipse. 

Hence the line joining the feet of the projective coordinates a:, y 
of an ellipse referred to its axes envelopes the evolute of another 
ellipse. 

Now the semiaxes of this evolute along the axes of X and Y are b 

and a. We may satisfy ourselves that this is so^ by putting - and ^ 

successively equal to 0. 

Now if A and B are the semiaxes of the ellipse of whose evolute 

AV 
b and a are the semiaxes, we shall have a =-77- and b^ke^, hence 

15 

4=5 ^^ ^=?::t«' ^=i^^^T« (^) 

It is evident that the portion of the limiting tangent which 
revolves between the axes of coordinates is equal to the semidia- 
meter of the ellipse which makes an equal angle with the axis of X ; 
and as the sum of the reciprocals of the squares of any two semi- 
diameters of the ellipse at right angles to each other is constant, 

n2 
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SO must the reciprocals of the squares of any two tangents drawn 

to the evolute at right angles to each other be constant. 

196.] In the base of the evolute AB, let two points M and N be 
^ 

taken so that AN x NB = OM ; and if from M and N two tangents 
be drawn to the curve, of which the intercepted parts are / and V, 
we shall have P + /^«=a« + A*. 

Pig. 38. 




It is evident that P + /«=:0M^ + ON* -f Om + On- 
ButOM*+ON*=a«. 

also have — o-+-t5-=1, or On =A* — 5 ON* : and in like 
or o*" fl* 



We 



A« 



manner Om =4^ — 5OM ; hence 

or /«+/«=o«+6«. 

197.] Let two tangents at right angles, one to the other, be 
drawn to two concentric and coaxial evolutes whose axes are con- 
nected by the relations 

i_i_i JL_J__i 

Let the segments of the tangents be / and /,, we shall have 

11^1 



?'^lf~a^^hf' 



Let -s5+78- = l, or putting -=A, t=B, the result becomes 



A« B« 



«-+TT=l* oif ^+«r5=^; 



A^ B^_J. 



(a) 
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but it may be shown that if a> be the angle which / makes with the 

axis of X, /f= , and /i;=-: : consequently 

'cos©' sma>' ^ ^ 

A* cos* 0) H- B^' sin* © = ^a^ or/ as B* — A*=: p, 

substituting, A* + — p— = 75. For l^, we shall have A ^* H — p— = j^, 
consequently 

A* + A;+p=^V^; or, as A* + i=B;, 
we shall have 

A*4-B^*=^H-^, or ^ + p=/2+7«- • • • W 

On the tangential pedal of the Semicubical Parabola. 

198.] The equation of the semicubical parabola is ay^=a^, its 
tangential equation is i;*=ap, and the tangential equation of its 
pedal is also v^=a^. Hence the pedal curve of the semicubical 
parabola is the semicubical parabola itself. Consequently if we join 
the feet of the ordinates of one branch of the curve by a straight 
line, this straight line will be the envelope or limiting tangent of 
the other branch. Thus while one of the branches may be traced 
out by a point, the other may be enveloped by a straight line. 

199.] Let us assume the equation of the fourth degree, 

fl'y*+A*^=iP*y* (a) 

Substituting for x and y their values ^ and -, we get 

the tangential equation of an ellipse referred to its centre and axes. 
Hence the line which joins the feet of the ordinates x and y in 
the equation (a) envelopes the ellipse whose semiaxes are a and b ; 
and if we erect perpendiculars to the axes of coordinates from the 
points in which they are met by the limiting tangent, these lines 
will meet on the curve (a), see sec. [147]. 



CHAPTER XXII. 

ON THE RADIUS OP CURVATURE AND THE RECTIPICATION OP PLANE 

CURVES. 

200.] The method of tangential coordinates is peculiarly appli- 
cable to the rectification of plane curves. 

In the common formulae for rectification derived from the methods 



182 



ON THE RAIllDS OF CURVATURE AND 



of projective or polar coordinates, the clement ds of the arc is as- 
sumed to be the hypotenuse of an infinitesimal right-angled tri- 
angle, of which the sides are the infiiiiteBimals da: and dy ; while 
ill polar coordinates) the element As is the hypotenuse of the right- 
angled triangle of whinh the aides are dr and rd6. We must then 
take the square roots of these expreasioiis to adapt them for itite- 
gration. Thus 

d«= Vd^+dy', and ds= Vdr'+r^d^. 
Now a little consideration will show that these expressions axe 
arbitrary. They have nothing to do directly with the curvature of 
the eun'e itself. They depend on the previous establishment of & 
particular system of coordinates. Had the system not been in- 
vented, such a method of rectification would have been any thing 
but obi-ious. 

In the following method, the primary element on which the 
length and curvature of a given curve depend, is the radins of cur- 
vature at the extremity of the element; and it is easy to show that 
the arc of any given curve may be exhibited as made up of two 
distinct elements, the one depending on the curvature of a circle 
whose radius varies from point to point, while the other element, 
which is arbitrary, is the differential of a straight line. 
As the centres of curvature move 

along the evolute of the given curve, 

it would seem thatthecoordinatesof 

the centre of curvature which isfound 

on the evolute, must be necessary ele- 
ments in the rectification of a curve ; 

but we may elude the difiieulty in the 

following way. 

Let C A, C A, be the radii of cur- 
vature at the extremities of the ele- 
ment of the arc of the curve A G. 

From an arbitrarily assumed, but 

fixed point 0, let perpendiculars OB, 

O B, be let fall on the tangents to the 

curve at the points A and A,. 

A B and A, B, may be called pro- 

tanffenta of the curve, seeing that 

they are the projections of the radius 

vector OA on the tangents of the 

curve. 

Let AB = f, and A,B,=;,. From 

the point O let fall the jierpcndiculars 

O U, O U, on the radii of curvature 

A C, A, C. These are equal to A B 



rig. 39. 
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and A^ By, and therefore equal to / aud i^ respectively. Through U 
draw the line U a parallel to O By or to V^ A^. 

Now, though we cannot determine the increment of /, or the 
value of tj—t from a consideration of the lines A B and A^ B^, seeing 
that they have no point in common, yet by comparing their equals 
O U and O U^, the opposite sides of the rectangles A B O U and 
Ay By O Up we may see that /— /y=UVy ultimately. Let X be 
the angle which the perpendicular O B or P makes with the axis 
OX; then, putting AC=R the radius of curvature, let 
A U=0 B=P. Also d\ being the element of the angle between 
A C and Ay C the radii of curvature, and also between the perpen- 
diculars P and Py, which are parallel to them, we shall evidently 
have, when the radii of curvature are indefinitely near, 

(R-P)dX=UVy=/-/y=d/. .... (a) 

As VyUyis ultimately =P— Py=dP,and VyUy=M\, we shall have 
ultimately 

c[X=^' ^^ 

or 

dX*~dX ^*^ 

Introducing this value of -^r in the preceding equation, we shall 

have 

d*P 

an elegant and simple expression for the radius of curvature. 

[I find this formula entered in an old note-book of mine as having been dis- 
covered on the 17th August, 1837.] 

201.] Since the elementary arc of the curve As is manifestly 
equal to Aa + aB and Aa=Pd\, while aAy is equal to UVy, the 
opposite side of the rectangle aAyVyU, and UVy=d/, ultimately, 
we shall consequently have 

d«=PdX + d/ (a) 

Since d/=(R— P)dX, the sign of dt will depend on the sign of 

(R-Py). 

dP 
We have shown in (b), sec. [200], that -y^=t; and if we inte- 
grate the expression (a), we shall have*=fPdX + /; or putting for 

dP 
/ its value -57-, wc shall finally obtain the following simple formula 
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for the rectification of a plane curve. 

From the preceding demonstration it follows that d/ will be posi- 
tive so long as R>P, that it will be =0 when R=P, and that it 
will be negative when R<P. 

Hence it follows that when at any point of a curve the radius of 
curvature shall be equal to the perpendicular from the origin on 
the tangent, we shall have 

dx?=o (^) 

Consequently in the general formula for rectification, 

the upper sign must be taken when R>P, the lower when R< P. 

When the point O, and C the centre of curvature, are on oppo- 
site sides of the tangent to the curve, the formula becomes 

'=S-j^^^ («) 

Hence, having obtained the value of P, we may obtain the value 
of /, the protangent, by simple dififerentiation ; for 

'-%■ ■ ■ (') 

202.] These observations may throw some light on a well-known 

theorem in the rectification of the elliptic quadrant. In Fagnani's 

theorem there is a critical point at which the quadrant of the ellipse 

is divided into two sections, whose difference is equal to the diffcr- 

dP 
ence of the semiaxes a and b; at this point -—=«—&, and therefore 

d*P 

^-^=0^ or R=P. That is to say, the radius of curvature is equal 

to the perpendicular from the centre on the tangent at the critical 
point, in Fagnani's theorem. It is easy to show this. 

In the ellipse the radius of curvature at any point is equal to the 
product of the squares of the semiaxes divided by the cube of the 
perpendicular from the centre on the tangent at that point, or 

R=^p3-. But R=P in this case. Hence P^ = ai. 

1 x^ ?y* 1 
lu the ellipse as p^=' ^ + ^ = ~ , and the equation of the curve 
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gives -^-|-|g=l, eliminating y and x successively, we shall have 



A« 



a* 



^/a'\-b^ 



y= 



A* 



These are the coordinates of the critical point in Fagnani's theorem. 
For the angles which this perpendicular makes with the axes, we get 

b 



C08*X=: 



a-^b* 



sin*\= 



a 



a + A' 



The tangent of the angle between the perpendicular on the tan- 
gent and the radius vector of the critical point is 

= — P=, since /=a— i, and P= ^ab. 
^ab 

203.] Let the tangential equation of a plane curve be ^ (f , v) =0, 
and, assimiing the value found for / in sec. [27], we may transform 

the expression for the radius of curvature, namely R=P + -yr,into 



R= 



+ 



Y/^4.y2-dX 



d^ _d^^ 
dfj^_duf 
d<^ ^ d^ 
Ld? f + cU7^J 



1 



Vf* + i; 



(a) 



While the quadrature of curves may be most easily effected by 
the use of the integral f ydj? derived from the projective equation 
of the curves, so their rectification by the aid of formulae derived 
from their tangential equations may with the greatest facility be 
obtained. 

Since «=f PdX + ^, we shall have 



«=JPd\+ 



d^ _d^ 
da> ^ . d* 



Ldf 



dv 



S/^ + v^ 



(b) 



Thus the rectification of a curve, whose tangential equation is 
given, may in general be very simply eflected by the use of these 
simple and general formulae. 

204.] On the rectification of the circle by the method of tangential 
coordinates, the origin being taken any where in the plane of the 
circle. 

Let the general equation of the circle be 

af2-haX-f?/80i^ + 2y0-f27,v = l; . , . . (a) 
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this equation becomes^ writing cos X for Pf , and sin \ for Pi;, 
P*— 2(ycosX+y;Sin\)P=acos'X4-2/8cos\sinX + a^sin*X. 

Solving this equation for P, we obtain the result, 
Pa7 cos X 4- 7/ sin X 

± V(a+7*)cos'X-|-(a^-|-y^*) sin*X-|-2(/3-h77y) cosXsinX. 

Now in sec. [14] it has been shown that, when the section is a 

circle, a -H 7*=a^ -f y ', and /3 -h yy^ =0. 

Hence P=ycosX+7^sinX+ V'(a + 7*), 

and fPdX=ysinX— 7yCosX+ Va + y^.X, 

and H\~ -l-7/C0sX— 7SinX. 

Hence JPdX+-|r-= ^^a+y^.X. 

In sec. [12], (19), it is shown that the radius of the circle is 

= x/^Ty^. 

205.] On the radius of curvature of the ellipse. 

We have shown in sec. [200] that the radius of curvature of any 
curve may be expressed in terms of the perpendicular on the tan- 
gent from the origin, and the angle which this perpendicular makes 
with one of the axes of coordinates ; or 

d*P 

In the ellipse P* = a* cos* X -|- i* sin* X, consequently 

pd*P_ q«&*sin^X-a^cos^X-&*sin^X+g*&*cos^X 
dX«"" P« 

Hence p«+p_=^ or P+ — =^. 

206.] On the radius of curvature of the parabola. 

k 

Since P= , the origin being at the focus, 

cosX 

d*P^^ (l+sin*X) 

dX* cos** X 

Hence 

I^+jT5= — «T-; or as NcosX=2A:, 
dX* cos^ X 



eliminating cosX, wc obtain R= ^^^^ ^ . 



(2X:)- 
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On the rectification of the ellipse. 

207.] The tangential equation of the ellipse referred to its centre 
and axes is a*f* -f U^x^ = 1 . Multiply by P*, for Pf put c osX, and f or 

Pu put sin \ and then the equation will become P =a v^ 1 — e* sin* X; 

J - dP - ae^siuXcosX 
and as /=-Tr-j *= — — r=-. 

dX' Vi-e«sin«X 

Hence 

«=afdXVl-e«sin«X -=L====, ... (a) 

•^ vl— c*8in*X 

an elliptic function of the second order. 

/ is taken with a negative sign as the perpendicular continues to 
diminish. 

At the critical pointy substituting for sin^X and cos^X their 

values 7 and 1, the expression for the curve as far as this 

a-\-o a-^-o ^ 

point from the extremity of the major axis becomes 

«s=aJdX Vl""«f*8iii*X— (a— i), 

the limits of integration being X=0, and X=sin"* a /— 5L. 

V a-i-6 

On the rectification of the parabola. 
208.] The tangential equation of the parabola is 

where k is one fourth of the parameter. 

Multiply by P*, and the equation becomes P= ^ and 

dP 
/=-TT-=A tan sec 5; the positive sign of / to be taken^ since the 

radius of curvature is always greater than the focal perpendicular. 

Hence «=*f r--|-A tanXsecX (a) 

'^ cos X ^ ^ 

This expression for the arc of a parabola is the foundation of 
parabolic trigonometry. 

On the raditis of curvature and the rectification of the cycloid. 

209.] It has been shown in sec. [139], (d), that if the origin of 
coordinates be taken at the centre of the cycloid, its tangential 
equation will be 

l=2r[t»+ftau-'0] (a) 
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If we multiply this expression by P, it becomes 

P=2r[cosX-|-X.8inX]; (b) 

taking its first difierential^ 

-5---=:2rXco8X; (c) 

taking the second difierential of P^ 

d*P 

-TT-g=2r cosX— 2rX8inX (d) 

Consequently 

d'P 
R=P + ^^=4rcosX (e) 

We have also 

j*PdX=4r8inX--2rX.cosX; . . . . (f) 

dP 
and adding the value of -|z-=2rX cos X, as given in (c), we shall 

have finally 

*=JPdX-|--7r-=4r8inX (g) 

If we square the expressions in (e) and (g)^ we shall have 

R«+««=4r«; (h) 

or the square of the radius of curvature at any point of a cycloid, 
together unth the square of the arc measured from that point to the 
vertex, are equal to the square of the diameter of the generating circle. 

This property holds also in the case of epicycloids and hypocy- 
cloids^ with some slight modification. Simple as the theorem is^ 
we do not recollect to have met with it. 

The perpendicular from the centre on a tangent to the cycloid 
is equal to the radius of curvature at the same pointy when 
XtanX=l. 

For P=2r{cosX-|-XsinX}=4rcosX = R; 

consequently X tanX=l, or X=cotX (i) 

On the rectification of the evolute of the ellipse, 

210.] Let the tangential equation of the evolute of the ellipse be 

aV + i«f«=(a«-i«)«f^2i;« (a) 

Then the perpendicular from the origin on the centre will be 

p _ _{a* — 4*) sin X cos X 

"Va*sin«'x+Fci^X' ^^ 

and 

JPdX= Vo^siiV«X+^*cos^\ (o) 
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Now 

dX"" (a«8m«X-f6*cos2X)< ' ' • • • U 
and as 

H^^+% ^«) 

we shall have, making these substitutions, 

= ___f[!*!___ ({) 

* {a«sin«\ + 6«co8«\}< ^ ^ 

a^ b^ cfi b^ 
WhenX=:0, ^i^ji ^^^ whenX=90°, *//=— ; hence */— *«=-g- 

-8 AS 

or =ss — =— , a result already obtained in a different way. 
ab 

On the rectification of the semicubical parabola, and its radius of 

curvature, 

211.] The tangential equation of the semicubical parabola is 

t^szkp, see sec. [148]. 

Multiplying this equation by P, the perpendicular from the ori- 
gin^ and referring the angle X to the normal passing through the 
cusp of the curve as the axis of X, we shall have 

^ , sin^ X 

P=*^^ (a) 

cos'X ^ ' 

Hence 

JPdX=Aco8X+33L, (b) 

and 

dP 2k . ^ k 

■jpr= — jgT — ArcOSX -; . . . . (c) 

dX co8*X cosX ^ ' 

consequently 

•=S^^^'i-3yi^<' W 

But at the cusp «=0 and X=:0^ hence 

«=2*(sec8X-l) (e) 

This is a very simple and elegant expression for the arc of the 
semicubical parabola as compared with that usually given in pro- 
jective coor^ates — ^that is to say, 

^_ (9a? + 4a)* -(4a)* 
27a* 
See Gregory's examples, p. 416. 
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If we differentiate the expression (c)^ we shall have 

d^P__ 6A:sinX Jtsin^X 

butP=*?^. 

C08*X 

Hence r=p + _=__j_, ...... (g) 

a simple expression for the radius of curvature of the scmicubical 
parabola. 

It may easily be shown that the following relation exists between 
the arc^ radius of curvature^ and the perpendicular, on the tangent, 
from the cusp of the semicubical parabola 

6P_ 2k / 2k \l 

E""« + 2)t V + 2*/ ^*^^ 

On the rectification of parallel curves. 

212] . Let Si be the arc of the parallel curve, and s that of the 
primitive. 

Applying formula (b), sec. [201], we get 

,,=JP^X+g^; but P,=P+A, and g«=g; 
hence 

*,=JPd\+AX+g (a) 

But the arc of the primitive curve is 

consequently 

Si^s=h\; (c) 

or the difference of the corresponding arcs of any two parallel curves 
is equal to a circular arc whose radius is A, the constant difference 
of the normals of the two curves. 

On the radius of curvature, and the rectification of epicycloids and 

hypocycloids*, 

213.] Assuming the general expressions given in sec. [129] for 
the tangential coordinates of these curves, namely 

^_ sin(»4-l)^ __ oos(»-H)^ 
^"*2r(»+l)8inn«^' ^''2r(»-|-l) siniK^' 

* In the 49th propositioxi of the first book of the ' Principia,' Newton shows, by 
apurely geometrical method, that all epicycloids and hypocvcloids are rectifiable. 
He doee not, however, diacuss the relations which exist between ike arcs and 
radii of curvature of these curves. 
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squaring these expressions^ adding them^ multiplTing hj P*^ and 
taking the square root^ we shall have 

P=2r(n4-l)8inn«^ (a) 

Let X be the angle which P makes with the axis of X ; then an 

inspection of figure 40 will show that (»+l)^= o+X, ^^ss -, 

For 



Hence 



and 



BXC=OZX + ZOX or (n-f 1)0=^+X. . . (b) 

JPdXrr -2r^^^±il-%os»^ + C, 
dP dPd^ ^ . 



consequently 



f2«+ 1^ 

At the cuspf the arc is =0, consequently 0= —2r- ^ + C. 

II 

Hence, by subtraction, «=2r ^ (1 ^cosn^) ; or, as this lat- 
ter factor is=s2 sin*(-^j, we shall have finally 

. (2n+l) . orn<f>\ 

This is a general formula for all epicycloids, and also for hypo- 
cycloids when we write 2n— 1 instead of 2n+ 1. 

d'P 
Since B, the radius of curvature, is ^P + ^r,, and since 

dP 

— =2r9icos»0, we shall have 



or 

d«P 



dxVdV"d^'Vdxy dX""**^' 

^ dX n-hl ^' 



dX« — — '-r-j^ ^^ 

and as Pss2r(n+ 1) sin n^, 

P p^d«P 2r(2nH-l) . . ... 
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This is a general form for the radius of curvature of all epicy- 
cloids. 

Since, when n^=0, R=0, we may infer that in this class of 
curves the radius of curvature is =0 at the cusp. 

The radius of curvature will be a maximum when sin n^ is a maxi- 



TT 



mum, or when Sss—-, 

Let us apply these two general formulae- 



R=2r / — ^^ j sin . n<f>. 



(e) 



We may first give a simple geometrical illustration of these for- 
mulse. Let B P Q be the rolling circle, and A Q the fixed circle ; 

Pig. 40. 




bisect the angle P B Q by the line B D, and join Q D, then evi- 
dently 



consequently 



PQ=2rsin<^, and DQ''=4r«8in«(|V 

y 

R=(2!i±l)pQ, and ,=i2«±i) 5Q. . . . (f) 

Hence, while the radius of curvature of an epicycloid or hypocy- 
doid, at any point P of the curve, is proportional to the line PQ 
(the instantaneous radius, the chord of the arc QP which has rolled 
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along the fixed arc AQ)^ so the arc of the curve up to that point 
from the cusp is proportional to the square of the chord of half the 
arc QDP. 

214.] We may now apply these formulae to determine the lengths 
of the arcs and the radii of curvature of several of these curves. 

(a) In the cardioid whose equation is given in sec. [1 30] ^ we have 
R=2nr=r or 2»=1 ; substituting this value of n in the general 
formulae^ we shall have 

*=16rsin«(^Y (a), and R=^ sin(|), . . (b) 
when <t>=i'rr, 

»=8r, R=^ (c) 

(/3) In the semicircular epicycloid whose equation is given in 
sec. [130], a, we have R=2nr=2r, or n=l ; hence 

« = 12rsin«|, R=3rsin<^ (d) 

(y) In the quadrantal epicycloid as R=2nr=4r, »==2, and 

« = 10rsin*^, R=-5-rsin2^ (e) 

(£) In the trigonal epicycloid, as the base circle is three times 
the rolling circle, 2n=3, 



215.] On the curvature and rectification of hypocycUnds. 

The formulae in this case are, «=4rf Jsin*(-~j and 

R=2r ( ^- J sin n^. 

(a) Let the rolling circle be one half the base circle, then 2ns 2, 
orn=l. Hence 

as the hypocycloid is in this case the diameter of the base curve, we 
must evidently have R= oo, and *=4r. 

(/3) Let the curve be the quadrantal hypocycloid whose equation 
is given in sec. [134] . 

As, in this case, the base circle is four times the rolling circle, we 
must have n=2, and the resulting expressions become 

^= 6r si n^ ^, R= Qr sin 2^. 

o 
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(y) In the trigonal hypocycloid, as 2n=3, n=f, we shall have 



*= -— sm* ( -T- 1 . R=8r sin -2- ? 



t)^ ^=»r8m-. 



3(5 
sin-T- is a maximum when <&=120°. 
4 ^ 

Hence the length of one of the arcs of the trigonal hjrpocycloid 

16r 
is =-Q-, and the sum of lengths of the three arcs is =16r. 
o 

It is needless to pursue these illustrations further ; what is very 
remarkable is this, that though we may not be able to give the 
equation of an epicycloid or hypocycloid either in tangential or 
projective coordinates, we may notwithstanding find finite and 
exact expressions for their arcs and radii of curvature. 

Thus, if the base circle be 100 times the rolling circle, we shall 
have for *, 8=={S^)r sin* (50^) , 

IQQ 
R=2r . ^ sin (100<^) . 

216.] If we eliminate the angle <f> between the two equations, 
sec. [213], (e), we shall have the following relation between any arc 
of an epicycloid and the radius of curvature at its extremity, 

(n + l)m«-fnV=4m(2n+l> (a) 

There are several important consequences which may be drawn 
from this equation. 

(a) When 8=0, R=0, or at a cusp the radius of curvature =0. 
When R=0, «=0, or n*=4r(2n+ 1). 

We may write the preceding equation in the form 

(n + l)2R«-|-n«(4r-«)«=16nV-|-4nr«. . . (b) 

If we now assume n =oo , or the base circle a straight line, dividing 
by n*={n-|- 1)*, we shall have 

R2-|.(4r-.*)2=16r«, (c) 

a property of the cycloid established in sec. [209], (h). 

On the radiu8 of curvature of the cubical parabola, 

217.] If we measure the angle X from the normal to the curve 
passing through the point of inflexion at the origin, the equation 
of the curve f =aV, when multiplied by P*, will become 

P'cos\=a*sin*X; (a) 

differentiating this expression, 

2P/dP\ sin«\,„ j^ . . 5^, ,_^ 
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or 

^fS)=l-2co8«X+-^; (c) 

a* \dX/ co8*X 

differentiating again, 

4/dP\«. 4P/d«P\ _ . ^ ^ 48inX ,,. 

If now we square (b) and divide by P*, we shall have 

-oC^T-l =9smXcosX+ r-H ^ ; . . (e) 

a*\dX/ cosX cos^X 

and if we subtract this expression from (d), the result will be 

4P/d*P\ sinX,^ 40^ o^ , /r\ 

The equation of the curve gives 

4P* 4 sin® X COS* X 
a* ^ cos^X 

adding these expressions^ 

4Pfp d*P)_3sinX. R-p+d!P 

we shall have finally 

R=|.a(8inXcos*X)"* (g) 

Since the radius of curvature is 00 when X=0 and when X=90®, 
there must be an intermediate value for R when it becomes a mini- 
mum. For this minimum value, tan X= — ;=. 

V5 

On the rectification of the involute of the quadrantal hypocychid. 

218.] The projective equation of this curve being a:i + y*=r*, the 
tangential equation of its involute, see sec. [136], (b), is 

[(/+a)P+(/-a)v«]= VF+V. 
Multiplying by P*, the preceding expression becomes 

/+a(sin*X— cos*X)=P, 

and -Tr-=2a8in2X; we have also fPdX=ZX—jj sin 2Xj consequently 

«=JPdX + ^ = a + ~^8in2X (a) 



It may be remarked that r^^^a, 

o2 



(c) 
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219.] On the rectification of the curve whose tangential equation is 

(f«+vT=§+p (a) 

This is the equation of the curve enveloped by one side of a right 
angle^ which moves along an ellipse^ while the other side passes 
through the centre. 

Let the angle \ be measured from the minor axis of the ellipse^ 
and, multiplying by P*, we shall have 

_ ^ fsin^X , co8«\1 --3 b ,, . 

1 = ?*^ — 5 — h— T5— ^ or P= — ;=======, . . (b) 

and 

dP_ be'^ sin \ cos \ 

dX'"{i-.^8in«X}»' 
consequently 

r-oj^ . dP , r dX . ie^sinXcosX ,,. 

*=P^+dX=^J ^l-e»sm«X -^ [l-.»sin«X]» - ' ^^^ 

This curve gives the simplest geometrical illustration of the first 
elliptic integral. On the surface of the sphere its true geometrical 
exponent is the spherical parabola, as wiU be shown in the second 
volume of this work. 

^On the rectification of the inverse curve of the central ellipse. 

220.] Ce probleme m^rite d'etre discut^ k cause de T^^nce 
remarquable de sa solution, qui depend de revaluation d^une int^- 
grale elliptique de troisi^me espfece k parametre circulaire. 

On dit que deux courbes sont inverses Vxme de I'autre lorsque le 
produit de leurs rayons vecteurs superpose est constant, c'est-k- 
dire que : 

Soit: 

P^quation de Pellipse, le centre ^tant au pdle, et soit Br^^kab : on 
aura, pour la courbe inverse, T&iuation : 

On pent simplifier la discussion, sans restreindre la g^n^raUt^, 
en prenant Assl. L'^quation de la courbe inverse k Tellipse, le 
centre ^tant au pdle, est alors : 

aV + *V=(a*+y«)« (1) 

* This demonstration is transcribed from an article in the ' Annali di Mate- 
matica pura ed applicata/* serie 2, tomo ii. fasc. 1, p. 84. 



INVERSE CURVE OF THE CENTRAL ELLIPSE. 197 

Si Ton pose : 

x=:rcos<l>, y=rsm^, (2) 

cette Equation devient : 

a*sm*^ + A*co8*^=r*, (3) 

d^ou Ton tire^ apres quelques r^uctions simples, 

5^«^a«siii«^+A«oo8«^ ^ ^ 

La substitution : 

a*tan^=i*tanX, (5) 

change cette formule en la suivante : 

d^«""a«co8«X4-A*8in«X' ^ ^ 

et puisque on en tire aussi : 

d6 A*cos*<& , . cos* 6 fl ^ /yx 

jT^-i — i^> de meme que — rT= 4^»2\ -i-A4o;r.g-k ^ ^'' 
dX fl* cos* X ^ cos* X or cos* X+ ^ sin* X 

substituant et simplifiant on obtient : 

d\ (a*cos«X-|-4*8in«X) Va^cos«X + A«sin«x' 
ou: 

Faisant : 

__^c« et-^4-=m, (9j 

on a: 

111= — 5-—^ J m>c*, 

et par suite, integrant : 

d\ 

sin'X] i/1— c*sin'x' 
int^grale elliptique de troisi^me esp^ce k parametre circulaire, car 

Imaginons le cylindre droit dont la base est Pellipse aux demi- 

axes a et b, et la sphere decrite du centre avec un rayon= V^* + ^''« 
Cette sphere coupe le cylindre suivant une ellipse sph^rique. 

Soient a et /3 les demi-angles principaux de cette ellipse sph^que^ 
alors: 

a* b^ a^ i* 



,=gr- . ..r > . . . (10) 
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DHci on tire : 

a^ ~ tan* a ' a^ sin* a ' 

et: 

or tana 

Effectnant ces substitutions dans F^quation (8) il vient : 

tan /3 ._ ^ p d\ 

tan 



« 



.(12) 



— sin p I = 

Or dans les Philosophical Transactions pour 1852, Part 11. 
p. 319, j^ai montr6 que ^expression d^un arc d^ellipse spherique 
qui resulte de Tintersection d'un c6ne aux demi-angles a et /3 avec 
une sphere concentrique est donn6e par la formule : <r= 

tan/3 . ^r d<l> 

a*— A* 
Soit e Texcentricite de la base plane du c6ne, savoir c*= — ^ — , 

26 Pangle des deux liffnes focales, et 2rj Tangle des deux axes cy- 
cliques, c^est-k-dire des deux droites normalcs aux sections circu- 
laires du c6ne ; d^apres le meme Memoire on aura : 

^g_ tan*a-tan*/3 .j^g^^ sin^g-sin*^ ^ , 

tan* a ' sin* a ' ' \ J 

et: 

. o sin* a— sin* )8 

tan*€= ^ ^, 

cos* a 

et la precedente expression de Fare de ^ellipse spherique deyiendra : 

^=!^sin^r ^» . (15) 

tana J[l-6f*sin*^] Vl-sin*97.sin* ' 

Designant par m et n deux parametrcs conjugues, on a : 

(l-w)(H-n) = l+c*, (16) 

ainsi qu'on pent le voir dans tout ouvrage elementaire sur les int€- 

grales elliptiques; done si Ton fait m=e^ et c*=sin*i7, on a 

sin* a— sin* /3 

«== 5 -, ou : 

cos* a 

n=stan* e. 



G 
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Les trois quantity : e excentricite de la base du cdne^ 2e angle 
des lignes focales et 217 angle des lignes cycliques^ sont liees par 
Tequation simple : 

1— «'=co8^i7.cos*e (17) 

Le coefficient de Pint^grale (12), c'est-k-dire - — ^sin j3, est ce 

tan a 

qu'on nomme quelquefois le criieriam de circularite, car : 

par suite on pent &rire : 

=^y(l-m)il-^L ■ , .f^;, , ■ .r (15*) 

Notre conique sph^que a ses arcs principaux suppl^mentaires, 

car pnisque tan a=p tan j3=-, on a tan a. tan /3=1, d'ou a+j3=-^. 

Elle est igale k sa r^ciproque tonm^e d^un angle droit. Les axes 
focaux de Tune sont les axes cycliques de ?autre : par consequent 
la rectification de Pune depend de la quadrature de Fautre, ainsi 
qu'on pent le voir dans le Memoire cite ci-dessus. 

II. De la rectification de la courbe representee par P Equation : 

aV-A«y«=(^+y«)« (18) 

Posant a?=r sin ^, y =r cos 0, il vient : 

a«sin«<^-A«C06«^=rfi, " (19) 

d'oii: 

d^ _ jj^ sin^ +ft^ cos^ ^ . . 

rf0*~"a^sin*0— 6*cos*^ ^ ^ 

Prenant : 

a«tan«^=6«8ec«\, (21) 

et faisant les substitutions necessaires, on trouvera : 

ds ^ ab s/a^ + 6* cos^ X /oox 

5\"" 6« + a«cos«X ' ^ ^ 

ou: 

d\ [a« + 62-a28in«\] Va^ + ja-A^sin^x' ' ^ ^ 
ou encore : 

6« 



ds____ab_ [^^^M^«^^'^] 



d\ ^i^qpp • p ^5 _ n / 62 • (^^) 
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ou enfin : 

<fe_ y [gg-l+l--^^8in'x] 



(25) 



En faisant : 



"' ,=»», I5^,=c«» (26) 



la demiere ^uation devient : 
<fe_ &(o''-y) 1 y 1 

on, integrant : 

Si la courbe est la lemniscate, on a a=6, et cette expression 
devient : 



CHAPTER XXIII. 

ON THE RELATION BETWEEN TANGENTIAL EQUATIONS^ AND THE 
SINGULAR SOLUTIONS OF THE DIFFERENTIAL EQUATIONS OF 
PLANE CURVES. 

221.] The equation F(a7^y) =0 is the integral known as the sin- 
gular solution of the equation <E>(0^ i;)=:0. For if between the 

three equations <E>(0j v) =O,iP0+yi;=l, and ^=— - we eliminate 

and V, we shall find the resulting differential equation 

(x,y,|)=0; 

dv 
or using the usual notation ^ =zp, we shall have the differential 

equation of the same curve, <E>(a?, y, p) =0. 

Since arf +yv=l, and/>= — -, we shall find for f and v, 

f«=— ^— , and i;= (a) 



0) 
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To illustrate this theory. 

(a) Let us assume the tangential equation of the evolute of the 
ellipse aV+A*^=c^f*u*. 

For f and v substitute their values as given in (a)^ and the 
resulting equation will become 

'I'-^-^'^'^'o^' ^^ 

Differentiating this expression (b), we find 
Hence 

but the equation of the curve (b) gives 

Comparing these two values^ 

substituting the value of j9 derived from (c)^ we finally obtain 

or^ taking the cube root^ 

aV+A*^*=ct, (d) 

the projective equation of the evolute of an ellipse. 

(/3) As another example let us take the tangential equation of 
the ellipse 

a«£«+ft«i;«=l (a) 

Substituting the values of x and y, 

a^p^ -f A* = (y ^pxf. 
Differentiating this expression^ we get 

^=^ ^) 

Hence 

^-P^^7& (''^ 

Substituting these values in the preceding equation^ 

or reducing^ 

ay+AV=a«A«, (d) 

the projective equation of an ellipse. 

It is beside the object of this work to pursue the subject further. 
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CHAPTER XXIV. 

ON THE GEOMETRICAL THEORY OF RECIPROCAL POLAR8. 

222.] To this simple but very beautifiil theory is due the widest 
development of pure geometry that has been effected in modem 
times. Nothing can be simpler than the elementary principles on 
which this theory rcsts^ nothing more beautiful than the results to 
which it leads. 

Let a point a> and a straight line AB be assumed in a plane. 

Fig. 41. 

(n) 
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From this point a> let fall a perpendicular ©P on the line AB. 
With CD as centre, let a circrle (ft) be described, r being the radius. 
In the line to V let a ])oint tt be assumed such that a> tt x et> P shall 
be equal to r*. tt is called the pole of the line A B with reference 
to (ft); and they arc termed recijrrocal pole a.nA polar. The circle 
whose centre is a> and radius r may be called the polarizing circle, 
as being the instrument by which the i)olars of given points and 
lines may be exhibited. The polarizing circle or sphere, a dotted 
Hue, will be denoted by the symbol (ft). 

It is obvious that any conic section might be used as a polarizing 
curve instead of a circle ; but no advantage would be gained by com- 
plicating this instrument of geometrical discovery. 

223.] If we now pass to space of three dimensions, let there be 
assumed a point and a plane in space. Let a sphere (H) be de- 
scribed, having its centre at the given point o), and from this point 
let fall a perpendicular a> P upon the plane A B, and let a point tt 
be assumed on this perpendicular, so that o) tt x o) P shall be equal 
to R^. TT is the pole of the given plane A B with reference to the 
sphere (11). 
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Through the point cd, and touching the given plane at P, let 
another sphere (11^) be described. Let o) P P^ be a great circle of 

Fig. 42. 




this sphere, and through P let a line J J^ be drawn at right angles 
to this plane. Let the common secant plane of the two spheres be 
drawn, C D being the intersection of this secant plane with the 
plane of the great circle qd P P^. Through the line J J^ let aoy plane 
(n^) be drawn cutting the great circle of the sphere (II.) in the 
straight line P P^. Join qd P^ meeting the common cord of the two 
great circles of the two spheres (H) and (H^) in the point w^. It 
is manifest that tt^ is the pole of the plane P P; J J^ smce 

CD TT^ X 0) P^= 0) W X OJ P = R*. 

Hence it follows that the poles of all the planes drawn through 
the straight line J P J^ perpendicular to the plane of the great circle 
a> P P^ wHl range along the common cord of the great circles of the 
two spheres (ft) and (fi^). 

It is manifest that the angle between the planes (11) and (11^) is 
equal to the angle between the perpendiculars let fall upon them 
from the centre a> of the polarizing sphere (O). 

The common chord of the two great circles along which the poles 
of the planes range is in a plane at right angles to the line J P J^ 
through which all the planes pass ; and these two straight lines are 
called corrugate polarsy one of the other, with reference to the polar- 
izing sphere (ft). 
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Indefinite planea and straight lines, or planes and straiglit Hues 
given only in position, will be denoted by letters enclosed in brackets. 
Tims (n) and (/) will denote a plane and a Btraight line given in 
position only, and otherwise indeterminate. 

224.] We shall now proceed to devclope some of the results which 
follow from these elementary anJ obvious principles. 

]J any point w, be atmmed in a plane (11), tke polar plane (11,) 
of this point will pass Ihrout/h w ihepole of (11). 

V\s. 43. 





Join CD and it,. Let the polar plane {11,) of tt, cut the line w tt, 
in Q, and the line oi P in Q. Then 

w7r,xwQ, = (uQx(D P=B'=a)7rxoiP, 
or TT coincides with Q. 

When any number of straight littes are parallel to one another, 
tfieir cotfjtigate polars Kill all lie in the same plane. 

For the conjugate polar of any one of them will be in a plane 
passing through the polarizing centre <o, and at right angles to the 
given straight line. Hence all these planes will be parallel; and as 
they all pass through the point a> they will be identical. 

It will much facilitate the study of this theory if tliese two prin- 
ciples are firmly grasped, and rendered familiar ; that is to say, the 
polar plane of any point assumed in a straight line will pass through 
the conjugate polar of this straight line, and the polar plane of amf 
point assumed in a plane will pass through thepok of this plane, 

225.] The reciprocal polar of any plane curve is a cone whose 
vertex is in the pole of the plane of the curve. 

For if we inscribe a polygon in the given curve, the polar plane 
of every vertex of the polygon will pass through the pole of the 
plane of the polygon, as we have just now shown, and the conjugate 
polar of any side of the polygon will be the line in which two con- 



!4 THE GEOMETRICAL THEOKY OP HECIFROCAL FOLARS. 



205 



secutivc polar planes of two consecutive vertices of the polygon in- 
tersect. Let the sides of the polygon now be indefinitely multiplied 
and diminished in magnitude, the polygon will ultimately coincide 
with the plane curve, its limit ; and the polygonal pyramid will 
become a cone. 

Throughout the following pages the polarising circle or sphere 
will be denoted by the symbol (fl) ; the primitive or normal surface, 
which is to be transformed, by {S) ; and the reciprocal polar of this 
surface by (S) ; and if (/) or (m) or («) be any straight lines, their 
conjugate polars will be denoted by the symbols {\), {ft), (v). 

226.] FYom the centre <d of the polarizing circle [O,) a perj/en- 
diular a 7 is let fall on a tangent drawn to the curve (S) at T. The 
radiaamT produced mill be perpendicular to the corresponding tangent 
drawn to the reciprocal polar curve (S) ; and the perpendicular at P 
on the tangent to the curve (S) at T will pass through the point of 
contact T of the corresponding tangent to the reciprocal polar (S.). 

Let the vector o>T be produced to w, so that MTxwor=B*. 
Draw the tangent a P, indefi- 
nitely near to T P, and let the Fig. 44. 
two perpendiculars a P, wP, be 
produced to meet in the pomts 
T and Tj, the perpendicular to 
mnr erected at w. Now, as by 
hypothesis (S) and (S) are reci- 
procal curves, 

MTxQ)w=wPxa.T=B^ 
T or P T is therefore a quadri- 
lateral that may be inscribed 
in a circle. Hence the angle 
wT P=wTi!r^(»T,'cr, since at 
the limit the angle t a) t, va- 
nishes. Consequently a circle 
may also pass through P t t, P„ 
and therefore 

(tfPx«T=«P,XwT,=ti»; 
and therefore t, must also be 
a point on the curve (S), or t t 
an indefinitely small portion of '" 

the line wtt, erected perpendicular to the line ww at the point m 
is a tangent to the reciprocal polar {!) of the original curve. 

Hence when two curves (S) and [SJ are reciprocal polars, one of 
the other, the radius vector through the point of contact of the one 
will be perpendicular to the corresiionding tangent of the other ; or 
if through a point assumed ou (S) we draw a tangent, the polar of 
this point of contact will be a tangent to (2), and the pole of the 
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tangent to (S) will be the corrosponding point of contact on (2) j 
or in other words, the radius vector drawn to a point of the one (S) 
will coincide with the perpendicular let fall on the corresponding 
tangent to the other (S). If r and P, be these quantities, we Khali 
always have rP,=R', a constant quantity. 

227,] To find the conjugate polar of the normal to a tangent pUme 
applied lo the primitive surface (S). 

As the normal passes through the point of contact of the tangent 
plane to (S), its conjugate polar will He in the tangent plane to (£} ; 
and as the norma! and tangent plane to (S) are at right angles, one 
to the other, the vector line from the origin to the point of contact 
of the tangent plane to (2) will be perpendicular to the vector plane 
drawn from the origin through the conjugate polar of the norcaal, 
which lies, as we have shown, in the tangent plane to (S) . 

Hence the conjugate polar of the normal to a curved surface (S) 
is the straight line in the tangent plane to (2), through which and 
the origin if a plane he drawn, it will be perpendicular to the radius 
vector drawn from the origin to the point of contact of the tangent 
plane to {S}. 

228.] (a) A plane (TI) passes through a given point it, and a given 
straight line (/)■ The polorof this plane (11) is the point in which 
the polar plane {TI.) of tt, is pierced by the conjugate polar (X) of 
the given straight Ime. See fig. in sec. [22-4] . 

For as this latter point is in the straight line (X), its polar plane 
will pass through (I) ; and as it is in the plane (IT,) , its polar plane 
will pass tlirough w,. Hence, conversely, the plane passing tlmiiigh 
TT, and (0 must have for its pole the intersection of (11^) with (\), 

{(9) A straight line [l) and a plane (H) are at right angles one to 
the other. The plane drawn through the pole v of (11) and (X), the 
conjugate polar of (/), will be perpendicular to the line drawn from 
a, the centre of the polarizing sphere, to w,, the foot of the perpen- 
dicular (/). 

Let the given plane (TI) be the plane of the paper, suppose ; then 
(/) will be vertical, and therefore (X) will he horizontal. Let the 
line [I) pierce the plane (O) in or,. Then, as cr, is a point in (H), 
the polar plane of tb, will pass through -rrthe pole of (IT) ; and aacr, 
is a point in the straight line (/), the polar plane of w, will pass 
through (\). Hence the line drawn from w to w, will be at right 
angles to the plane which passes through tr and {\) . 

(y) Or this proposition may be proved more simply thus : join the 
point «r„ assumed as the interaection of the line (/) with the plane 
(O), to w, the centre of the polarizing sphere. Hence (TI,}, the 
polar plane of cr,, will be at right angles to the line ^, m ; and as v, 
is in the plane (H) its jjolar plane (ll,) will pass thmugh tt, the pole 
of (IT) ; and as w, is a point in the straight line (/)> its polar plane 
(H,) will pass through (X), the conjugate polar of [1). 
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Tf a straight line (/) be perpendicular to a given plane (11), the 
coujugate polar (X) of this straight line will lie iii a plane parallel 
to (H) passing through oj the centre of {H), which therefore may 
be called the central plane. It will also lie in the polar plane of 
the point in which (/) intersects (Ilj, therefore (X) will be the inter- 
section of these two planes. 

When the line (/) makes an acute angle with the plane (fl}, the 
central plane will cut (/) still at right angles, and (\) will be the 
intersection of this central plane with the polar plane of the inter- 
section of (I) with (11), 

[B] A straight line [I) lies in a plane (IT), the conjugate polar 
(X) of (I) will pass through the pole tr of (11), and lie in a plane at 
right angles to (/), passing throt^h a> the centre of (fl). For if 
through (/) we draw two tangent planes to the polarizing sphere 
(fl), the line (\) which joins the points of contact with the sphere 
will be the conjugate polar of (/) and will be in a plane at right 
angles to it, and as the line (t) lies in the plane (11) its conjugate 
polar (X) will pass through tt the pole of (11). 

2ii9.] When points arc assumed along a straight line (/) passing 
through a the centre of the polariziug sphere (£1), the polar planes 
of all these points will be parallel, seeing that they must all pass 
through the conjugate polar (X) of (/), which is at infinity, since {/) 
its polar passes through to the centre of [CI). 



CHAPTER XSV. 

THE OEOMETUICAL THEORY OP BKCIPROCAL POLARS APPLIED TO THE 
DEVELOPMENT OP A NEW METHOD OF DERIVING THE PBOPEBTIES 
OF SURFACES OP THE SECOND ORDEB WITH THREE DNEQCiL AXES 
FROM THOSE OP THE SPHERE. 

230.] M. Chaslcs and other geometers have shown how the pro- 
perties of surfaces of re\'olution of the second order may be derived 
from those of the sphere, by the method of reciprocal polars. But 
they have not extended their researches so as to iuclude the case of 
surfaces with three unequal axes. 

In a memoir entitled " Rccherches de geometrie pure sur les 
lignes et les sm-faces du second degre," published in 1829, M. Chasles 
has shown how the properties of surfaces of rcTolution may be de- 
rived with singular simplicity from those of the sphere. But this 
great geometer has omitted to apply the method to obtain the cor- 
respondiug properties of surfaces with three unequal axes*. This 
omission may be supplied firom the following considerations. 

* " Qunnd on emploie vae sphere pour surface auxiliaire, e'il se trouve UDs 
nuU^' sphere dnas la l^^riue qu'on rcat tranrfomier, il lui cnrreBpondni dans U 
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By the help of one reciprocation we may pass from the splicre to 
surfaces of rcvolutioji having two eijual axes. By a second reci- 
procation we may proceed from the properties of these surfaces to 
those of surfaces with three unequal axes. 

Thus this method of dual transformation cnahles us to obtain 
the reciprocal polars of properties which are themselves reciprocal 
polars. The second reciprocal surface exhibits like properties to 
those of the sphere. This may need some explanation. Suppose, 
for example, that n points lie in tlie same plane with respect to a 
sphere ; the reciprocal of this property would be that in a surface 
of revolution we should have n planes passing through the same 
point, and we should have for the reciprocal of this, a^ain, n points 
lying in the same plane, with reference to a surface with three un- 
equal axes. 

231.] It is a well-known theorem that if a point be taken in the 
plane of a circle (S), and made the centre a of the polarizing cir- 
cle (il), the reciprocal polar of the circle (S) will be a conic section 
having one of its foci at the centre at of the polarizing circle (ft), 
and its axis in the line joining the centres of (S) and (fl). 

Of the several proofs that may be given of this cardinal theorem, 
the following is perhaps the most elegant, as it is certainly the most 
simple. 

Since the product of the segments of a chord of a circle passing 
through a fixed point is constant, the product of the reciprocals of j 
these segments will be constant also ; and as these reciprocals are 
coinciding perpendiculars let fall from the polarizing centre a on 
two tangents to the reciprocal curve (2), these tangents will be 
parallel, because the extremities of the cord of the circle (S) and 
the polarizing centre oi, are in the same straight line. Conse- 
quently we obtain this property of the reciprocal cune (2), that | 
the product of two perpendiculars let fall from a point on parallel 
tangents to the curve is constant. But this we know to be a pro- 
perty of the conic sections, that the product of perpendiculars let 
iall from a focus on parallel tangents is constant. Hence the truth 
of the proposition. 

WTien the point of intersection of the chords is on the circum- 
ference of the circle, a chord of the circle passing through this poiut 
is =Sacos^, being the angle which this chord makes with the dia- 
meter 2a passing through this point; hence =- 8ec<^ is the length 

of the perpendicular let fall from this point on the corresponding I 
tangent of the reciprocal curve; but this we know to be the expreo- 
sion for a focal perpendicular on a tangent to a parabola. 

nouvelle figure uae surface du second degi^ de revolution ; on n'nunt done poiiit I 
lea propri^t^ gfinSrales d'un aurfnc* du sficond Ae.grf qnelconque," — Chasle*, ■ 
' Aperfu Hisitorique,' p. 2.13. 
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232.] The polar of the centre O of (S) w D D^ the directrix of the 
conic section (2). 

Let 0) be the centre of the polarizing circle (ft) , and O the centre 
of (S). Let the diameter QQ^ be drawn and the parallel tangents 

Fig. 45. 




Q P and Q. P^. Let the polars of the points Q and Q, be taken^ 
which will be tangents «r T, «r^ T^ to the curve (2) : also let the poles 
of the tangents P Q and P^ Q, to the circle be taken ; these will be 
the points T and T^ of contact of the tangents «r T and «r^ T^ to 
the reciprocal curve (2) . These points T and T, will be on the 
same straight line passing through cj, since the tangents P Q, P^ Q. 
to the circle are parallel. Take D D, the polar of the centre O ; ana 
as T «r, T| tar^, and D D, are the polars of the three poles Q, Q^ 
and O respectively^ which all lie in the same straight line^ the dia- 
meter of the circle^ these three lines must meet in a pointy or the 
point y in which the tangents meet must be on the polar of O the 
centre of the circle. But it has been shown in [231] that q> is the 
focus of the conic section (2) ; consequently D D, is the directrix. 
233.] If in the transverse axis of a surface of revolution (2) we 
assume a point V as the common vertex of two cones of revolution 
circumscribing the sphere (S) and the polarizing sphere (ft) whose 
centre is at cj the focus of (2), if the base of the former cone pass 
through the focus of (2), the base of the latter will pass through the 
centre of (2). 
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Let & principal plane be drawn through the centres of (S), (fl). 
Fig. 46. 
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and (S). Let parallel tangents be drawn to the principal section 
of (2) at the points T and T, ; the diameter T T, will of course 
pass through C the centre of {£). 

Let the redprocal polars Q «, Q,o-, of the points T and T, be 
taken ; they will touch the circle in the points Q, and Q^ ; and as 
by supposition the line Q Q, passes through w, the centre of the 
polarizing circle (fl), the two tangents Q«r, Q.,^, will meet 
in a point V. And as the point C the centre of (2} lies in the 
diameter T T„ the polars of the three points T, T„ and C will 
meet in V. Hence V w : R : : R : C w. But as V t and V t, are 
by hypothesis tangents to the polarizing circle (II), we shall nave 
^ V <u : R : : R : C M. 

Consequently the base of the triangle V t t, passes through C 
the centre of (2). 

As the force of the preceding demonstration may not be at once 
obvious to every reader, it may be observed that the point V is the 
pole of the line T C T, by the method of reciprocal polare, and there- 
fore V w : R : : R : C w, R being the radius of the polarizing circle. 
But in the circle t w t, whose radius is R^, we have by common 
geometry Vet) : R, :: B, : Cm; but when R=R, the two proportion* 
become identical. 

We may give another demonstration of this important proposi- 
tion. 

Let a and 6 be the semiaxes of (2), and e the eccentricity. Then 

Vtox<k)C=R«j (a) 

and vc have shown in [232] that the polar of the centre of (S) 
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was the directrix ; therefore 

0)0= -7:1 2\ W 

a(l— e*) ^ ' 

But 

Va)Xc»0 = Qc» ; (c) 

or — 2 

Va)= ^^2 -' : and Qcd -"^; . . . . (d) 

consequently ^^ p, 

Vc» = -r^a(l— e*) = — (e) 

But Vct) X cdC =R* ; hence a)C=ae, the distance between the centre 
and the focus. 

Therefore, while the base of the cone VQQ^ determines the focus 
of (S), the base of the convertical cone will determine the centre 
of (S). 

234.] Let a sphere be assumed as the polarizing surface (11) , and a 
prolate spheroid or ellipsoid as the primitive or normal surface (S) , 
from which the properties of the reciprocal surface (2) are to be 
derived. We have therefore three surfaces to consider : — the primi- 
tive or normal surface (S), which is to supply the properties that 
are to be transformed ; the auxiliary or polarizing sphere (ft), the 
instrument of transformation ; and the derived or polar surface (2). 

Let A and C be the semiaxes of the primitive surface (S), the 
prolate spheroid or elongated ellipsoid of revolution having its prin- 
cipal circular section whose radius is A in the horizontal plane or 
plane of XY, and its third semiaxis C, greater than A, vertical. 
Let D be the distance between O the centre of the prolate spheroid 
(S) and 0) the centre of the polarizing sphere (ft). Let a, b, c, in 
the order of magnitude be the semiaxes of the derived siurface (S) . 

We shall now establish the following relations between a, b, c 
and A, C, D, R — R being the radius of the polarizing sphere (ft), 
which is represented by the circle whose centre is o> : — 

R«A I, R« , R'A 

Thus we shall be enabled to express the semiaxes a, b, c of the 
reciprocal polar (2) in terms of the semiaxes A, C of the primitive 
surface (S), and the distance D between its centre O and the centre 
CO of (ft) the polarizing sphere. 

We may observe that when od the centre of (ft) is on the surface 
of (S), D = A, and the above values of a, b, and c become infinite, 
or the surface becomes a paraboloid, of which the semiparameters 

^2 ^2 g2 J^2^ 

of the principal sections — , — are -r- and —p^, which are finite 
*^ '^ a' a A C* 

quantities. 

p2 
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Wheo D>A, the values of & and c become imaginary, while a 
Pig. 47. 



■ ^ 


y 


Q 


Xy^^^ 




^x„ 


/^ \J^ 




r^^\ 


X\ \ V^ 




L"'^ 


^^\N<0 




C^'' 


\^ 




s^ 



continues real. Hence the reciprocal polar (£} is in this case a 
discontinuous faypcrboloid, or one ot two sheete. 

235.] It is obvious that there are two surfaces of the second order 
which cannot be derived firom the sphere — those whose generatricea 
are straight lines, the continuous hypcrboloid and the hyperbolic 
paraboloid. Hence surfaces of the second order may be divided into 
two classes — into those which have umbilici or points of circular 
contact with tangent planes, and those which admit of contact only 
along straight lines. 

236.] Let A B a Q, (fig. 48] be the circular section of the ellip- 
sold whose radius is A, and which for clearness we assume to be in 
the plane of X Y. Let a point u be assumed at the distance D from 
the centre O of this circle, and let tliis be the centre of the polar- 
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izing sphere {11). Through « let the perpendiculaF Q Q, be drawn, 
and at these points Q Q, let tangents drawn to the circle meet in V. 
PVom V let two tangents Vt, Vt, be drawn to btt,, the great 

Fig. 48. 



X A / " « / 1 C. 

^ T 



circle of the polarizing sphere (ft) in the plane of X Y. Throngh 
T, T, let a straight line be drawn meeting the diameter O a> in C ; 
C will be the centre of the surface (2) by [233]. 

Through T and T, let parallel tangents be drawn to the reciprocal 
polar of the circle ; this will be a conic section whose focue will be 
at (u by the proposition in sec. [231]. Take the reciprocal polara of 
the points A and B, the extremities of the diameter of the base 
circle ; let one of them pass through a, it will be a tangent to the 
conic section at a the extremity of the major axis. Let a and b be 
the semiaxes of this conic section in the plane of X Y, then 
Qif=CT=£; and as Q is the pole of the ta ngent T t, we shall 
have ft>Qx«i=R'; or as at=b, and mQ= V A' — D", the result 
becomes 

*=7^ '" 

The distances of the polar focus a> from the vertices of the trans- 
verse axis of the principal sectiou of (£) in the plane of XY are 
manifestly 

R' A R' ,l.^ 

a7d"''^a^ (**' 

Half the sum of these expressions will be equal to a the transverse 
axis of (£), or 

R'A , . 
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Fig. 49. 




237.] To determine the third semiaxis c. 

On the base AHU^E let us conceive one half of the prolate sphe- 
roid to be erected^ and an ordinate <oz drawn through <o in the prin- 
cipal plane of the spheroid (S) whose scmiaxes are A and C ; 



then az : OB : : VA*— D* : A, or cdz= 



C VA2-D« 



But the ex* 



tremity zo{ tozis the pole of the tangent plane to (S) parallel to the 
plane of X Y ; consequently c x ©r = R^ ; or, putting for (dz its value^ 

R^A 
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Hence the values of the three scmiaxes of the polar surface (S) 
in terms of the semiaxes A and C of the primitive surface (S), the 
radius R of the polarizing sphere (H), and the distance D between 
the centres of (S and {£!) are, as we have shown^ 

R^A . R« , R«A • ,,, 

Conversely, we may express the constants of (S) in terms of 
a, b, c, the semiaxes of (2) — 

^- b*>^- cb' ft< ^^' 

Hence 

C_* (AS 

or the ratio of the axes of the primitive (S) is equal to the ratio of 
the axes of the reciprocal polar (S) in the plane at right angles to 
the transverse axis 2a. 
Let 

-^^=e«, — ^j5-=6«,and— ^^=i7«; . . ^e) 

then e, e, and 17 are the eccentricities of the three principal sections 

of (2) in the planes of XY, XZ, and YZ. 

C*— A* b^—c^ 
Since — ™ — = — p— =1;*, it follows that the eccentricity of the 

primitive surface (S) is equal to that of the principal section of (S) 
in the plane of YZ. 

We find also c=5 (f) 

Accordingly, therefore, as D<A, or D=A, or D>A, the prin- 
cipal section of (S), in the plane of XY, will be «%n ellipse, parabola, 
or hyperbola. 

We may express the eccentricities of the three principal sections 
of the reciprocal polar (S) in terms of the semiaxes A and C of (S) 
and of D the distance between the centre O of (S) and o> the centre 
of the polarizing sphere (O), 

We have also the simple relation between the three eccentricities 

l-e«=(l-e2)(l-i;«) (g) 

238.] We shall now proceed to develope some very beautiful and 
general properties of umbilical surfaces of the second order having 
three unequal axes. 
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The point w, the centre of the polarizing sphere (fl), ha« been 
shown to be a focus of the principal section of (2) in the plane of 
XY. 

This point o) may be called the polar focus. 

Let us take the polar planes of the two foci P and P, of (S), see 
fig. 47. The distance of one of the foci of (S) from the polar focus 

CO is F(it)= Vfi^ + C^— A*; and the length of the perpendicular «r 
let fall from © on the polar plane of P, will be 

-©• = 



VD« + C«-A« 



computing the value of this expression from (c) in the preceding 
section^ 

be , X 

ty =— (a) 



a€ 



We should find the same value for tj,, the perpendicular on the 
polar plane of P^ the other focus of (S) . 

239.] Now, as the two foci P, F^ and O the centre of (S) are on the 
same straight line (the major axis of (S) perpendicular to the plane 
of XY), the polar planes of these three points will all meet in the 
same straight line ; and as the polar of O, the centre of (S), has been 
shown, see [232] , to be the directrix of the conic section in the 
plane of XY, whose focus is ©, and which is a principal plane of 
(2), the two polar planes of the foci P and P, of (S) will intersect 
in the directrix of the principal section of (2) in the plane of 
XY. 

As these planes are of the primest importance in this theory of 
surfaces of the second order, and as we shall show that they are 
parallel to the circular sections of the surface (2) in every case, we 
shall denote them by the symbols (A), (A^), and call them the con- 
jugate umbilical directrix planes of a surface of the second order. 

It is obvious that as the point a>, the centre of the polarizing 
sphere (ft), may be taken at the distance D on the other side of O 
the centre of (S), there will be in general four umbilical planes 
passing two by two through the directrices of the principal section 
of (2) in the plane of XY. The lines in which the umbilical direc- 
trix planes intersect two by two on the plane of XY may be called 
the polar directrices. 

240.] The inclination i of the umbilical directrix plane may be 

thus found, sin t= = -ys- ; but xs. as has been shown above, 

a 0^ ' 

— ae 
e 

be 

is = — 

a€ 
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ce 



Consequently sint=r-, . (a) or tan^i=— — ^T. (b) 

and cos t=-, a simple expression for the cosine of i. 

Now it is shown in every elementary work on this subject, that 
the inclination of the planes of the circular sections of an ellip- 
soid to the trifocal plane is ^ven by the same formula, 

tan«^=l^. 

Since the sum of the squares of any three conjugate diameters 
is equal to the sum of thts squares of the axes, if we put u for the 
umbilical scmidiameter^ b and b being the two other conjugate 
diameters, we shall have 

u«-f 26«=a*4-A*+c«, or tt«=a«4-c«-fi«. . . (c) 

241.] The angle which a diameter of (2) passing through an um- 
bilicus makes with an umbilical tangent plane is thus found. From 
the centre let fall a perpendicular on the umbilical tangent plane 
which is parallel to a circular section. Hence, as generally, 

afijV^abc; but in this case a,= 6^=6, we shall have P=-^ ; but ^ 

being the angle which the diameter 2u makes with the umbilical 
tangent plane, 

. . ac , . 

«^^*=6i' W 

or 

There are therefore two cases in which the umbilical diameter is 
perpendicular to the umbilical directrix plane (A) — ^when a =6, or 
i=c. 

In the former case the derived surface (2) is an oblate spheroid ; 
in the latter it is an ellipsoid of revolution round the transverse or 
major axis. 

It may easily be shown that this umbilical angle ^ is a minimum 
when the umbilical semidiameter u=b, or when the sphere which 
passes through the central circular sections of the surface passes 
also through the umbilicus. 



218 GEOMETRICAL THEORY OF RECIPROCAL POLAR8 

In this case 8in^ = ^. 

Let u be prolonged to meet the umbilical directrix plane (A) ; 
its length U measured from the centre C is=- ; for 

- :U : : sin6 : sini. Butsini=v-, and sin 6=7-; 
e ^ 0€ ^ bu 

therefore 

^=-, (c) 

242.] In every umbilical surface of the second order there are 
four foci, independently of the foci of the principal sections. They 
are, two by two, on the umbilical diameters of the surface, and are 
also to be found on the vertical which passes through the polar 
focus CO at right angles to the plane of XY. 

In fig. 47 t; and v^ on the vertical axis co QQ^ and on the umbi- 
lical semidianicters C U and C U^ are the umbilical fod of the 
surface (S). 

Let be the angle which the umbilical semidiameter u makes 
with the plane of X Y ; then, as 



we shall have 



cos* 5 sin^^^l 



cos* g=«V-g') = aHa*-l>*) ^ tt 



Hence 

Cu=Me (a) 

Consequently the point v is the pole of (A) with respect to the 
surface (2). 

The distance of the umbilical focus v from the plane of XY is 
thus found. Let this distance be z, then ^=aetand. 

But tan 5= ~5; consequently ;?=— (b) 

The segment of this axis z passing through the polar focus, and 

cut off by the umbilical directrix plane (A), is ;:.=—; 

aij 

for cos « = -; consequently tant = T-, and 

.,=(^__«ejta,w = -^ (c) 
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24?3.] The ordinate through a> in the plane of XY is = — ; but 

be 
the ordinate through o> in the plane of XZ is = — 

This follows at once by putting oe for a? in the equation -9 + -3= 1- 

2bc 
This line — , passing through the polar focus and the two umbi- 

lical.foci, may be called the principal parameter of the polar reci- 
procal surface (2). 

The segment of the axis of Z cut off by the umbilical plane 
(A) is 

a^ , ace ac , . 

=-tani=-, =T- (a) 

e ebfi orj ^ ' 

The distance between the points on the axes of X and Z (passing 
through the centre) in which they are cut by the umbilical plane 

may be thus found : putting H for this distance^ CX=-; but 
eosi = -; hence 

€ 

H=?f, (b) 

eyf ^ ' 

a simple expression^ in which the three eccentricities of the prin- 
cipal sections are involved. 

The length of the perpendicular from the centre on the umbilical 

directrix plane (A) is P/=- sin i, or 

r.-r: («' 

The perpendicular P^^ from the polar focus to on the umbilical 
directrix plane (A) is =~ (1 — e*) sin i ; or, putting for sin t its 

value x-> ^ir^— (d) 

' In like manner we may find an expression for the perpendicular 
let fall from the umbilicalfocus v on the umbilical directrix plane (A). 
Let this perpendicular be P^^^ ; then it may easily be shown that 

The perpendicular P^^^^ let fall from the polar focus q> on the tan- 
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gent plane through the polar directrix touching the surface (2) at 
the extremity of the principal parameter is given by the formula 

The distance of B, the extremity of C, the major axis of (S) from 
o> is VC« + D«; but P^^^^ VCM^=R* (see fig. 47). Now 

Substituting these values of C and D in the preceding equation, 
we get 

If we add together these three perpendiculars on the umbilical 
plane (A), P^ from the centre C, P^^from the polar focus «, and P^|, 
from Vy the umbilical focus^ we shall have 

?^*{P,+P„+P,J=a« + *«+c« (g) 

244.] Let (D) be the directrix plane of the primitive surfSeu^ 
(S) whose major axis is C, and eccentricity 17. Hence the distance 
of the pole S of (D) (which is parallel to the plane of X Y) from it is 

o)S=-p^. ButC=— v-j see (c), [237]: consequently ©8= -—^ ; 

or the extremity S, the pole of (D), coincides with ir, the umbilical 
focus. 
The radius of the circular section of (S) whose plane passes 

be 

through the umbilical focus is equal to the semiparameter — of 

the surface (S) . 

For we manifestly have u^ : i* : : w*(l — e*) : r*, or 

r«=i«{l-*«)=5^; (a) 

b^ . 
when c=6, the radius is, as we know, =— in the ellipsoid of revo- 
lution. 

The radius of the circular section of the surface (2) which passes 
through the polar focus <o is 

•^-sm (*) 

245.] In the major axis of (S) there are seven remarkable points-— 
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the centre O, the two foci ¥ and F,, the extremities B and B, of the 
major asia of (S), the poiiits D, D, in which this major axis meets 
the directrix planes (D) and (D,). Now these seven pomta, O, F, 
I'',, B, B„ D, and D., all range along the major axis of (S) ; hence the 
Bcven reciprocal polur planes will all intersect in the same straight 
line, the polar directrix of the surface (2), or the directrix of its 
principal section in the plane of X, Y (see fig. 47) . 

The polar planes of F and F, are the umbilical directrix planes 
(A) and (A,), passing through tlie same polar directrix ; the polar 
planes of the points B and B,, the extremities of the major axis of 
(S), will touch the reciprocal surface (S) at the extremities Q Q, of 
its principal pai-ameter, while the polar planes of the points D and 
D, will pass through the umbilical foci v and v, of the surface 
(2). 

A tangent plane is drawn to the vertex of (2) cutting the umbi- 
lical directrix plane (A) in a straight Hue {(). The plane drawn 
through this line (/) and the polar focus a will make with the plane 

of XY an angle whose sine is =t- 

The principal parameter of the surface (2) is a mean proportional 
between the parameters of the principal sections in the planes of 
XY and XZ. 



be 
246.] Let L=— be the principal scmiporametcr of the surface 

(S) ; and if we substitute for a, It, c their values as given in terms 

of A, C, D, and R, see [237], (o), we shall find L=^. This isa 

very remarkable result. The value of L is independent of A and D. 
Consequently, if we assume the minor axis A of the surface (S) to 
vary, while the major axis C remains constant, the reciprocal polar 
surfaces (2), thus generated, will all touch in the same point; and 
if we further assume A=C, (S) will become a sphere, and (2) will 
be an ellipsoid of revolution round the transverse axis, so that the 
series of reciprocal polar surfaces (2} derived from the variation of 
A in (S) will all touch the ellipsoid of revolution the reciprocal 
polar of the sphere whose radius is C, and also the tangent plane 
to all these surfaces which passes through the polar directrix in the 
plane of XY and touches all the reciprocal surfaces at the extre- 
mity of their common semiparameter L. This plane may be called 
the parametral tangent plane. If we assume the polar focus w, 
whose distance from the centre of (S) is D, to range along the 
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transverse axis, while the semiaxes of (S) continue unchanged, then, 

as the distance of the vertex of the principal semi parameter from 
the plane of XY is constant, the vertices of the semi parameters of 
all the reciprocal polare (S) derived from the variatiou of D will 
range along a btraight line parallel to the plane of XY, and at the 



from the plane of XY is - — or -7^ . As this is a constant 

expression independent of D, the umbilical focus will also range 
along a straight line parallel to the plane of XV. ^^ 

The principal parameter of tie ellijitic paraholoid is 2 ^kk,, 2k 
and 2ki being the parameters of tlio principal sections intersecting 
in the transverse axis ; and the principal semiparamcter is the ordi- 
nate z through the focus u of the section in the plaue of XY. k ifl 
greater than A,. 

The coordiu!ateB of the umbilicus are 

-==-3 — :3aiid-5=-g — 5 (a) 

The length of the nmhilic^l normal from the umbilicus to the 

axis of X IS = — . 

Hence the length of tlie umbilical normal is equal to that of the 
principal semi parameter of the surface (2) ; and as the length of the 
perpendicular from the centre of (S) ou the umbilical tangeut plaue 

is ='T, consequently the rectangle under the normal and pei^Jcn- 

dicular will be equal to c', the square of the least semiaxis. 

247,] To find the polar plane of the exlrtmity of the major (uns 
of{S). Since this point B is on the major axis of (S), its polar I 
plane will pass through the conjugate polar of the axis of (S)— that 
is, through the polar directrix of the surface (S) ; and as this point 
is on the tangent plane to (S) at B, its polar plane will meet the 
surface (S) ; and as this point iaou /Af ^vi/oce of (S), its polar plane 
will touch the surface of (^) ; and as the tangent plane at B to (S) 
is parallel to the plane of XY, which contains the polar focus, the 
point of contact will be on the perpendicular to the plane of XY 
passing through the polar focus. [See fig. 47.) 

This point so found on the surface (S) at the extremity of the 
vertical ordinate jiassing through the polar focus to, is the extremity 
of Ij, the principal semiparameter of the surface ; and the tangent 
plane passing through this point and the polar dircctri.x in the plane 



tliree unequal axes; and let — 5 — =e*, — 5 — =€*, and — j^ — =17'. 
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of XY is the parametral tangent plane to the surface (S)^ a surface 
having three unequal axes. 

248.] We may justly infer from the simplicity of the values foirnd 
for the quantities which determine the umbilical directrix planes^ 
the umbilical foci^ as also the lines and points connected with them^ 
that thev have a real existence with relation to surfaces of the second 
order (Z) having three unequal axes^ as much as the corresponding 
magnitudes in spheres and surfaces of revolution, especially as the 
properties of these latter surfaces may be derived from those of (2) 
by simply changing c into b. 

The reader may desire to see those simple expressions brought 
together under one view. 

Let a, b, c be the semiaxes of the umbilical surface (S) having 

-p— =e*, — 5— =c^i and —^^ 
a* a* b^ 

These may be called the first, second, and third eccentricities of 

the principal sections of the surface (S) . Let u be the umbilical 

semidiameter . Then «* = a* -|- c* — 6*. 

(a) The perpendicular from centre on umbilical directrix plane (A) is 

P'= K- 

O) The perpendicular from centre on umbilical tangent plane is P= -^. 

(y) The perpendicular from umbilical focus on umbilical directrix 

plane is P,= ^-. 

(y,) The perpendicular from polar focus on* umbilical directrix plane 

"P"'" « 

(d) Let % be the uiclination of umbilical directrix plane to plane of XY, 

costs i. 

e 

(c) Inclination ^ of umbilical diameter to umbilical plane (A), 

**"'*= (a'-6')(6'-c') - 

(() Distance of polar focus 40 from the centre = ae. 

Distance of polar directrix from the centre = -. 

c 

he 
(17) The ordinate passing through the polar focus a> is — =L, 

which is called the principal semiparameter of (2). 

(jS) The portion of the umbilical diameter u between the centre and 

umbilical directrix plane (A) = -.^ 
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(i) The portion of the umhilical diameter u between the centre and 

the umbilical focus v= •«€. 

(k) DiBtance of umbilical focus v from the plane of XY, or from o> the 

bcti 



polar focus = 



a 



(X) The portion between the plane of X Y and the umbilical plane (A) 

be 

measured along the semiparameter is = — . 



rbn 

(ft) Inclination of umbilical diameter u to plane of X Y being ^, tan yjr = ^. 

through 

meter being^, tan^*=s -, • 

(o) The coordinates of the umbilicus are ^=-» «« — -' 



(v) Inclination to plane of XY'' of tlie tangent plane passing th 

polar directrix and touching (2) at extremity of principal para- 



e c 



(n) The length of the umbilical normal = —f 

and is therefore equal to the principal semiparameter L of (2). 

(p) The radius of circular section of (2) whose plane passes through the 

he 

umbilical focus is = — y 

a 

and is therefore equal to the principal semiparameter L. 

(<r) The radius of circular section of (2) whose plane passes 

through the polar focus o) is '**="1 — % ]• 

(t) The squared reciprocal of perpendicular from the polar 
focus 0) on the tangent plane at the extremity of the 

principal parameter L is j^\ — -f^— ~ i. 

(v) Distance between the points on the axes of X and Z in which they 

are cut by the umbilical plane (A) = — 

(<f>) A plane being drawn through the umbilical focus v parallel to 

the plane of XY, the principal axes of this section will be u and -!f 

a 

(yff) The distance of the foot of the umbilical normal from the centre of (2) 
is ae€. 

(») The distances of the feet of the principal normals to the vertices of the 
principal sections of (2) passinjj through the axis of X are oc' and ae^ 
respectively. Therefore the distance of the feet of the three normals 
from the centre are in geometrical progression, or the distance of the 
foot of the umbilical normal from the centre is a mean proportion 
between the distances from the centre of the feet of the normals of the 
vertices of the principal sections. 
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249.] Oh the hitirboloid op two sbkets and its asthptotic 
com. 

Pijf. 60. 



M 


F 


c 


^ 







Whea », the centre of the polanzmg sphere (H), is outside the 
primitive surface (S), D is greater than A, and the reciprocal polar 
(S) becomes a discontinuouB hyperboloid, while the reciprocal of 
the plane curve of contact of the cone whose vertex is », witk 
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tlie Borface (S) becomes the asymptotic cone of the reciprocal 
polar (2). 

The cone whose vertex is at w, and whose base is the commOQ 
section of (S) with it, is manifestly supplemental to the cone the 
reciprocal polar of this section, whose vertex is at C. The fOTiner 
may be called tbc^o^r ame, the latter the asymptotic cone. 

When a cone envelopes a surface of revolntion (S), the lines drawu 
from the vertex of this cone to the foci of the snrface (S) are called 
the/oca/ /ines* of this cone; therefore the planes of the circular sec- 
tions of the supplemental cone are at right angles to these focals; 
hence the planes of the circular sections of the asymptotic cone are 
at right angles to these foeals ; but the umbilical directrix planes 
(A) and (A,) arc also at right angles to these focal lines ; and there- 
fore the planes of the circular sections of (2) which are parallel to 
the umbilical directrix planes are also perpendJcular to the focal 
lines of (S) ; consequently the planes of the circular sections of the 
asymptotic cone are parallel to the circular sections of (S). 

250.] The centre C of the surface (S) may be thus fonnd. Gene- 
rally, Me /)o/o»-jD/a«eo/*>,/Ae ctmtre of (H) with respect to (S), ta Ike 
polar plane of C, the centre of{^) with respect la [il). 

Fot the plane t t^ fig. 50, is the polar plane of a> with respect to 
(S), while it is the polar plane of C with respect to (il). 

The plane of contact of the polar cone with the surface (S) 
divides it into two scgmeuta, the remoter one of which is the reci- 
procal polar of the sheet of (S), of which to is the focus, while the 
nearer segment of (S) is the reciprocal polar of the remoter sheet 
of (S). 

It is worthy also of remark that when w, the polar focus, is within 
the surface (8), see fig. 48, the point V is the common vertex of 
two cones cireumscrihing {8} and [il). The plane of contact of 
the former will determine the polar focna w; and the plane of con- 
tact of the latter with [CI) will determine C, the centre of (S). But 
when Q) is without the surface (S), the two cones will have a common 
base, and their vertices will be at the centre and focus of (2). 

25 1 .] The reciprocal polar of the continuous hyperboloid is alto a 
continuous hyj^erbolotd. 

' That Uie lines drawn Irom the vertex of a cone to the fori of a mrface of | 
tevolution which it ciTcuoLscribes are IhefarttU of the cone may be thua aiiupty ' 
flhown. I^et/and f, hv the lines drnwn from the vertex of iLo cone to thew 
foci ; let p and p, be the perpendiculora let full fmm thei^e foci on the tutgeat 
plsnB to tne cone. Let ^ aaa ip, be the angleis n-hich the lines / auif, taakt 
with the tangent plane. Then we shall oviUently have jy, an <peiatji^=pp,xl^. 
8o also for any other like tangent plane, 

^sinf sin^,=;7.,=i>; 
consequently Bin^sin^,=sin^Hin J*,, or the product of the sinea of theanglM ' 
which /,y) make with nny tangent pliuie to the cone is constast — a well-known 
property of thefoi-nl' of a cone. 
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For if we take the continuous hyperboloid whose principal section 
in the plane of XY is a circle^ and if we assume in this plane a point 
Q> the centre of the polarizing sphere {Q,), the reciprocal polar of 
this circle will be a conic section having its focus at the point to ; 
and the conjugate polars of every pair of generatrices of the pri- 
mitive hyperboloid (U) will be a pair of generatrices on the reci- 
procal polar (T)^ a continuous hyperboloid also^ whose principal 
section in the plane of XY will be a conic section. 

When the polar focus to is taken on the circumference of the 
circle which is the principal section of (U) in the plane of XY, 
then the reciprocal section of this circle is a parabola^ and the polar 
reciprocal (T) becomes a hyperbolic paraboloid. 

On the oblate spheroid. 

252.] When the polar focus a> is assumed to coincide with C the 

R* R* 
centre of (S), then D==0, and consequently «=-t-> *~X' *^*^ 

R« a*— c* 

c= v-i- : and also €==0, €*^ii*= — «— • 
C 'a* 

Since cos i s=~s= 1^ j sO; in this case therefore the umbilical planes 

are parallel to the plane of XY^ the plane of the principal circular 

c 
section^ at the distance - firom the origin ; the polar directrix in 

which the two umbilical directrix planes intersect vanishes to infi- 
nity^ and' the two umbilical foci are on the axis of Z, at the distance 
C€ firom the plane of X Y. 
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CHAPTER XXVI. 

ON THE APPLICATION OF THE THEORY DEVELOPED IN THE PRECEDING 
CHAPTER TO THE DISCUSSION OF SOME THEOREMS AND PROBLEMS. 

253.] It will be well to premise the foUowiug lemmas before we 
proceed to apply the principles established in the foregoing pages. 

Lemma I. 

To express the base A B of the triangle A B C in terms of the 
perpendiculars on the polars of the points A^ B^ and the distance 




of the pole of A B from C. Let the angle A C B be ==^0; let C be the 
polarizing centre. Then 

.^ CA.CB.sing ^ ,^, R« „ R^ R« 

ABss j^Tn; i "^* CA= — , CB=: — , and CD= — ; 

suJJ P Pi ^ 



consequently 



AB = 



RVsing 
PPi 



Lemma II. 

From a given point R let a perpendicular R P be let fall on the 
given straight line C V, and let the point O be assumed as the 
centre of the polarizing circle whose radius is R. 

Let B Q be the polar of the point R^ and S the pole of the giyen 



APPLIED TO THEOREMS AND PROBLEMS. :J2!J 

straight line C V. From S let fall a perpendicular S T on the polar 
of R.. It may easily be shown that the ratio of the lines drawn to 
the poica R, S from the centre O of the polarizing circle will be the 
same as the ratio of the perpendiculars let fall from these points on 
the polar straight lines; for 

OB_R*. B^_OC_0V 0R— QV RVRP OR_OS 
OS~OB' OC~OB~0Q"O8-0Q~SQ~ST '"' EP~ST- 

Fig. 5^. 






The 



is equally ti 



e when C V P and T Q B a 



I 



e propositio 
For through O E P draw a plane, and through C V and Q B planes 
perpendicular to the plane O R P, the above demonstration will 
still hold. 

254.] If from any point on an umbilical surface of the secondorder 
perpendiculars be let fall on two conjugate umbilical directrix planes, 
the rectangle under these perpendiculars unll have to the square of 
the distance of this poittt _from the polar f oats a constant ratio. 

It has been shown by M. Chasles and other geometers — indeed 
it follows obviously from the corresponding property in piano — that 
if from the foci of an ellipsoid of revolution perpendiculars be let 
fall on a tangent plane, their product will be equal to the square 
of the serai- minor aicis of the ellipsoid. 

Let the reciprocal polar of this property be taken. The pole of 
the tangent plane (T) to (S) will be a point Q, on (S.) ; the polar 
planes of the two foei F, F, of (S) will be the conjugate umbilical 
directrix planes (A), (A,) to (£) ; hence the perpendiculars are let 
fall from one point Q on the surface (S.) to its two directrix planes 
(A) and (A,) . 

But the distance of the focus of (S) from the polar centre ai is 
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VC* + D*— A*, see sec. [238]; and the product of the perpen- 
diculars is^ as i?e have assumed^ equal to A^. 

Fig. 63. 




Consequently the ratio of the product of the two perpendiculars 
from the foci of (S) on a tangent plane to it^ to the product of 
the distances of the two fod of (S) from the polar centre^ is 

_ A« 

C«+D«-A«' 

But from the preceding Lemma II. it follows that this must also 
be the ratio of the product of two perpendiculars let fall firom the 
point Q on the directrix planes (A)^ (A^) to the square of the radius 
r drawn from Q to the polar focus oi. Putting/? and p^ for these 
perpendiculars^ we shall have 



A« 



m^ 



(a) 



We may determine the value of this expression in terms of a, b, c 
by the help of the formulse in sec. [237], (c) ; hence 



a^<^ 



C" 



a'^c* 



C« + D«-A«~4«(a»-c«)~4«6«~AV.a«* 

Now it has been shown in sec. [243]^ (c)^ that the perpendicnlar 
from the centre on one of the conjugate umbilical directrix planes is 

V- . Let this perpendicular be P. 
Then we shall have, finally, ^'=—3 (b) 



231 



(a) Resuming the equation ^ = „ ^ — ^-v, let t!ie surface be 

the elliptic paraboloid; let the semiparameters of the principal 
sections be 2k and 2i„ then 6*=2fli, c' = 2ak,. Substituting these 
values in the preceding expression, we shall have 
"'"* _ A, >, 



since a in this case is infinite. 

Therefore in the elliptic paraboloid ^="1 (c) 

(^) When i=c the surface (S) becomes an ellipsoid of revolution 

round the transverse axis, and .^. ^ — y becomes 



1 



well-known property of the ellipsoid of revolution. 

(y) tVom the polar focus w let a sphere be described with a 
constant radius r, it will cut the ellipsoid (2) in a curve of double 
curvature ; so that if from any point on this curve perpendiculars 
be let fall on the conjugate umliiJical directrix planes, their product 
will be constant, siuce r is constant. 

(8) If weaasumethetheorem asestablished,^'=75T~a sr, and 

^ ' ' r^ 6*(fl* — c*) 

make this latter expression =1, we shall have c = - ^- 

Va^ + 6* 
Hence it follows that if the three semiaxes of an ellipsoid be 

a, b, and — : — ■ the product of the pair of perpendiculars let 

fall from any point on the surface to the two umbilical directrix 
planes will be equal to the square of the distance of this point from 
the polar focus. 

(e) The above relation is equivalent to -j + xi — -,=0. When h is 

also =c, -j=0, or a = x ; or in order that this property may 
hold in a surface of revolution, it must be a paraboloid*. 

• A Hmple algebraicai proof may bo giveu of this very general and important 
theorem. 

IthaebeenBhoTiTiinaec. [.!i7], (c), Ihat the lenpthofftjwrpendicularlet fall on 
s plane whow tangential coordinateB dro i, v, f, from a pven point {x, yfi), i» 

Now the (juigentiaJ coordinates of one of the coajiigKte directrix planes (A) ara 
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T^4 

266.] When o=ft, D=0, since D^s-ry (a«-6«) ; therefore the 

polar focus o) becomes the centre of (S)^ which becomes an oblate 
spheroid having its principal circular sections coincident and in the 
plane of XY. Consequently the four umbilical directrix planes 
coalesce^ two by two, parallel to the plane of XY, and therefore 
parallel to one another. These planes may be called the minor 
directrix planes, seeing that they are perpendicular to the minor 
axis of the oblate spheroid. The perpendicvQars let fall fix>m any 

Fig. 54. 



h 


Q. 


(A) 




V-^c ^ 


r 


"^ 


.y^ / JB 


\ 


m 


/y 






^ Kt^ 



point on this surface on the minor directrix planes are endently in 
the same straight line. Assuming the general equation 



a'^i? 



m- 



pPi_ <r 



or '-^= 



flV 



or 



D8xD8, A« 



Subfldtuting these values in the preceding expression, 



P- 



iv'S^^i? 



In the same way we shall find for the perpendicular let fall on the other oon- 
>tane, 



jugate directrix pi 



P. 






Hence 



6=»(a» - c')pp, = 6V-f 2i»c2a«x-h<r»c»«»ir» - o^i'iyV. 



The equation of the surface, the origin being at the focus in the plane of XY, 
or at ih^ polar focua^ when multiplied by cr*6V, is 

6'c^r»+oVy'+a'i'2*-26»c2flex-6V=0 ; 

adding this expression to the preceding, we get 

PP, , g'g' 
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Now - is the distance of the minor directrix plane from the 

centre= A suppose ; consequently^' =-2. 

When i^=sia^-^c^, or 2c*=a*, we shall have /^p^sr*. 
256.] 7%c sum of the products, taken two by two, of the perpen- 
diculars kt fall from the four umbilical foci on a tangent plane to 

(2) is equal to 26*8in* vH ^ 



cos* V. 



a' 



We have shown in sec. [57], (c), that if P be the perpendicular 
let fall fix)m a point whose projective coordinates are x, y, z on a 
plane whose tangential coordinates are S, v, ^, we shall have 

Vf« + u« + ?« • 




Now the projective coordinates of the four umbilical foci are 



y= 0, 



a?= ae, 

y= 0, 



y= 0, 

bcf) 






a 



x=ae, 

y=o, 

^bcf) 



* • 



(a) 



Consequently the perpendiculars are 



aP = 



a + a^e^^bcff 



aPi= 






a—a'e^+bci) 
a— a'cf— ici;5 



(b) 
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Therefore 



a»PP, + a*/ 



2««-2aVg'-2ftVV 



(c) 



^ + t^ + ^ 

and if ve add to the numerator of this fraction the tangential 
equation of the surface multiplied fiy 2a', 

2a*f* + 2a^A«u* + 2aV$*-2a*= 
we shall finally, on reducing, have 



7P.+pp,^2 



h*» 



(d) 



In this formula n is the umbilical semidiameter, and v is the 
angle which the parallel perpendiculars make with the axis of Z. 
When fi=c, w=o, P=p, P^^,, and the formula becomes PP,=A*, 
a well-known expression for the product of the perpendiculars from 
the foci of a surface of revolution on a tangent plane. It is remark- 
able that the sum of the products of these perpendiculars varies 
only with the value of v, and is entirely independent of the values 
of X and ft.; X, ft., and y being the angles which the perpendicular 
from the centre on the tangent plane makes with the axis of coor- 
dinates. Consequently, if round the axis of Z passing through the 
centre of (5) we describe a right cone whose vertical angle is 2v, 
and the four perpendiculars from the umbilical foci on a tangent 
plane be all drawn parallel to a side of this central cone, the sum 
of their products, two by two, will be constant, since v is constant. 
See (d). 

257.] The locus of the feet of perpendiculars let fall from the 
foci of (S), a surface of revolution, on a tangent plane to this sur- 
face is a sphere. 

Taking the reciprocal polar of this property, we may infer that if 
through the polar focus of (2), a surface of the second order, a plane 
and a straight line be drawn at right angles to each other, the line 
meeting the surface in the point t, and the umbilical directrix 
plane (A) in the straight line (5), the plane which passes through 
the point t and the straight line [S) will envelop a surface of rero- 
lution (2,) whose focus will coincide with the polar focus of (2), 
and whose directrix plane will pass through the polar directrix of 
the polar focus a in the principal section in the plane of X Y, 

Let (T) be the tangent plane to (S) ; and let nr, w, be the feet 
of the perpendiculars let fall from the foci F, F, on the tangent 
plane (T), and let (11), the polar plane of w, cut the umbilical 
directrix plane in the straight line (£). 

Now the pole t of {T) the tangent plane to (S), will be a point on 
the surface (S) ; and as w is a point on the tangent plane (T), its 
polar plane (11) will pass through t, the pole of (T) ; and rs or is a point 
on one of the focal perpendiculars, the polar plane (11) of w will 
pass through the conjugate polar of this perpendicular, which is 
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the iiiterBection of tbe plaues (11] and (A), the polar planea of or 
aud F. But Bs the point -sr is always found on the surface of a 
sphere, its polar plane {S)r rauat envelop a surface of revolution 
(S,) whose focus coincides with o>, the polar focus. Since w,, the 
foot of the other perpendicular, is also on the taugent plaue (T) to 
(S), its polar plane (IT,) will also pass through t and intersect the 
conjugate umbilical directrix plane (A,) in (£,) ; and as the plane 
which passes through (5,) and w is also perpendicular to the line 
WT, it will follow that the two planes tlu-ough to and the lines (£], 
{£,) are identical. 

When (S) becomes an oblate spheroid, the polar focus oi becomes 
the centre of (S) ; and hence foUowa this theorem : — 

Through the centre <» of an oblate spheroid let a diameter and a 
diametral plane be drawn at right angles one to the other, the dia- 
meter meeting the surface (2) in the point t, while Hie diametral 
plane meets the directrix plane (A) in the straight line (S), the plane 
t(S) will envelop a concentric sphere whose radius is c. 

258.] Tbe algebraical proof of this theorem ia somewhat com- 
plicated. To afford a means of comparing it with tbe geometrical 
method, it may be thus given. 

Tbe origin being taken at the polar focus, and the axes of coor- 
dinates parallel to the axes of tbe figure, let the projective equation 
of the surface be 

or if <^x, i/i z,) be the projective coordinates of the point on the sur- 
face, and we multiply the preceding equation by a''b*c?, we shall 
have 

A*cV+'''cV + «*fiV*=fiV + 26Vaea^,. . . . (a) 

Let f=^?+a, w=Mf+^ (b) 

be the tangential equations of the straight line in which tbe planes 
(tl) and (A) intersect ; then, as this straight line [£) lica in a plane 
passing through the origin, we shall have 

„_.|_j (jud v~-=h- gee sec. [591. 
K =, ? ^, 

Consequently z,^='''i^-¥aj!„ and z,v=t/^+0z^ 

Now, as the line (b) lies iu the umbilical directrix plane (A), of 
which the coordinates are 



{=- 



V 



-».!=B 



aj) 



substituting these values of f, v, and !| in (b) and reducing, we 
shall find 

xfi(bc1i-a7i)=z,c(b^^+ae),'i 
and y,{*c5— aij) =z,cbv. / 



w 



X30 THE GEOMETRICAL THEOHV OF RECIPROCAL FOLARS 

Aa the plane, whose tangentiat equations are retiuired, pawes 
through the point of which the projective coordinates ai'e x^ y, Zp 
and whose tangential coordinates are £, v, Jj, wc must have 

^/f+!',« + --,?=l (d) 

Now substitutuig in this equation the values of or, y, g, given in 



the preceding equations, v 



'bH{^^ 



J shall have, for the values of z 



I, and y,, 



-6*c(f4 






a/^ri 



ace^ — adr)^' 



If we n 



t substitute these values of ic,y,~, in (a), the projective 



equation of the surface (S), we shall have, first writing 

V=fiV(f« + v' + i;^) + 2c«<ief-aV-c*, - . . (f) 
and making these substitutions, for the resulting equation 

=6«V« + 2A*V(aV + c'-c'fle£— flM!)+«*AV + 2a''6*cV + *''-< 

- 26«c VijVf -2&fc*ae^ + a*i«c* t*^ - Zt^/^crf!^ - 2i^<.^at)^ 

+ 2fl«6«c»«)5; + a*i*c«ii'^ + 2V6»c*aef + 26'c^a8r,'f 

+ 2iVBef-26VaV^-2i3c'»a««)fir+2V(i*cV + 2a*e«eV 

4-2aVf*-2fl^c*i^f-2a3ic«Af- 

Eliminating, combining, and reducing, the preceding equation 
becomes 

V(2M?-c'cf-aO=0; (h) 

and this ia satisfied by putting Y^O, or 

6V(r' + v* + ?')+2BAS=aV + c'. ... (i) I 

If we refer to sec. [105], (i), and apply the principles there laid 
down, we shall find, putting A and B for the principal scmiaxes of ] 
this surface, 



A = -^--,-^ and B»= , , , 
consequently r- = 



(j) 



surface {Sj) and 



'eciprocal 
eccentricity of 



the principal parameters of the enveloped 

J (S) of (S) are equal, 
enveloped surface of revolutioiiy 






A* 



(k) 
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e beioe the eccentricitr of the pnncipal Bection of (S) in the plane 
ofXY. 

When a=b, or the surface is an oblate spheroid, A=B, or the 
enveloped surface is a sphere. 

259.] Through a given straight line fonr planes are drawn, two 
as tangents to a surface of revolution (S) ; the other two are drawn 
through the foci of this surface ; it is known that the angles between 
each tangent plane and focal plane are equal. 

The conjugate polar of the straight line in which the fonr planes 
intersect vnll be a chord of the surface (£) on which the poles of 
these fonr planes will lie ; and as two of the planes pass trough 
the foci of (S), their poles S and S, will lie on the two lunbilical 
directrix planes (A) and (A,) ; and as the two other planes are tan- 
gent planes to (S), their poles t and t, will be on the surface of (£}. 

Hence, if tn any turf ace (2) having three uneqaei axes a straight 
Une be drawn meeting the surface in two points t and t, and the 
umbilical directrix planes (A) and (A,) in two points also, S and S„ 
the angles which each pair of points s^tend at the polar focus a will 
be equal to each other, or the angle TtaS will be equal to the angle t/»S,. 



Fig. 66. 




Wlien the secant line ttJ&S, becomes a tangent to the sur&ce (S ) , 
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the two points t and t, coalesce into one t, crnd we obtain tluB other 
remarkable theorem : — 

If we draw any straight line touching the surface (S) and meeting 
the umbilical directrix planes (A) and (A,) i» two points S and S^, ^Ae 
tegments of this line between Ihe point of contact r and the umbilical 
directrix planes will subtend equal angles at the polar focut a. 

When (2) becomes an oblate spheraid, the umbilical directrix 
planes (A) and (A,) become parallel to the plane of XY, which 
contains the principal circular section of (S). The polar focus « 
coincides with its centre. Therefore, if a straight line be drawn 
touching an oblate spheroid, the segments of this line between the 
point of contact and the directrix planes (A) and (A,) will subtend 
equal angles at the centre of (S). 

260.] Should the secant line be drawn parallel to one of the 
ombilieal directrix planes, (A) suppose, and meeting the other um- 
bilical directrix plane (A,) in S, and the surface in the points t and t„ 
the rectangle 

Stx hT^=htJ, (a) 

to being the polar focus. See fig. 57. 

Hence this theorem ; — If through any point S assumed on one of 
the directrix planes (A,) a secant be drawn parallel to the other 
directrix plane {^) , and meeting the surface in the points r and t,, 
the rectangle under these segments will be equal to tlie square of the 
distance of Z from the polar focus m. 

Fig. 57. 




If the secant be drawn through the umbilicus, it will become a 
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tangent to the surface. Consequently if through « the umbilicus 
of the surface (2) a tangent be drawn to meet the umbilical direc- 
trix plane (A,) in S,, the distances of the point &, from the umbilicus 
u and the polar focus <o will be equal. 

A direct genmetricftl proof of this theorem may be given. Let 
(UTT, be a section of (2), a surface of the second order baring three 
unequal axes. Let UA and UA, be the umbilical directriic planes 
cutting the plane of XY in the polar directrix UV. Let tin be a 
tangent plane through the umbilicca u parallel to (A) and cutting 
(A,) in the line wS,. Let the secant t t, be drawn parallel to the 
plane (A), and therefore meeting this plane in S,„ a point at inliuity, 
and the other umbilical plane (A,) in the point S. 

Now, as by the preceding part of the proposition the tines(i>S and 
o>Si, drawn to meet the secant tt^S, in the umbilical directrix planes 
(A) and (A,) make equal angles with the lines cdt and tor,, we shall 
have the angle 5wT=angle Brfiy; or the triangles Son and BoiTj are 
similar, or St : Boi : : Ba : St„ or Stx ST,=8a)*, (b) 

When the secant tt,SS, is drawn in the umbilical tangent plane 
aS^, then Bt x 5t, eridently becomes nw' ; but it is also equal to 
nw ; hence ^^—^^ /q\ 

We may also from this theorem conclude that when any point S 
is taken on one of the umbilical directrix planes of a cone, t. e. the 
planes drawn through the vertex parallel to the circular sections of 
the cone, and from this point a line be drawn parallel to the other 
circidar section, and meeting the cone in the points t and t„ the 
rectangle £tx St, wiU be equal to SV*, V being the vertex of the 
cone. 

261.] Tangent planes (T) and (T^) are drawn at the extremities 
of the major aids of {S). They are cut by a third tangent plane 
[T;,) in two straight lines (I) and (/,). The planes (V) and (V; 
passing through the focus F and the lines {I) , (/,) are at right angles, 
as is very generally known. We may thus polarize this theorem. 

The poles of the tangent planes (T) , (T,) to the extremities of the 
major axis of (S) are the extremities t, t, of the principal parameter 
L of (2), The pole of the third tangent plane (T„) is a point T„on 
the surface of (2) ; and B, the pole of (V) , is a point on the umbilical 
directrix plane (A). But as the three planes (T), (Ty), and {V) all 
pass through the same straight line (/), their poles t, t„, and B will 
all range on the same straight line t„ t B, the conjugate polar of {/) . 
In the same way the poles t,j, t., and 8, of the three planes (T,), 
{T,,), and (V,) will all range on tlie same straight line t„, t,, and o,, 
the conjugate polar of (/,). But as the focal planes are at right 
angles, their poles B and 5, on the umbilical plane (A) will sub- 
tend right angles at the polar focus m. Hence wc obtain this very 
general theorem :^ 
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(a) Let the principal parameter CC, of a surface of the seeond 
order (S,) having three unequal axes be the base of a triangle whoae 
vertex is the point G anywhere on the surf ace ; andif the sides of this 
triangle be produced to meet the umbilical directrix plane (^) in two 
points S and B,, the points S and S, will subtend a right angle at the 
polar focus at. 




(/3) When the surface {2) becomes aa oblate spheroid, the nm- 
bilical directrix planes (i) and (A,) become parallel to the plane 
of XY, which contains the principal circular section of the oblate 
spheroid, and the polar focus coincides with the centre. 

Hence this theorem, see fig. 54 : — 

If the shorter axis of an oblate spheroid be taken as the fixed base 
of a triangle C C,P inscribed in the spheroid, whose sides are pro- 
duced to meet one of the directrix planes (A) in two points Q and Q^, 
these points, Q. and Q,, will subtend a right angle at the centre of the 
oblate spheroid (2). 

(7) When the surface (2) becomes a surface of revolution (S) 
round the transverse axis, the polar focus becomes the focus of (S), 
the umbilical directrix plane becomes the directrix plane (D), 
whence we may derive this theorem : — 

If the parameter of a surface of revolution {S) be the base of a 
triangle inscribed in it, and the sides be produced to meet the direc- 
trix plane (D) in d and rf„ the points d, d, will subtend a right angle 
at the focus F o/(S). 

(S) We may extend this tkeorem to any angle. If two fixed 
tangent planes (T) and (T,) be drawn to a surface of revolution (S), 
and a third tangent plane (T^,) movable and which intersects the 
two fixed tangent planes in the straight lines (/) and (/,), the vector 
planes (V) and (V,) drawn through the focus F and the strai^t 
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lines ia which the taug:eut planes iiiterscct arc inclined at a constant 
angle to each other. This is a known theorem. 

The poles of the vector planea (V) and (V,), since they pass 
through F, are on the umbilical directrix plane {A}; and as the 
planes (V), (T), and (T„) all intersect in the same straight line (/), 
their poles will be on the conjugate polar of this straight line — that 
is, on the chord which joins the poles t and t„ on the surface (S) ; 
and as the pole of (V) is on this straight line, it must be the point 
S where this line tt,, pierces the umbilical directrix plane (A). 
The same may he said of the other chord t^ t, S^. Therefore the 
angle 8wS„ the angle between tlie plane (V) and (V,), is constant. 
We may therefore infer that, 

If a fixed chord be taken in a surface (2), and this fixed chord 
cc, be made the base of a triangle whose vertex G (see fig. 58J is any- 
where on this surface, the sides of this triangle Gc, Gc, being produced 
to meet the umbilical plane (A) in two points S and B^, the points S 
and S, will subtend a constant angle at the polar focus «. 

26;i.] If we take the reciprocal polar of (7) in the preceding 
section, we may derive another theorem equally new. 

363.] Since the two points t and t,, the extremities of the para- 
meter of (S), and the focus F 

of (S) ill fig. 59 are all three on ^'S- 59. 

the same straight tine, their 
polar planes (0), (0,), and (A) ■ 
will all meet in the same 
straight line (5); but the two 
former planes aic tangent 
planes to (S), while the latter 
is the umbilical plane (A). 
Since i/ ia in the directrix 
plane (D) of (S), the polar 
plane of d will pass through 
the umbilical focus y, the pole 
of {D), in (S) ; and as d is a 
point on the chord of contact, 
/, t,, the polar plane of d will 
pass through the intersection 
(5j of the two tangent plai 
(») and (0„) to (£}. Hence 
the polar plane of the point d 
in the directrix plane (D) to 
(S) is the plane which passes 
through V, the umbilical focus 
of (S), and the straight line 
(3,) the intersection of the 
tangent planes (8) and (0„) to(S); and therefore the conjugate polar 
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of the line Fd will be the interscctioa of this plane with the umbilical 
directrix plauc (A) of (S). In the same way it may be abown that 
the conjugate polar of F^, is the line in which the plane through v 
and the iiitcraectiou (3,,) of the two taikgent planes (0,) and (^,) 
cuta the umbilical directrix plane (A). But the lioos Vd and Frfj 
are at right angles ; therefore the planes passing through the polar 
focus a and their conjugate polars are at right angles also, whence 
we may derive the following theorem : — 

Jf through a xtraight line (-d) in the tanbilical directrix plane (A) 
of a surface {2) of the second order, two tav gent planes {%) and(^^ 
be drawn meeting a third tangent plane (8„) in the straight linea 
{d^ and (3j,), the planes through tlieae two lines and the umbilical 
focus V will cut the tanbilical directrix plane (A) in two straight - 
lines, through which and the polar focus w if two planes be draw*t_^ 
they will be at right angles to each other. I 

264.] The vector plane (V) drawn through the focus P, and the^ 
line of intersection (/) of two tangent planes (T) and (T,) to a auT- 
face of revolution (S), is at right angles to the Line drawn from the 
focus F to the point d in which the chord of contact t, t, of the 
two tangent planes {T) and (T,) meets the directrix plane (D) of (S). 

Let us reciprocate this property. 

Since the three planes (1"), (TJ, and (V) all intersect in the same 
straight line (/) , their (toles t, t„ the points of contact of two tangent 
planes (O) and (6,) to (S), and the point v, the pole of (V), will 
alt range on the same straight line ; and as this latter plane (V) 
passes through the focus F, its pole v will be on the umbilical 
directrix plane (A). 

Again, as d is a point un the directrix plane (D) of (S), its polar 
plane will pass through v, the umbilical focus ; and as rf is a point 
on the chord of contact /, /,, its polar plane witt pass through the 
conjugate polar of t, I,, namely (S) the intersection of the tangent 
planes (B) and (0,) ; and as a! is a point on the focal line Yd, its 
conjugate polar (£) will lie in the umbilical directrix plaoe (A) ; 
consequently the conjugate polar of Yd is the line in which IhB'a 
plane that passes through w and (5) meets the umbilical direct 
plane (A). But as Ft/ is at right angles to the plane (V), the vet 
line wv will be at right angles to the plaue a>(5). See last figure, j 

Hence this theorem : — 

If two tangent planes (0) and (0,) are drawn to a surface i^ tkt 
second order (S), having three unequal axes, meeting in the straiffM 
/iiw(3), andif T and T^ be the points of contact of theire tangent planes, 
let the chord t t, meet the umbilical dtrtr.lrix plane (A) in v : and IH 
the plane drawn through v, the umbilical focu^, and (3) fhe interaectia» 
of the tangent planes (0) and (©,) meet the umbilical directrix plane 
(A) in the straight line {B), Ike line q)V will be at right angles to thaM 
plane drawn (/trough to, fhe polar focus and (S). 
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365.] If the surface become au oblate spheroid, theu the polur 
focus (u will coincide with the centre of this surface (S), and its 
UTubilical directrix plaae (A) nill be parallel to the plaue of XV 
which contains the principal circular section of (2). Therefore 
the preceding theorem may be thus modified :— 

If two tangent plane* (0) and (0.) be drawn to an oblate »pheroid, 
and their chord of contact be produced to meet the directrix plane 
in V, and if a plane be drawn through the timbilical focua v and the 
line (d) in which these two tangent planes intersect and meeting the 
directrix plane in the line (8), the diametral plane C{S) will be at 
right angles to the diameter Cy. 

266.] Let a tangent plaue (T) be drawu to a surface of revolu- 
tion (S) touching it in the poiut t, and cutting the directrix plane 
(D) in (d). The vector plane (V) drawn through the focus F and 
the straight line (rf) will be perpendicular to the focal line drawn 
from F to /. Let us take the reciprocal polar of this theorem. 

Since the three planes (D), (T), aud (V) all pass through the 
same straight liue (rf), their poles will be on the straight liue (S), 
the coujugate polar of (rf) ; and as u is the pole of (D), (S) will pass 
through V. As the pole of (T) will be a jmiut t on (S), (S) will 
pass through tliis point ; and as {V) passes through F, its pole will 
he the intersection of (S) with the umbilical directrix plane (A). 
Again, the coujugate polar of the line joining F and t will be the 
straight line in which the tangent plane (*^) to (2) intersects the 
directrix plane (A) ; but the line drawn from the polar focus to to 
the pole B of (V) will be perpendicular to the plane passing through 
the intersection of the tangent plane (0) with (A). 

Hence this theorem : — 

If a tangent plane (@) be drawn to (2), touching it in the point r, 
and cutting tfie umbilical directrix plane in the line (3), and if through 
the umbilical f oats v and the point t a straight line be drawn meeting 
the directriv (A) in the point B, the line aiS drawn from the polar 
focus 0) toS will be at right angles to the plane drawn from a through 
the straight line (3). 

When the surface becomes an oblate spheroid, the resulting 
theorem is as follows : — 

If a tangent plane be drawn to an oblate sp/teroid culling one of 
the directrix planes {A) in a straight line (S), the diametral plane 
drawn through (3) will be at right angles to the diameter Or drawn 
through the point of contact t. 

267.] Two tangent planes, (T) and (T,), are drawn to the primitive 
surface (S). The focal vectors (/) and (/j) drawn from F to the 
points of contact t and /, are equally inclined to the vector plane 
(V) drawn through the focus F and the intersection (/) of the tan- 
gcut planes (T) and (T ). 

Now, since the vector plane {V) passes through F, its pole will 
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be on the directrix plane (A) ; and as it passes tlirough the Btraight 
line (/), its pole will be on the polar of (/)— that is, the chord t t, 
which joins the points of contact of the tangent planes (0) and (O,) 
to (S), which are the polai' planes of the points ( and t^ — and there- 
fore is the point \ in which the directrix plane (A) is picorced by 
the line t t,, The conjugate polar of the line VI is the straight line 
in which the tangent plane (©) cuts the directrix plane (A) . So 
also for F(,. The resulting theorem is therefore as follows : — 

Let two tanyent planes, {%) and {0^), be drawn to a surface (£) <j^ 
three unequal axes, cutting the umbilical plants in two straight tines 
(8) and {&,), Let a straight line be drawn through the pointi of con- 
tact meeting the directrix plane (A) in \. The line drawn from the 
polar focus a to \ is equally inclined to the planes ia(S) nnd <o(&^. 

When the surface beeomes an oblate Bpheroid, tlie foregoioj; 
theorem is thns modified: — 

If two tangent pluiies are drawn to an oblate spheroid, and cutting 
the directrix plane (A) in two straight lines (S) and (S,}, while the 
chord through the points of contact meets it m \, the diametral planes 
0(S) and 0{S,) are equally inclined to the diameter 0\. 

268.] Two tangent planes, (T) and {T,}, being drawn to the pri- 
mitive surface (S), the focal vector lines (/) aud (/,) drawn to the 
points of contact t and /, are equally inclined to the focal vector /j, 
drawn to the point d where tlie chord of contact t /, meets the direc- 
trix plane (D) of (S) . 

The conjugate polars of the focal vectors (/) and (/,) are the 
straight lines (_;') and (j^, in which two tangent planes (0) and 
(0,) to the polar surface (S) intersect the umbilical directrix plane 
(A) ; and as the point d in which the chord of contact t i^ pierces the 
directrix plane (D) is on this plane (D), its polar plane (U) will 
pass through v ; and as this poiut d is on the chord 1 1„ its polar plane 
(U) will pass through (d), the intersection of the tangent planes 
(0) and (0,). Hence the coujugate polar of {/,,) is the straight 
line in which this plane (U) intersects {A}. 

Hence the following theorem : — 

jy two tangent planes, (0) and (0j), are drawn to a surface (2) 
meeting the directrix plane (A) m two straight lines (8) and (8,), and 
y through the intersection of these tangent planes (3) and the umbi- 
Heal focus v a plane (U) be drawn cutting the directriz' plane {A) in 
a straight line [x), lite planes (b(8) and 01(8,} will be equally inclined 
to the ploTte w(x]- 

When the surface becomes an oblate spheroid, the theorem is 
thus modified : — 

iVfien two tangent planes to an oblate spheroid are drawn meeting 
in the line (d), and the directrix plane (A) in the straight lines (8) and 
(8,) — and if a plane be draum through the umbilical focus v and the 
intersection (5) of the tangent planes, and cutting the directrix plane 
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(A) in Ike straight line (^), the diametral planes 0(S) and 0[5,) 
vAU make equal angles with the diametral plane u>{-)(). 

269.] Two tangent planes, (T) and (T,), are drawn touching the 
primitive surface (S). From any poiztt p in the line (0 of their 
intersection two tangents to (S) are drawn touching the surface (S) 
in the points of contact t and t,. The vector planes (V) , (V,) through 
the focus P and these tangents p I and /* t, will be equally inclined 
to the vector pluuc (V,,) which pi ssca through F and (/), the inter- 
section of the tangent planes ('f) and (T,). Let us take the dual 
of this property. 

The polar plane (11) of the point p, since it is in the interttection 
(/) of the tangent planes (T) and (Tj), will pass through its con- 
j ugate polar t and t„ the cliord which joins the points of contact of 
the tangent planes (H) and (B,) draivn to (S) ; and as /f is a point 
in the \\ne pt, its conjugate polar will be the intersection of the 
plane (11} with the tangent plane (0). Hence the pole of the 
plane (V) will he the point on the umhilical directrix plane (A) 
where it is pierced by the intersection of the planes (11) and (%). 
In the same way the pole of the plane (V,) is the point in which 
(A) is pierced by the iutereection of the planes (fl) and (0,), and 
the pole of the plane (V,,) is the point in which the directrix plane 
(A) is pierced by the chord of contact t t, ; but these [rolea subtend 
ei|nal angles at the polar focus w. 

Hence the following theorem : — 

If two tangent planes, (H) and (ft,)j to a surface of the second order 
be cut by another plane (O) passing through the points of contact 
T T,, and cutting the tangent planes in two straight lines t it and t, x, 
if the three aides of the triangle r r,. r tt, and t, tt be produced to tiieel 
the directrix plane in the points X, S, andh„ the angles XaS and XaSi 
will lie equal. 

270.] If two tangents are drawn from any point p to two points 
/ and ti on the primitive surface (S), the focal vei:tor planes (V) 
and (V,) drawn through the tangents pt and pt^ are equally inclined 
to the vector plane (V„) drawn through the chord of contact / /,. 

Since the three vector planes (V), (VJ,and(VJ all pass through 
thefocusFof(S), the poles of these three planes will lie on the um- 
bilical directrix plane (A). Draw the plane (Hi, the polar plane 
of p. Now the conjugate polar of the line^ ( will be the inter- 
section of the planes (11) and (8), namely (xr), and the conjugate 
polar of the line p i, will be the intersection («,) of the planes (11) 
and (9,), while the conjugate polar of the line 1 1, will be the line 
(3) in which the tangent planes (B) and (©,) intersect; therefore the 
poles of the three vector planes (V), (V,), and (V„) will be the three 
points in which the lines {m), (sr,), and (J) meet the directrix plane 
(A) . From these relations we may obtain the following theorem ; — 

Two tangent planes, (0) and (W,), are drawn to a surface having 
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three mtequal axes. A third plane (IT) is drawn throtigh the chord \ 
of contact aittingthe tongejit p/atiea in the lines [is) and (w,). These ] 
lilies and the line (5) , in which the tangent planes intersect, are prO' 
duced to meet the directrur plane (A) in the three points tt, v,, and S. 
TRe angle 7r(DS=7r^S. 

When the aurfaee is an oblate spheroid, we obtain the following 
theorem i — 

Two tangent planes, and a secant plane through the chord ofconlac/, 
are drawn to an oblate spheroid, the diameter drawn through the point 
in which the common intersection of the two tangent planes nteeU the 
directrix plane (A) is equally inclined to the diameters which pa»* • 
through the points in winch the common intersections of the secant 
plane with the tangent planes laeet the directrix plane. 

271.] Througli the same straight line (/) two tangent planes 
(T), (T.) and a plane {V) arc drawn to the surface and focns F of 
(S). From the other focus F, perpendiculars P, P, are let full on 
the tangent planes {T} and (T,) ; Hie line joining the feet of these 
perpendiculars will be at right angles to the plane {V) . 

This may easily be shown, as the tangent planes make equal anglei 
with the focal planes passing through the same straight line. 

Let us now take the polar of this theorem. 

Since the two tangent planes (T), (T,), and the focal plane {V),aU 
three pass through tlie same straight line (I), and (V) also through 
the focus F, their (jolcs t, t„ and v will range along the same chord 
of (S) , T and T, being points on the surface, and v the point of inter- 
section of this chord with the umbilical directrix plane (A) ; and as 
P, P, arc perpendiculars to the tangent planes (T) and (T,), their 
conjugate jwlars will lie in the planes drawn through oj at right 
angles to (dt and cut,, sec. [257] ; and as these perpendiculars P 
and P, pass through the second focus F, of (S), the conjugate polars 
of P and P, will also lie in the second umliilieal plane (A,). 

Consequently the lines in which the planes through oi at right 
angles to wt and orr, meet the second umbilical directrix plane (A^ 
are the conjugate polars (w) and (w,) of the perpendiculars P and 
P,, Therefore the polar planea of the feet of the perpendiculars P 
and P, on the tangent planes (T) and (T,) arc the planea T(nr) and 
T,(w,) ; therefore the line which joins the feet of these perpen- 
diculars P and P, must be the line in which the two planes intersect. 
Let this line be (A.) ; hence the plane (i»(X} will be at right angles to 
the line lov. 

Hence we may derive the following theorem : — 

If through a surface [2) with three unequal axes a chord be 
drawn meeting this surface in the points t and t, and the iimbi- 
lical directrix plane (A), and if through e> the polar focut> planes be 
drawn at right angles to wt aud cot, cutting the second directrix 
plane (A,) in [m) and (w,}, and planes be drawn tlirough t{w) and 
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T^(©,) mtersecting in the straight line {\),the plane (u(\) will be at 
right angles to the straight line «f. 

272.] The vector planes (V) and (V,) passing through the focus 
F of a surface of rcTohition {S) and the straight lines {d) and (rf,), 
in which two tangent planes (T) and (T,) fut its directrix plane (D), 
are equally inclined to the plane (G) drawn from the focus F through 
the intersection (/) of the tangent planes (T) and (T,) . 

Hence, in the reciprocal i>olar (S) of this surface (S), the poles 
of the tangent planes (T) and (T^) are two points r and t, on the 
surface of (2) ; the conjugate polar of the line (/) in which these 
tangent planes intersect is the chord t, t^ ; and as the plane (G) 
passes through (/) and F, the pole 7 of this plane (G) will be the 
point in which the chord t t, meets tlie umbilical directrix plane (A), 
Since (V) passes through the focus F, its pole will be on the umbi- 
lical directrix plane (A) ; and as the line (d) is the iutcrsectiou of 
tlie three planes (D), (T), and (V), consequently [B), the conjugate 
polar of (ii),will pass through the poles of (D), (T), and (V) — that 
is, through the umbilical focus v, the point t on the surface of (S), 
and S the intersection of the line {S) with the plane (A). In the 
same way we may find the point 8,, the intersection of theline(8,) with 
the directrix plane (A). Now as the plane (G) is equally inclined 
to the planes (V) and (V) , the poles of these planes will subtend 
equal angles at the polar locus. 

Hence we derive the following theorem : — 

(a) Let there be a triangle whose vertex is at the umbilical focus, 
and whose base Is a chord of the surface (S). If the three sides 
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he produced to meet the umbilical directrix plane (A) in three 
points V, B, and S,, the line drawn from the polar focus 10 to v will 
be equally inclined to the focal Hues wB and mS,. 

(P) Should (2) become a surface of revolution (S), we may derive 
the following theorem: — If in a surface of revolution (S) a chord 
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be drawu meeting Uie directrix plane iu d, and the surface iu tlie 
points C and c,, the nngles cVd and c.i'W. are equal. 

When the chord c c, passes through the focus F, the angles f Prf 
aDd CjFrf, are right angles, 

(ly) When (S) becomes an oblate spheroid, let a choi-d to the 
mirface t t, be drawn. Let v be the umbilical focus on the minor 
axis at the distauce ce from tht; centre, measured aloug tlie vertical 
axis OZ; let the sides urand ut, of the triangle wtt, be produced 
to meet the minor directrLt plane (A) in the points S and S,, and 
letTT, meet the same plane iu the point v. The diameter Oi- will 
be equally inclined to the diameters OS and Ol,. 

373.] Conjugate polar straight lines polarized by a spltere (11^ 
are always at right angles. When they are on the surface of the 
sphere (that is, on a tangent pluue to the sphere}, they are still at 
right angles. Hence, if we polarize this sphere (11,) by the polar- 
isii^ sphere (U) , we shall obtain a surface of revolution (S), whose 
focus will be m, the centre of the polarizing splicre (H) ; and as the 
conjugate tangents pass through a point on the surface of tlie sphere 
(Ilj), their conjugate polars will lie on a tangent plane to (S) ; and 
as the conjugate tangents lie on a tangent plane to (H,), their con- 
jugate polars will pass through a point on the surface of (8) ; and 
as the conjugate tangents to the sphere (H,] are at right angles, 
the planes passing through the focus of (S), and these conjugate 
tangents to the surface of (H,), will contain the conjugate polars 
which arc tangents to (S), and these planes will be at right angles 
to each other. 

If we now polarize this theorem, the umbilical directrix plane (A) 
to the surface (S) will be the polar plane of the focus F of (S). 
Now the poles of these two rectangular planes which pass through 
the focus F of (S) will be fouud on the corresponding umbilical direc- 
trix plane (A); and as these planes pass through two straight lines 
which are found on a tangent plane to (S), and touching the same, 
their poles will be found on the reciprocal conjugate polars, see 
[247], which touch the surface (S), and are in a tangent plane to 
it. Therefore these poles are the points in which the two conjugate 
tangents to the surface (S) pierce the umbilical directrix plane (A). 
Hence the following theorem may be derived : — 

Let any pair of conjugate tangents to the surface (£] be produced 
to meet the umbilical directrix plane (A) itt two points a and 0, the 
Hnea drawnfrom the polar focus a) to these points will be at right angles. 

When these conjugate tajigeuts are at right angles, they are 
tangents to the lines of greatest and least curvature of the siirface 
(S), as we shall now proceed to show. 

274,] Conjugate tangents are parallel to a pair of conjugate dia- 
meters of the central plane of the surface (2) parallel to I he tangent 
plane containing the conjvgate tangents. 
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A very elegant and at tlie same time a purely geometrical proof 
of tbia propositiou may be established by the method of limits. 

Join Q, the point of contact of the tangent plane, to C the centre 
of (S). Through the centre C, and parallel to the tangent plane 
at a, let a plane section of the surface be drawn ; then the centres 
of all the sections parallel to the tangent plane at Q will have their 
centres on the straight line QC. Let a plane section of the surface 
be drawn parallel and indefinitely near to the tangent plane at Q, 
and let k he the centre of this infinitesimal section. Tlirough the 
diameter Q«C let two planes be drawn cutting the diametral plane 
parallel to the tangent plane in the conjugate diameters CA and 
CB, and the in£nitesim^ section iik the diameters wa and k^. Let 
two tangents be drawn parallel to the diameter xa in the infini- 
tesimal section, the centre of the line joining the points of contact 
of these tangents will be on the tine QiC; and as these parallels lie 
in the plane of the variable aectiou, the two tangent planes to the 
surface (Z) through these tangents will intersect in a straight line, 
which (Euclid, XL 1!)) will be also parallel to the plane of the vari- 
able section, and to the two tangents which it contains, and there- 
fore parallel to the diameter of the surface CA. 

Let this variable section be conceived to move parallel to itself, 
it will have its centre always on the diameter QC; and when at 
length it comes ultimately to coincide with the fixed tangent plane 
at Q, the two movable tangent planes to the variable section, or 
indicatrir* as named by Dupin, will continue always parallel to 
the diameter CA drawn in the parallel diametral plane, until they 
at length coincide, and we shall have their ultimate intersection 
parallel to the diameter CA along the tangent Qa. These planes 
will therefore be the constituent elements of a developable surface 
whose edges lie along the lines Qa, Q^,, and which touch the 
surface (2) along the line Q^, Q>3,- 

If we now take the normal radii of curvature along the indicatrix 
and perpendicular to the tangent plane at Q, these radii of curva- 
ture, multiplied by the perpendicular distances between the tangent 
plane at Q. and the plane of the indicatrix parallel to it, wiU be 
ultimately equal to the squares of the corresponding semidiameters 
of the iudicatrix ; but as these perpendicular distances are all equal, 
the normal radii of curvature round the point Q. will be ultimately 
as the squares of the corresponding semidiameters of the indicalrix. 
Now, as the axes arc the greatest and the least of all the semidia- 
meters of the indicatrix, the greatest and the least radii of curva- 
ture will be in normal planes at right angles to each other, and 
passing through the point Q. We may also infer that, since 
the sum of the squares of any pair of conjugate diameters is equal 
to the sum of the squares of the axes, the sum of the radii of cur- 
• Pupin, ■ D^vclopppmentH de G^om^lrit',' p. 4"^. 
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Tftture along any pair of conjugate tangents will be equal to tlie 
siun of the radii of greatest and least curvature. And snce, more- 
over, the sum of the squares of the reciprocals of the aies of the 
indicatrii is equal to the sum of the squares of the reciprocals of 
any other two diameters at right angles to each other, and as the 
eurvature of any curve is inversely proportional to its radius of 
curvature, it will follow that the sum of the curvatures of any two 
normal sections pastiing through Q and at right angles to eac^ 
other is constant. 

275.] From these principles Tre may derive a simple method of 
determining the lines of greatest and least curvature at the point 
Q. Through this point Q let us conceive two planes to be drawn 
parallel to the umbilical directrix planes (A) and {A,). These 
planes will be parallel to the central circular sections of the surface 
(2) ; and as the central circular sections parallel to them cut any 
central plane section in tvro equal straight lineSj making equal 
angles with the axes of this section, it will follow that the Imes 
drawn through Q on the tangent plane to {S) bisecting the angles 
between the traces on this tangent plane of the two planes parallel 
to the umbilical directrix planes drawn through the same point C4 
will be tangents to the sections of greatest and least curvature*. 

From the theorem established in [2r3],we may derive the follow- 
ing very elegant geometrical method of determining the position of 
the lines of greatest and least curvature. 

Let tlie lines of greatest and least curvature, which are at right 
angles, be conceived to meet the umbilical directrix plane (A) in 
the points a and p, which lie in the straight line in which the tan- 
gent plane at Q meets the umbilical plane (A) . Now, as the angles 
aOp and aco^ are right angles, a sphere described on a^ as diameter 
would pass through the points Q and a, since the angles in a hemi- 
sphere are right angles. Hence if we draw a tangent plane to (S) 
at Q. meeting the umbilical plane (A) in the straight line (S), and 
if we join Q the point of contact, and o) the polar focus, and biseict 
this line Qai in the point tt, and through tt conceive a plane to be 
drawn at right angles to the line toQ, and meeting the line [B] in 
the point y, the sphere described with this point as centre and 
through the point ta will cut tlie line (S) in the points a and |3 
equally remote from y, and will also pass tlirough Q by the con- 
struction. Now as atii^ is a right angle, being the angle in a 
semicircle, a and ^ must be points in which a pair of conjugate 
tangents to (S.) at CI meet the umbilical plane in the line (S) on (A) . 
Therefore the lines oQ, 00, are a pair of conjugate tangents to (2) 
at Q,. But as (i is a point on the surface of the sphere, the angle 
aOfi is a right angle ; therefore the conjugate tangents at Q are at 
• This very elegant construction is due to M. CIiRsles : see ' Reehercles de 
Ojomftrie pure,' p. 78. 
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right angles, aiwl are therefore tangents along the lines of greatest 
and least curvature. 

There is a remarkable case in which this construction fails. 
When the point Q is an umbilicus, the tangent plaue through Q is 
parallel to the umfailieal directrix plane (A) . The line (5) there- 
fore in which tliey intersect rererles to infinity; so also do the 
j>oints a and § in which the conjugate tangents at Q, are supposed 
to meet it. How is this to be inteqireted? The solution is as 
follows. Let a pair of conjugate tangents CJa, Q^ be drawn in the 
tangent plane at the umbilicus Q tending to meet the lines oia, o)^ 
drawn from the polar focus <u in a focal plane parallel to the tangent 
plane and umbilical directrix plane in the points a and ^ ; but as 
these points have receded to infinity, the lines Qo and aia will be 
parallel, so also will the lines Q^ and and o>^. Hence the angles 
aO^ and aoifi will be equal. But th« lines Qa and Q^ were assumed 
as conjugate tangents. Hence the angle awff is a right angle. 
But ao^=aQy3. Hence oQ^ is a right angle, Consetiuently any 
pair of conjugate tangents at the umbilicus will be at right angles. 

276.] The vertex i of a cone circumscribing (S), a surface of 
revolution, is on the directrix plane (D) of this surface. The plane 
of contact (K) will pass through the focus F, and the line dj-awn 
from * to F will be perpendicular to the plane of contact (K). 
Consequently, as the plane of contact (K) passes through F, its 
pole K will be on the umbilical directrix plane (A) ; and as the 
vertex k of the circumscribing cone to (S) is on the directrix plane 
(D) of (S), its polar plane (G) will pass through v, the umbdical 
focus. Therefore the conjugate polar of the line AF is the straight 
line in which (G), the plane of contact of the cone circumscribing 
(£), meets the umbilical plane (A). 

This theorem consequently follows : — 

If a cone whose vertex k is on the umbilical directrix plane 
(A) be circumscribed to a surface (2), the plane of contact (G) ttf 
thia cone wit/i (X) will pais through v, the umbilical foctts, and will 
cut (A) in a atraii/ht line {7). The line drawn from the polar focus 
a to the vertex k of the cone will be at right angles to the plane drawn 
from w through the line (T) in which (G), the plane of contact of 
llie cone circumscribing (2), tneets the umbilical directrix plane (A), 

277,] The lines (/) , (/,) drawn from the foci of a surface of revo- 
lution (S) to a point I on its surface make equal angles with the 
tangent plane (T) at that point. Talcing the dual of this theorem, 

The pole r of the tangent plane <T) to (S) is a point on the sur- 
face (S), and the polai* plane of the point t is the tangent plane (0) 
through t; aud the conjugate polars of the focal lines (/) and (/,) 
in (S) are the lines in which the tangent plane (0) to {%), the polar 
plane of the point I, iutersects the umbilical planes (A) and (A,). 

We may therefore infer that 
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IJ a tangent plane (0) be drawn to (2) touching it in the point t, 
and cutting the conjugate umbilical directrix pluties (A) and (A,) in 
the lines (S) and (8,), t/ie plants drawn through these straight tines 
and the polar focus at will be equally inclined to the line nn, drawn 
from the polar fociis to to the point of contact t. 

When the surface becomes an oblate spheroid it will hence follow 
that, If a tangent plane be drawn to an oblute spheroid cutting the 
parallel directrix planes (A) and (A,) in the straight lines (S) and 
(S,), the diameter through the point of contact will be equally inclined 
to the diametral planes 0[S) anrfO[5,). 

When one of the secant plaiies ia drawn parallel to one of the 
umbilical directrix planes (A), the line in which it meets this 
umbilical plane will recede to iiiGnity. Hence the tangent plane 
drawn through the urabilicus will meet the other directrix plane 
(A.) in the straight line (S,), so that any point in this straight line 
will be equally distant from the umbilicus and the polar focus a — 
a result already obtained by a different method in sec. [260]. 

When T coincides with the extremity of the principal parameter 
L of the surface (S.), the tangent plane at t will cut the umbilical 
planes {A), (A.) in their common intersection, the polar directrix 
which lies in the plane of XY ; or the principal parameter of the 
surface (2) is at right angles to the plane of XY — a result long 
since obtained. 

278.] It has been shown, in note to sec. [249], 

That if a cone be cireumscri'bed to (S), a surface of revolution 
round the major or transverse axis, the lines drawn from the vertCK 
of the circumscribing cone to the foci F, F, of (S) will be (/), (/,), 
the focals of the cone. 

Taking the reciprocal polar of this theorem, the polar piano of k, 
the vertex of the cone circumacribing (S), will be a plane section 
(£) of (S), aud the conjugate umbilical directrix planes (A) and 
{A,) of(S) arc the polar planes of the foci of (S), namely F andF,; 
and the straight lines in which the plane (K) cuts the umbilical 
directrix planes (A) aud (A,) will be the conjugate polars of (/) 
and (/,), the focals of (S). And if through the polar focus lu and 
these two lines we draw planes, these planes will be perpendicular 
to the focals of (S), and therefore parallel to the circular sections 
of the cone whose vertex ia at ea, aud whose base is the plane sec- 
tion (K) of (S). Therefore we may infer that 

ff a secant plane be drawn cutting tfte surface (S) in a plane 
section (K), and the conjugate umbilical directrix planes (A) and 
(A,) in the straight lines (6) and (5,), the planes drawn through the 
polar focus eu and these straight lines (S) and (S,) will be parallel to 
the circular sections of the cone whose vertex is at a) and whose base 
"(K). 

(a) When the surface is unc of rcvolutiou round the transverse 
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axis, the two umbilical directrix planes (A) and (A,) coalesce into 
(D), and therefore tbe liuea in which the secant plane cuts the 
directris planes coalesce into one ; therefore the circular sections of 
the cone coalesce into one, or the cone is a right cone. Conse- 
quently it follows that the cone whose vertex is at the focus of a 
surface of revolution (S), and whose hase is any plane section of 
this surface, is a right cone ; and its circular section is parallel to 
the plane drawn through the focua F oud the straight line in which 
the base of the cone cuts the directrix plane (D) of (S). 

(^) When (S.) becomes an oblate spheroid, ta coincides with C, 
the centre of (S) ; the umbilical directrix planes (A) and (A,) 
become parallel to the plane of XY. Hence we derive this very 
eli'gaut theorem : — 

The circular sections of a cone whose vertex is at the centre of an 
ablate spheroid, and whose base is anff plane section of this surface, 
are parallel to the two diametral planes which pass through the 
straight lines inwhich this base intersects the minor directrix planes 
{A) and (A,) of the oblate spheroid (S). 

(y) If iu a surface (S) having three unequal axes a secant plane 
be drawn which shall pass through the line in which the umbilical 
planes (A) and (A,) intersect, i. e. the directrix of the principal 
section in the plane of XY; then, as the secant plane cuts the 
directrix planes (A) and (A,) in the same straight line, there can 
be but one plane drawn from the polar focus co parallel to the cir- 
cular sections of the cone, or, in other words, this cone is a right 
cone. Hence we obtain this other remarkable theorem: — 

The cone, whose vertex is at the polar focua a of a surface (2) 
having three unequal axes, and whose base is a plane section of this 
surface which passes through the polar directrix, is a right cone whose 
circular section is parallel to the plane o/'XY. 

279.] A simple algebraical proof of this theorem may be given. 

The equation of the ellipsoid when the origin is at the focus m 

and the axes of coordinates are parallel to the axes of the figure, is 

6Vx'+o»cV + «**'''=*-2iVflej:-iV=0. ... (a) 

The equation of the secant plane passing through the directrix is 

Aflr + Br=l; (h) 

but A=— yj, and B=t, A being the distance measured along 

the axis of z, at which it is cut by the secant plane. Hence the 
equation of the secant plane becomes 

-T-=o* + Bea-; (c) 

or, squaring this equation and multiplying it by c*, 
Ifir'^z* 
iV + 2iVfle,r+QWj^''-!-|5=^ = (d) 
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If rte add ttiia expreHsioa to the 
have 



preceding equation, we shall 






The equation of a right cone of which the axis of Z is the axis. 

WhenA=— , the equation hccomcs ^■'+^*=0, the equation of a 

vertical straight Hue. This we might have anticipated ; for whcu 

cb 
A=— , A^L, the ueraiparameter of the surface (S) ; and we have 

shown iu sec. [2-16] that a, tangent plane to (S.) which pasaea 
through the polar directrix touches the surface at the extremity of 
the semi parameter. 
be 
When A > — or greater than L, the secant plane foils outside the 

surface, or the coue becomes imaginary. 

280.] Ln a surface of revolution (S), the sum of the reciprocals 
of the segments of any focal chord is constant. This is a well- 
known theorem. Let C and A be tlic scmiaxes of (S), C being 
greater than A ; and if/ and /j be the focal chords, we shull have 
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C*') 

Now as /+/j is a line drawn through the foeus F of (S), and 
meeting the surface {S) iu the ^(oiuts t and t,, the polar planes of 
F, I, and /, will be the umbilical directrix plane (A) and the two 
tangent planes (f») and (9,) to (_2), all meeting in the same straight 
line (S) on (A) . But by the lemma establbhed in sec. [253] , 
RV sin 



f=" 



Pw 



(b) 



Now P is the perpendicular on the umbilical plane (A) let fall 
from a, 0, and vi^, the perpendiculars from the same point on the 
tangent planes (0) and (0,) ; 9 and 9, are the angles between the 
umbilical plane (A), and the tangent planes (B) and (0,) to (S). 
Through ft) and the perpendiculars P, w, and w, on the umbilical 
and tangent planes let a, foeal plane (11) be drawn cutting the line 
(8) in the point «. From k let a straight Vine be drawn to w ; this 
will be r, and the preceding expression, adding to it that for the 
other segment/,, becomes 
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(«) 



From sees. [338] and [237] wc find that P = 



Consequently 
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(d) 



Now, if through the polar focus a> we draw a plane parallel to the 
umbilical directrix plane [A), this plane will cut (S) in a circular 
section, and the line in which the secant plane (11) and the tangent 
plane (0) intersect will meet the plane of this circular section in a 
point ; and if A be the distance of this point from a, we shall have 
A sin 0=vj. Making the same substitutiou tor the other tangeiit 
plane, we shall have 

=— o- e (e) 

Hence we may derive this theorem. 

If through any straight line on the umbilical directrix plane (A) 
two tangent planes be dravm to (S), and if through the three per- 
pendiculars let fall from w on these three planes a secant plane (H) 
be drawn cutting the tangent planes in lines which produced meet the 
plane drawn through w parallel to the umbilical directrix plane (A) 
in the points r ami t,, and i/toT=h, <aT,^hf, and o>*=r in the tri- 
angle T«T,, the bane toit, will have to the line toK a constant ratio, or 
h + h,Jib^£ 
r c* ' ^ ' 

When the surface (S) becomes a surface of revolution (S) round 
the transverse axis, c=b and f=e, hence 



/i + A, 



=2e. 



(g) 

We may also derive this other theorem in the conic sections. 

If from any point in the directruc a pair of tangents be drawn to 
the curve, they will cut off equal segments from the ordinate passing 
through the focus. 

Let the equation of the tangent to the curve in rectangular coor- 
dinates be -V+^'=l, and as the tangent passes through a point 

whose coordinates are Y and —ae, Y= -; and as the 

ay, 
taiigcut pasxes also through a point whose coordinates are U and 

a b^ iae 4-x) 
— , U=— ^ — '-; aud if D be the distance from the focus to the 



directrix, D = 



Squaring, adding, aud taking the square root, 

/iiVrns b*{a + ej:,) Y 

r= vU +1* = — ^ — - — i consequently -^c. 
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Y + Y, 



So also for the negative side, — '=e, c 

281.] In a Burface of revolution (S) the aiun of any two focal 
vectors/ and/, drawn to any point I on the surface is constant and 
equal to the major axis of (S) ; or 

/+/,=»c (•) 

Now the polar planes of the two foci F and P, of (S) are the 
umbilical directrix plaoes (A) aud (A,) of the surface (S) ; and the 
polar plane of the point / on (S), to which the focal vectors are 
drawn, is a tangent plane (Q) to (2), cutting the umbilical direc- 
trix planes (A) and (A,) in the straight lines (S) and (JJ,), which are I 
the conjugate polars of (/) and (/,) . | 

Let d and 6. be the angles which the tangent plane (B) makes 
with the umbihcal planes (A) and (Aj) . Let P aud «r be the per- i 
pendiculars let fall ii-om the polar focus oi on the planes (A) and 
(@). Let (fl) be a secant plane passing through ai, the polar focus, 
and through V and &, cutting (2) the line of intersection of the I 
planes (A) and (Q) in the point t. Join t and w, and let r be | 
equal to Tea. 

Now, assuming the proposition established in lemma I. p, 228, 

we shall have /= — jj 

Let be the angle which the plane drawn through w and (S), the ] 
conjugate polar of (/), makes with the vertical ordinate through w 
the polar focus, and let I he the distance from the polar directrix 

to the foot of r; thenr : / ; : sini; cos tf>, orr^ -r, and /siu0=n 



Therefore r sin ^= 



COS0 



Now 8 



I '=r-j see (a), sec. [240], and 



P=— .see (a), sec. [238]; consequently ^5-=^. 
Making these substitntions in (a), we shall have 



ind for/, we shall find/,= 



'■ — ' sec 0,. 



BCquently 



■J [sec i}> + sec 0,] = 



Let A and A, be the segments into which the tangent plane (0) 
divides the distance between the polar focus and the polar directrix, 
. Aw 
then T-= — 

Consequently -^ (sec + sec 0,)= — 
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Therefore the reciprocal polar of the theorem that in a surface 
of revolution the aura of the focal vectors is eoustantj ia as follows. 

To a surface (S) having three unequal axes let a tangent plane 
(0) be dramn, cutting the umliilical planes [A] and {A,] in the straight 
lines (S) and (S,), and the line joining the polar focm and the polar 
directrix in the segments h find A,, I^t the planes thai are draicn 
from (B through the straight lines (8) and (8,) make the angles <f), ^, 
with the vertical ordinate passing through the polar focus to, the 
resulting expression becomes 

T- (sec 9 + aec <p^ = — . 



CHAPTER XXVII. 

282.] It may interest the reader to learn the method by wbieli 
M. Chasles has derived the properties of surfaces of revolution of 
the second order (S) from those of the sphere, and how these pro- 
perties may be extended to surfaces of the second order (S) having 
three unequal axes. By this method of double polarization the 
countless tlieorems that have been estabbahed with reference to 
the sphere {including the whole of spherical trigonometry) may 
be extended to umbilical surfaces (S) of the second order having 
three unequal axes. 

The following propositions are extracted from M. C'haales'B work, 
entitled " Recherchea de geometric pure sur lea lignes et Ics aur- 
facea du second degr^," Bruxelles, 1829, 

(a) Deux plans tangcns k la sphere font des angles ^gaux avec 
ie plan raeiie du centre i leur droitc d'intersection ; done 

Les rayons vecteurs menes d'un foyer aux extremites d'une corde 
d'une surface de revolution (S), aont egalement inclin& sur le rayon 
vecteur nicne au point ou cette corde rencontre le plan directeur. 

We may extend this proposition of M, Chasles to a surface with 
three unequal axes, and conclude that if any two tangent planes 
{©) and (©,) be drawn to the polar surface (2) having three un- 
equal axes, they will cut the umbilical directrix plane (A) in two 
straight liuea (8) and (8,), and one another in a third straight line 
(4), and these three straight lines will be the conjugate polars of 
the two focal vectors and of tlie chord of the surface (S) ; and if a 
plane be drawTi through the straigtt line (3) in which the tangent 
planes to (S) intersect, and through the corresponding umbilical 
focus V, this plane will cut the umbilical plane in a fourth straight 
line (y), which will be the conjugate polar of the line drawn from 
the focus of (S) to the point where the chord meets the directrix 
plane (D), and which make equal angles with its focal vectors ; 
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heuce the planes drawn through the polar focus and these t 
lines (8), (7), (S,) in the umbilical directrix plane (A) will i 
equal angles, the oue with the other. Hence we may infer 

ITiat if two tangent planes, (0) arui (0j), be draimi to a surface (S) 
haviiu/ three unequal axes cutting the umbilical plane (A) >n two 
straight lines (h) and (£,), and through the line (d) in which they 
intersect, and the corresponding umbilical focus v a plane (U) be 
drawn cutting l/ie directrix plane (A) in the straight line (7), the 
planes drawn through the polar focus w and the straight lines (S), 
(Sj) will make equal angles with the plane passing through 10 and ^ 
the straight line (7). 

(/3) Deux rayons de la sphere font des angles ^aux avec 1 
corde qui joint leur extr^mites ; done 

Lea plans vecteurs meues d'un foyer d'nne surface de revolutio] 
aux droites suivant lesquelles deux plans tangeus rencontrent lej 
plan directeur sont egalement inclines sur le plan veeteur men£ 1| 
la droite d'intersection des deux plans tangens. 

Since the tangent plane (T), the vector plane (U),and the direo>J 
trix plane (D), all three meet in the same straight line (d), iha 
conjugate polar of this straight line (d) will pass through the polea 
of these three planes, that is to say, through v the pole of (D), r 
the pote of (T) ; and as (U) passes through the focus F, its pole will 
be in the umbilical directrix plane (A) — that is, in the point S where 
it 18 pierced by the line vt. 

In the same way we may show that 5, is the pole of the plane (TJ,), 
and is also ou the line tr,; atid as the vector plane (Y ] passes through 
F and the intersection (/) of the tangent planes (T) and (T,) , its pole 
will lie on the directrix plane (A) and in the line which joins the 
points T, Tj on (£). Now as (U) and (U,) make equal angles with 
(V), the lines drawn irom « to the points B and S, the polea of (U) 
and (IJ,) will be equally inclined to the line av drawn from » to v 
the pole of (V). 

We may hence infer that 

If through the umbilical focus v two straight lines be drawn meetit^ 
the surface (£] in the points r and t„ and the umbilical directrix 
plane (A) in the points S and S^, while the line t t, meets the same 
plane in v, the lines drawn from a to the two points S, h, on the umbi- 
lical plane will he equally inclined to the third line <ov. 

(7) Le plan men^ par le centre d'un sphere et par la droite 
d'intersection de deux plans tangens est pcrpendiculaire k la corde 
qui joint les deux points de contact, et passe par son milieu ; done 

Le plan veeteur meue d'un foyer d'une surface de revolution k 
la droite d'intersection de deux plans tangens est pcrpendiculaire 
nil rayon veeteur mene de ce foyer au point oii la droite qui joint 
les deux points de contact des plans tangens rencontre le plan 
directeur. 
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Let US now take the reciprocal polar of tins theorem. 

The pole of the vector plane which passes through the focus of 
(S) and the intersection of the tangent planes (T) and (T,) to (S) 
is the point in which the umbilical plane (A) is pierced by the chord 
of contact of two tangent planes (8) and (0,) drawn to (£). 

Let d be the point on the directrix plaue (D) to (S) in which the 
chord of contact of the two tangent planes (T) and {T,} meets this 
plane; then, as d is a point on (D), its polar plaue will pass through 
V the umbilical focus ; and as d is a point in the chord of contact of 
the tangent planes (T) and (T,] to (S), its polar plaue will pass 
through (3) the intersection of (8) and (0,) ; and as d is also a point 
in tlie line passing through (F), the conjugate polar of this straight 
line dF will be the Line in which the polar plane of d meets the 
umbilical plane (A) ; and as the point d and the intersection of (T) 
and (T,) subtend a right angle at the focus F of (S), their reciprocals 
will subtend a right angle at the polar focus m. 

Hence this theorem : — 

If two tangent planes {%) and (&,) be drawn to a iurface{%) with 
three unequal axes, and if through the umbilical focua and their Hue 
of intersection a plane be drawn meeting the umbilical directriJ^ plane 
(A) in a straight line, the plane drawn through this straight tine a»d 
the polar focus will be perpendicular to the line drawn from the polar 
focus to the point in which the chord of contact of the tangent planes 
(Q) and (0,) pierces the corresponding umbilical plane (A). 

(S) La droite qui va du centre d'une sphere au soramet d'un 
cflne circonscrit, est perpendiculaire an plan du cercle de contact 
du cflne et de la sph^ ; done 

Le rayon vecteur mene d'un foyer d'une surface de revolution au 
sommet d'un c3ne circonscrit k la surface est perpendiculaire nu 
plan vecteur mene par la droite d' intersection du plan de la courbe 
de contact et du plan directeur. 

Now taking the reciprocal polars of the preceding lines and 



The conjugate polar of the line joining v the vertex of the cone 
with the focua F of (S), is the line (A) in which the base (K) of the 
cone circumscribing (S) cuts (A) the umbilical directrix plane; and 
as the straight line in which the plane of contact (C) of the cone 
circumscribing (S) cuts its directrix plane (D) is the conjugate 
polar of the line which joins the umbilical focus with the vertex k 
of the cone circumscribing (S), and as the pole of a plane which 
passes through a given point and a given straight line is the point 
in which the polar plane of the given point is pierced by the con- 
j ugate polar of the given straight line ; hence the pole of the vector 
plane which passes through the focus of (S) and the intersection 
of the plane of contact with its directrix plane (D) will be the point 
in the umbilical directrix plane (A} where it is pierced by the line 

sS 
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pas<:iDg through the vcrtei k of the cone cireumscrihing (S) and tli 
umbilical focus v of the surface. 

Hence this theorem : — 

If a cone circumscribe a svrface (S), t/ie line, drawn through th 
wnbilical foctis of the surface and the vertex of the cone will pirrc 
the ambilical directrix -//lane (A) in a point from which, if a strtdgh 
line be drawn to the polar focus, this line mill be perpendicular to /A 
plane drawn throvt/k (he polar focus and the intersection of the pUm 
(^contact (K) wilh the corresponding umbilical plane (A). 

(e) Un cylindrc circonBCrit ^ ime sphere In tonche Hui^iint xa 
grand cercle, dotit le plan eat perpend iciil aire aux aretes du cyliudre 
done 

Tout c6ne circonscrit il unc surface de revolution, suivant am 
courbc dout Ic plan passe par tin foyer, a sou sommet siir le plai 
directcur, et la droite men^e du foyer ii ce sommet est perpendicu 
laire au plan de la courbe. 

The line which joins the vertex of the cone (C) circumscribing 
(S) with its focus F is the conjugate polar of the line in vhich thi 
plane of contact of the cone (K } circumscribing (£} meets the nm 
bilical directrix plane (A). The pole of the plane nbieh passe 
through the focus of (S ), and the hne in which the base of (C) cats tin 
directrix plane (D), is the point in which the line joining the vertei 
xofthccoue (K) and the umbilical focus u of (£) meets the nmbilica 
directrix plane (A). As the plane of contact of the cone (C) circtun 
scribing (S) passes tlirongh its focua, the vertex of the cone (K) cir 
cumacribing (S) will be on the umbilical directrix plane (A) of (2) 

Hence this theorem : — 

The plane of contact of a cone circumscribing a surface (2), am 
having its verter on the umbilical directrix plane (A), will pa* 
through the umbilical focus v, and will cut the umbilical directrix 
plane in a straight line. The vector plane drawn through this Un 
and the polar focus wifl be at right angles to the line drawn from th 
polar focus to the vertex of the cone. 

(!|) Tous les plans taugeus h im cdne circonscrit ^ une sph^ 
soiit egalement inclines sur le plan du cercle de contact ; done 

Le cune qui a pour aommet nn foyer d'un surface de revolution 
et pour base unc section plane quelconque de la surface, est d 
revolution, et a pour axe, le rayon vccteur men^ au sommet du cAm 
circonscrit jl la surface suivant sa section plane. 

Let V be the vertex of the eircuniscribing cone, F that of tb 
inscribed, and Q a point on the two cones and the surface of (S). 

Since the cones whose vertices are v and F have one commoi 
plane of intersection with the surface (S), the polar cone will liaT 
one vertex and two bases, one the plane of contact of the cone (K 
enveloping (S) , the other the section of this cone made by the umbi 
lical directrix plane (A) ; and as F is the focus of (S), its polar plan 
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will be the umbilical plane (A) ; and as Q is a point on the plaue of 
contact of the cone cLrcuniscribing {S), its polar plaue will pass 
through the vertex « of the cone circumscribiug (S) ; and as Q is 
also a pointoa the surface (S), its polarplane will beatangcnt plane 
to (S); and oa CI is a point on the line FQ, its polar plane will cut 
the umbilical plane (A) iu the line (0- Hence the conjugjit* polar 
of the line FQ will be the line (/) in which the tangent plane (H) 
to the cone circumscribing (S) cuts the umbilical plane (A), and 
the plane which passee through this line and the^lar focus will be 
perpendicular to the line FQ : hence this plane will envelope a cone 
(supplemental to that of which Fti is the side) whose vertex is at 
the polar focus and whose base is the section in the umbilical plane 
(A) made by the cone circum scribing (S,) ; and as the former is a 
right cone, so must also be the latter. 

The conjugate polar of the line joiniiig F, the focus of (S) with 
V the vertex of the cone circumscribing (S),is the line in which the 
umbilical plaue (A) and the plane of contact of the cone (K) cir- 
cuniscribing (S) intersect ; hence th e plane through the polar focus 
« and this straight line is parallel to the circular section of the cone. 

When the section of the cone (K) circumscribing (S) is parallel 
to the directrix plane (A) , the line in which they intersect is at infi- 
nity, the plaue of contact of the cone circumscribing (X) is parallel 
to the umbilical directrix (A), and is therefore a circular section 
of the surface ; the section of the cone circumscribing (S) on the 
umbilical directrix plane is also a circle. 

(i?) Toua les plans tangens au cOne qui a pour base uu cercic 
trace sur une sphere, et pour sommet le centre de la sphere, soiit 
egalement inclines sur le plan du cercle ; done 

Lc c6ue qui a pour sommet un foyer d'une surface de revolution, 
et pour base la courbe d' intersection d'un cone circoiiscrit h la sur- 
face par le plan directeur est de revolutiouj et a pour axe la droite 
mcnfe du foyer an sommet da cone circonscrit. 

Let Q be a point on the directrix plane (D) of (S) through which 
passes a side (s) of the cone (C) whose vertex is c, and which cir- 
cumscribes (S). Join Q with F the focus of (S). Now, as Q is a 
point on the directrix plane (D), its polar plane (11) will pass 
through V, the umbilical focus of (£) ; and as U is a point on the 
cone (C) which circumscribes (S), its polar plane will pass through 
a tangent (\) to the curve which lies in the plane (K), the polar 
plane of c, aud is the reciprocal of the cone (C), sec. [^25] ; and 
as this point CI is on (s), a aide of tlie cone which is a tangent to 
(S), the conjugate polar (\) will touch the plane section of (S) made 
by (K), therefore the curve touched by (\) is a plane section of (2) ; 
and again, as Q is in the line FQ, the coujugate polar of FQ will be 
the line in which (II), the polsr plane of Q, cutn the umbilical 
directrix plane (A) in the straight line (5). 
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Heuce the polar plane (IIj passes through v, the umbilical focus 
of (S.), aod through (X), the taogeiit to the plane section of (S) 
made by the plane (K), and through the straight line (S) iu the 
umbilical directrii plane (A) ; and the cone whose rertes is v and 
base the plane section (K) of (S,), will cut the umbilical directm 
plane (A) in a conic section to which (S) is always a tangent; 
but as (£j is the conjugate polar of I'Q, the plane through the polar 
focus a and the straight line (S) will be at right angles to the line 
FQ ; aud as FQ is a side of a right cone, the plane through m 
aud (&) will envelope the supplemental cune to that of which FQ 
is ft side ; and as the conjugate polar of the line which joins the 
vertex of the cone (C) with F is the straight line in which the 
secant plane (K) meets (AJ, this plane will be perpendicular to the 
lino Fcj the axis of the cone circumscribing (S), and will therefore 
be parallel to the circular section of the cone whose rertex i» at the 
polar focus w, and whose base is the conic section on the umbilical 
directrix plane (A). 

This is equivalent to tlie following theorem : — 

Lei a plane section (K) of a surface of the second order (S) having 
three unequal axes cut the umbilical directrix plane (A) in a straight 
line (k) . The cone whose vertex is at v, and whone bage is the section 
(K) of (S) , vnll cut the umbilieal plane (A) in another conic gecliony 
which will be the base of a right cone having its vertex at the polar focus 
w, and its circular section parallel to the plane drawn through at, and 
through the straight line ia which the plane section (K) cuts the umbi- 
lical direct)-ix plane (A) . 

{8) Tous les plans taugens an cdne qui a poor base nn cercle de 
la sphere et pour somnkct un point du diometre perpendiculaire BU 
plan de ce cerele sout egaleracut inclines sur ce plan ; done 

Un cone etaut circonscrit k une surface dc revolution, toua le» 
plans Dieues par la droite d 'intersection du plan de la courbc de 
contact et du plan diroctciir de la surface, couperont ce c6ne 
suirant de» cooiqucs qui, etant yues du foyer coriespondant au 
plan directeur, semblcrout ^tre des ecrcles concentriquea ; le centre 
commun de ees cercles sera sur Ic rayon visucl mene au sommet du 
c6ne circonscrit. 

Let (d) be the line in which the base of the cone (C) circnm- 
scribing (S) cuts the directrix plane (D). Let e be the vertex of 
this cone. The conjugate polar of this line (d), since it lies on the 
plane (D), will pass through the umbilical focus v; and as this line 
is also in the plane section (C) of the cone enveloping (S), it will 
pass through «, the vertex of the cone (K) enveloping (S). Hence 
VK is the conjugate polar of the line {d) i and as the secant planea 
of the cone (C) circumscribing (S) all pass through the line (rf), 
their poles /e,, «„, &c. will be ou the line kv ; aud as all the partial 
cones enveloping (S) hare the same vertex hut differeut bases, their 
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reciprocals will have different vertices, «, «„ «^,, &c., aud tlic same 
base (K). 

Again, let Q be a point on one of the plane sections of the cone 
(C) which passes through (d). Then as Q is a point in this plane, 
its polar plane (IT) will pass through tc; and as Q is a point in the 
side of the cone (C), its polar plane (fl) will pass through the tan- 
gent to the section of (S) in the base (K) whose vertex is « ; and 
aa Q is a point on the tangent to the plane section of (C,), its polar 
plane will pass through a side of the cone whose base is (K). 

Hence (fl), the polar plane of Q, is a tangent to the cone whose 
vertex is k, or ir„, and whose base is (K). Consequently the conju- 
gate polar of FQ, the side of the cone whose vertex ia at F, and 
whose aide is FQ, is the straight line (S) in which the tangent plane 
(n) to the cone whose vertex ia x.and plane section (K) meets the 
umbilical directrix plane (A) ; and as the former is a right cone, so 
is the latter; aud as the axis of the cone whose vertex is F and 
base (C) is the line Fc, so the plane pausing through q> and the line 
in which (K) and {A) intersect is parallel to the circular section of 
the cone. 

We may therefore conclude that if through v a straight line of 
indefinite length be drawn, and if in this line a point k be assumed 
as the vertex of a cone, enveloping (2) along the plane of contact 
(K), and if any number of cones be described whose vertices range 
along the line vie having a common base (K), the sections of these 
cones by the umbilical directrix plane (A) will be the bases of right 
cones whose common vertex will be at the polar focus at. 

{\} Let two cones (K) and (K,) circumscribe (S), a surface with 
three unequal axes. Let their vertices k and k, be joined to v, one 
of the foci of the siu-face, and let these hues be produced to meet the 
corresponding umbilical directrix plane (A) in two points t aud t,. 
The lines joining these points with the polar focus ta are the focals 
of a cone whose vertex is at a, and whose base is the conic section 
in the umbilical directrix plane (4), which ia the intersection with 
it of another cone whose vertex is at the focus of the surface, aud 
whose base is the common plane of intersection oi'the two eircum- 
scribing cones. 

{/i) When the surface is one of revolution, these two cones become 
identical, and we obtain the known theorem, that the focals of a 
cone whose vertex is the focus of a surface of revolution (S) and 
base the common intersection of two circumscribiug cones, are the 
fines drawn from the focus to the vertices of the circumscribing 
cones. 

When one of the cones becomes a tangent plane (0), we have tlie 
theorem that if a cone (K) circumscribes a suiface (S), and is cut by 
a tangent plane (0) in a conic section, the cone whose vertex is a 
focnsofthesurfaccandbasethissection.iscut by the corresponding 
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umbilical directrix plane (A] in a conic section (C)] and thestraigU 
lines drawu from this focus to the point of contact of (Q) and HoA 
vertex of (K) are met by the same directrix plane in two pointn 
T and T,, The straight lines joining the polar focus a and thffl^ 
points T, T, are tbefocals of the cone whose vertex i» wand base [C).| 



CHAPTER XXVin. 

ON THE UECIPKOCAL POLAKS Or CONFOCAL SUHFACES. 

283.] The reciprocal polaj^ of confocal surfaces are coneyclii 
surfaces, or surfaces the planes of whose circular sections arel 
parallel We may apply the method developed in the foregoing 
pages to the derivation of the properties of one class of surfaces 
from those of the other, and proceed to show that if we take a series 
of confocal surfaces as the primitives (S), we shall make no chango 1 
cither in the position or mcUnation of the umbilical directrix planeftB 
{A) and (A,) to the plane of XY, and the distance of the polar focu>'| 
to from the polar directrix UY will continue the same. 1 

Let A* and C*, the squares of the semiaxes of the primitive sur- 
face (S), be changed, AnntoA,'=A*+ AS audC* intoC,*=C'' + *" 
This will introduce no change into the focal distance of (S,) from 
the centre; for tliia distance in (S,) is Vt-",'— A*= VC*— A", the 
same as in (S). 

We shall assume the distance of a> the polar focus from O the 
centre of (S) to be constant, so also the polarizing sphere (ft). , 
Therefore D and R will be constant. 

284.] The inclination of tLe umbilical directrix plane (A) to th» I 
plane of XY continues unchanged. 

Let i be the angle which denotes this inclination. In sec. [240} 1 

it has been shown that cus*t= .3, „ ^f. Substituting in thisS 

expression the values of a, b, and c as given iu (c), [237], we afaalll 
find 

C'-A' 



""" '"C^D'-A*' 

and the value of this expression is not altered by changing C 
A* into C'±_k' and A'+A*. The distance between to, the pola 

focus, and UY, the polar directrix, is manifestly — ■ Now — = -i-i 

^ ae a JL ' 

D A' R' L 

andc=x; consequently — = -jj, a constant quantity independent I 

of C and A. 

The length of the perpendicular let fall from the pular focus a 
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on the umbilical directrix plane (A) is '»'= ^, The 

value of this expression is not altered by changing C* and A^ into 
C«±;t«, andA«±^«. 

Consequently, if we have a series of confocal primitive surfaces 
(S), (S,), (S^,), &c., their reciprocal surfaces (2), (2,), (2 J, &c. 
will be concyclic. They will have a common polar focus : they 
will have the same umbilical directrix planes ; and the graphical 
properties of one set of surfaces may easily be transformed into 
their reciprocals on the polarized surfaces. 

The portion of the vertical axis passing through the polar focus 
Q> and cut off by the umbilical directrix plane (A) continues un- 
changed, when C^ and A* are augmented by a constant quantity ; 
for if CDZ be this distance, 

be . .be ^^ , 4/C*— A* 

ft)Z=— , but "- = 77 and iy= ^^ . 

Hence (02=^ —. , which is not affected by the constant 

added to C^ and A*. 

285.] Every property of confocal surfaces of revolution (S), (S^), 
&c. implies a corresponding theorem of concyclic surfaces (2), (2^), 
&;c., having the same polar focus co, and the same umbilical direc- 
trix planes (A) and (A^). 

Thus, for example, ii' from a point k a secant plane be drawn to 
a surface (S) cutting it in a section (C) and passing through the 
two foci F and F^ of (S), and if from these foci focal chords/ and /^ 
are drawn to k, and tangents (/) and (/^) from the point k to the 
section (C), the angles between/ and {t),fi and (t^) will be equal. 

Let us take the polar of this theorem. 

The polar planes of the points F, F^ and k will be the umbilical 
directrix planes (A) and (A^), and also a secant plane (K) cutting 
(2), and the base of a cone circumscribing (2), whose vertex is /c, the 
pole of (C). Now, as / is a line joining F and the point *, its con- 
jugate polar will be the line (S) in which the planes (A) and (K) 
intersect. In the same way the planes (A^) and (K) will intersect 
in {Sf). 

Again, as e, the point of contact of (/) with (C), is on the surface 
(S), its polar plane will be a tangent plane (0) to (2) ; and as it is 
a point on (C), its polar plane will pass through k, the vertex of the 
cone circumscribing (2) along (K). Consequently the conjugate 
polar of the line F^ will be the line (t) in which the planes (K) and 
(0) intersect ; therefore the planes drawn through to the polar focus 
and the straight lines (S) and (r), are inclined at the same angle as 
the planes (0(8^) and a>(T^) . 
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We may consequently infer 

That if a cone circutnscrlbe (2), o surface having three unequal 
axes, and if the plane of contact he produced to meet the umbilical 
planes in two straight lines and cut the tangent planes to thecircum- 
scribmg cone, the planes through the polar focus and these straight 
lines in the directrix planes will be equally inclined to the planes 
through the polar focus and the straight lines, the iniersections of the 
tangent planes with the secant plane. 

Now, if we take any number of surfaces (S), (S,) whose semiaxcs 
squared are C^ A» ; C' + A*, A* + A^ C» + -t.^ A» + V. &c., their 
reciprocal polars (2), (Sy), &c. will all have tlic same polar focus tu 
and the same umbilical planes (A) and (A,) ; and if we cut all these 
surfaces by a common secant plane, this plane will cut the umbilical 
planes in two lines (S) and (5j), and tangent planes to the circum- 
scribing cones in two sets of tangents (t), (t,), (t,,) and (t'), (t')j(t"); 
the angles between one set of planes (8)w(t,), (S)(i>(,tJ, (i)M(Tjy,), 
&C. will be equal to the angles {h,)w{T'), (S,)iu(t"), f5,)m[T^"), &c. 
between the corresponding set of planes. 



CHAPTER XXIX. 

ON METRICAL METHODS AS APPLIED TO TUE TUEOKV gr 
RECIPROCAL POLARS. 

286.] Throughout the investigations of the methods developed 
in the foregoing pages^ lines and planes, surfaces and curves have 
been treated graphicallyj so to speak. Abstract numbers or their 
representatives have been rarely admitted. The distinction between 
graphical and metrical properties is sufficiently obvious. That the 
opposite sides of a hexagon inscribe<l in a conic section wilt meet 
in three points which range on a straight line is a graphical pro- 
perty; while the theorem that in any conic section the sum of the 
squares of any pair of conjugate diameters is constant, is evidently 
a metrical relation. 

We shall find that, by the application of these methods, entirely 
new classes of properties of curves have been brought to light, the 
existence of which had hitherto been unsuspected and unknown* 
"We give a simple illustration of this method. 

In section [32] it has been shown that if per]>endiculars be let 
fall from a series of fixed points A, A,, &c. in a plane on a straight 
line in the same plane, and if the sum of the perpendiculars be 
constant, the line will envelop a circle. 

We may take the reciprocal polar of this theorem and say, That 
if a fixed point be taken, and a number affixed straight lines BT, 
B,T„ ffc. be drawn, and another current point S be assumed from 
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which and from the point O perpendiculars are letfaU in pairs on 
these fixed lines, if the reciprocal of the vector OS, multiplied by the 
sum of the ratios of each pair of perpendiculars on the fixed lines, be 
constant, the point S will describe a conic section having its focus 
at O. For the ratios of each pair of perpendiculars we may sub- 
stitute the ratio of the segments OQ, CIS of the line OS. 

Let O be the fixed 
point, and let A be ^^ Fig- Cl- 

one of the fixed points 
referred to in the pre- 
ceding theorem, from 
which perpendiculars 
AP=P are let faU on 
the line CP. In the 
preceding theorem, of 
which we require the 
polar, 

P4-P/-fP// + &c. equal 

to a constant, let R be 
the radius of the polar- 
izing circle, and let the 
line BQ be the polar 
of the point A, and 
let S be the pole of CP. Let fall the perpendicular ST » 11 on 
this line. Now, as the point A and the Ime BQ are pole and 
polar, and also the point S and the line CP, we shall have 
R«=OAxOB=OSxOC, or 

OA OC OV OA-OV AV P 







or 



OS OB OQ OS-OQ SQ U 

OAP p_OA ^_ OAxOB ^_ 
OS ""ff ^' ^"" OS ^ OS X OB 



R«n 



OS. OB 

p n 

Let OS=r, then fi«=— ?vo- 
' R* r.OB 

Now, the projective coordinates of the point S being x and y, 

and the tangential coordinates of the straight line BQ being 

f and V, we shall have 11= — ^ ^ ; and the length of OB being 
the resulting equation will become 



^p + v'^ 



^B=l-a.f-yi^ or g,= ^ 



^_1— a^f— yv 



(a) 



Now, as the sum of the perpendiculars, divided by the square of 
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the coQKtant radius of the polarizing circle, is coustant b^ supposi- 

pj-P j-p p 

tiou, we shall have — ' ^/ ' — '- — -=»C, or substituting for 

P, P„ P„, &c. their values, since 08=^1-= v'-<■* + y^ the resulting 
expression will become 



1 



^ [1 + ^x+vy+l +S,i^-i-v0+ l + f^aj + v,^ &e.]=«C. 



Let the tangential coordinates f , v, f„ v„ f,„ v^ of the fixed lines 
BQ, tip.1, B„Q„&c. be added together, and let f+f,+f„&c. = BV, 
i'+Vj+w„&c.=»U, and tlie preL-eding equation will become 

l + Var+Uy = C V^'TF, (b) 

dividing out by n. Squaring thia equation, and reducing, 

(C«-V>*+(C«-U*)j»-2VUa^y-2V*-2Uy=I. . (e) 

But it has been shown that if in the general equation of a conic 
section Air«+A,y* + 2B^ + 2Ca:-(-2C>=l, A + C*=A, + (y, and 
B + CC,=0, the origin is at a focus; and these conditions are 
satisiied in the preceding equation. 

287.] Instead of detiuing a conic section as the curve of inter- 
section of a right cone by a plane, the definition adopted by 
ApoUouius, Dc la Hire, Hugh Hamilton, and otherSjWe may define 
a conit; section as a plane section of a surlace of revolution of the 
second order, just as a circle may be defined as the curve of inter- 
section of a sphere by a plane; and if, moreover, this plane be 
drawn through one of the foci of this stirface, this point will also 
be one of the foci of the section. The directrix of this section will 
be the straight line in which its plane cutfi the directrix jiUuie oi 
the surface. 

It is needless to dwell longer on these trite and well-known ])ro- 
perties of the focus in the major axis, and the directrix at right 
angles to it. 

Of the theorem that if a plane be dravra through a fociis of a 
surface of revolution, thia point ifill also be a focus of the section, 
the following simple geometrical proof may be given. 

Let F and F^ be the foci of the surface of revolution (S), and let 
FQCQy be a plane section of it passing through the focus F. Let F, be 
the vertex ol the cone whose base is the section FQ,CQ,. This will 
be a right cone, as we shall now proceed to show. Through the foci 
of the surface let any plane be drawn cutting the surface (S) iu the 
conic section ACiBQ, and the cone in the straight lines F^Q and 
F,Q,. Let a perpendicular FD to the plane QCU,F be erected at 
F, meeting in D the tangent plane to the surface at Q. Now, aa 
the focal lines FQ and F,Q make equal angles with the tangent 
plane at tt, the angle DtiP=DUF; hence in the right-angled 
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triangles DQP and DQP, DP=DF and F,P = AB. In the same 
way DPy may be shown to be equal to DF. Hence a sphere de- 
Fig. 62. 




scribed with D as centre and DF as radius will be touched by the 
two tangent planes to the cone through QP and Q^P^ ; but we know 
that when a sphere inscribed in a right cone touches a plane section 
of it, the point of contact will be a focus of this section. Hence P 
is a focus of the plane section. 

It is easy to show that the centre of the sphere inscribed in the 
cone is on the directrix plane of the surface (S). 

288.] If, now, we consider a conic section as a plane section of an 
oblate spheroid, and passing through the centre, this plane will cut 
the surface in a plane section, and the umbilical directrix planes 
(A) and (A,) in two parallel straight lines, since the surface is an 
oblate spheroid, which has its directrix planes parallel to the plane 
of XY, and therefore parallel to one another. 

The sections of this oblate spheroid will have, with respect to 
these lines, properties not identical with, but analogous to, those 
which belong to the focus and directrix of the major axis. We 
may determine the position of these parallel directrices, which, as 
they are perpendicular to the minor axis of the figure, may be called 
the minor directrices, as those belonging to the major axis may be 
termed the major directrices. 

We have shown in sec. [243], (d), that the length of a perpen- 
dicular P let fall from the polar focus q> on the corresponding 

be 
directrix plane is — ; but as in this case A = a, the expression becomes 

€ CLC 

- or — ; and as i=a, c=0, or the polar focus q> coincides 

€ v^ flS — c* 

with the centre C of the surface (2) . 
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We may write h for the distance between the minor directrix 
and the axis of X. 

As the distance of the iimbilical focus u from the plane of XY is 

— , see Bcc. [242], (b), and as b=a, and »j*= — 75—= — "i — =<"• ' 

we shall have for the distance of v from the plane of X Y ce j or as ' 

h=-, we shall have for that diataiice Ae*. 

'289.] In the hypertxila, as the minor axis is imaginary, the new 
directrices must be drawn in a somewhat different manner. Let 



-. — from the centre, these points are the minor foci, 

imy 

leedless to mention that the distances of the 



2y be the angle between the asymptotes of the hyperbola, and on | 
toe transverse axis let two points be assumed at the distance a sin ^ 
from the centre ; through these points let perpendiculars to the 
transverse axis be drawn, these lines are the minor directricea of 
the hyperbola ; and if two other points be assumed at the distuice 

Itifi almost 

directrices 



and foci from the centre of the hyperbola are a cos v and 

■"^ ^ cos 3( 

reapectivelyj hence, in the equilateral hyperbola, where x^'l* ^^^ 

ordinary and minor directrices coincide, aa do also the common 
and miuor foci ; whence we may deduce the very general and re- 
markable conclusion that, 

The common directrices and foci of the equilateral hyperbola 
potsesi two dis/inci classes of properties— those which belong to Ihetn 
as being the common or ordinary directrices and foci, aa also that 
other new and equalbj extensive class, to which they are in like 
manner related, as being the viinor directrices and foci of a cenlrai 
conic section. 

In the circle the minor directrices are infinitely distant, and the 
minor foci coincide with the centre, as is also the case with the 
onlinaiy directrices and foci. 

290.] We may, however, derive the properties of the mint^ 
directrices and their corresponding foci iu a much simpler and less 
arbitrary way by the help of the method of reciprocal polars, from 
the well-known properties of the common focus and directrix. 

Thus, let A and B be the »emiaxes of the primitive ellipse or 
hyperbola. On 2A let a circle be described, and let this circle, 
whose radius is A, be taken as the polarizing circle (il) iu the appli- 
cation of the method of reciprocal polars. Let (S), a new ellipse 
or hyperbola, be derived, the reciprocal polar of the former. Let 
a and b be the semiaxes of this derived section (S.) , Then mani- 

A* 
festly A=A, and "=-17, since A is the radius of the polarising 
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circle (H). It is clear that the reciprocal polar (S) will have its 
luiDor scmiaxis i or A coincident ■with the major axis of (S), while 
its major semiasis will be coincident with the minor axis of [Sj. 

The primitive and reciprocal Bcctions (S) and (£} will be similar ; 
for 



6* 



A«-B« 



b^-\ 



or the eccentricity e is the same for (S) and (S) . B is the semi- 
parameter of (S), since B = — (b) 

When the given section is an hyperbola, the reciprocal polar is 
also an hyperbola, having the same centre and transverse axis, and 
the angle between the asymptotes of the one equal to the supplement 
of the angle between the asymptotes of the other. _^ 

In the hyperbola the focal distance to the centre is Vfl' + 6', or 
a sec Xi while the distance of the directrix is a cos ^. The distance 
of the minor focus from the centre is a cosec ;^, while the distance 
of the minor directrix is a sin x- 

When the hyperbola is equilateral, or ;^=^, the major and minor 

foci coincide, as do also the major and minor directrices; so also 
do the asymptotes. 

The parabola has neither minor focus nor minor directrix. 

291.] Let us assume the theorem established in lemma I., p. 228, 



AB= 



(a) 



a simple but most important formula due to Poncelet, 

We shall now proceed to make some applications of this theorem. 
In any central conic section the sum or difference of the distances 

of any point on the curve from the foci is constant, or 
FC + F,C=2A=26, 

since the major axis of the primitive (S) becomes the minor axis of 

(£) in this transformation. 

Now, by the preceding lemma, FC = — pp — ; but R=A=A, 
, and Pf^OP. Making these substitutions. 



FC = iesin5. j^p. In like manner F,C=6esin^. ^-p'; adding 



»-=OM, OD=P 
, OM 



these two expressions. 



FC + F,C=2fi=^- 



(!>) 

; lection meeting the 



Fig. 63. 
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Now OP=OX sin 5 and 20X = DM+DM,; consequently 
PM + DjM, 

om+om;~^ 

Therefore, if a tangent be drawn to a 
minor directrices in 
two points M and \f,, 
themm of the distances 
of these points from the 
minor axis is to the 
sum of their distances 
from the centre in a 
constant ratio e, the 
eccentricity of the sec- 
tion. In the hyper- 
bola the differences 
must be taken. It is 
to be observed that 
while P and F,are the 
major fori of the pri- 
mitive conic (S),tliej' 
arc the minor foci of 
the reH]>roLal conic 
(2). The same is true 
also of the directrices; 
the major directrices 
of the one are the minor directrices of the other. 

292.] The product of the focal perpendiculars let fall from the 
minor joci F and F, on a tangent to the curve is to the square of the 
perpendicular from the centre on the same tangent as the square of 
the semidiameter a, passing through the paint of contact Q. is to the 
square of the semi- major axis a. 

Let m and w, be these perpendiculars. Then «=P— iccoetf, 

«,= F+ieco8^ (see fig. 63). Therefor* 

t^j=P*-6'e«cos*^=a*8in<5+A'co8«5-AVco8«^, 

(i*siu'l9 + Z.*cos«^ . a ■ J f *u ■ 

or t»w,= 5- , smce is measured from the minor 

axis. But it has been shown in sec. [2K] that 

o«ain«5 + A*cos«f=P«{a^+y*)=P«a«, 

consequently 
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293.] From any point Q {see fig, 63) on the curve, perpendiculars 
QT, QT, are let fall on the minor directrices ; the product of these 
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perpendiculars is to the square of OQ, the semidiameter^ in a con- 
stant ratio^ or 

QTxQT^ *!__*! 

2h being the distance between the minor directrices. 

This follows at once from the analogous theorem established in 
sec. [254] for surfaces of the second order. 

The proof by the ordinary methods is very simple : 

QT=--yp QT,=- + y,, or QTxQT^=^ — i^' 






(b) 



¥c 
29J-.] lu the ellipse or hyperbola the ratio of fr-=€> • . (a) 

see fig. 63. Now FC, as we have shown in sec. [290] , is equal to 

vrsin^.OM: and Dt = — t>cos^=77- (P— Aecos^), or Dtssti-- 
P c P re^ ' Pe 

Consequently, by substitution in (a) , «r = c sin OM. In like man- 
ner vrf—e sin . OM^ ; consequently 

or, the ratio of the focal perpendiculars on the tangent is the same 
as thai of the distances from the centre of the points in which the 
tangent cuts the minor directrices. 

295.] Since, as we have shown in sec. [294], 

«r=e sin 5 . OM, and «r^=e sin 0. OM^ «Br^=e^ sin* OM . OMp 

. ^ P2fl« , . . QT QT, . .. QTxQT. 

but ««-.= — 2S and sm^=7^^=pr^, or sm^0=^^-^ — ^^ . 
' o* QM QM/ QM X QM^ 

Now putting for QT x QT^ its value as given in section [293] , 

1 *V u 11 u OMx OM, P2 

namely -5-V, we shall have ^^r.^^^ — 7s\m =^T9f 
^ aV QMxQM^ b^ 

or, \f a tangent be drawn to a central conic section meeting the 

curve in the point Q, and the minor directrices in the points M and 

Mp the rectangle under the distances of these points from the centre 

will be to the rectangle under the segments of this tangent as the 

square of the perpendicular from the centre upon it is to the square 

of the semi- minor axis, 

OQA 1 Q- ^ OM QM QT , . 

296.] Smce _ = _ = ^_=_ (a) 

it will follow that the ratios of the focal perpendiculars on a tangent, 
of the distances to the centre O of the points M and M, in which 

T 
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Ihis tangent »tett» the minor direclriiea, of the segments iiUo whit 
t/tia tangent is divided between the point of contact Q, and the mim 
directrices, as also of the perpendiculars from this point Q vpon 
them, are the same for all. 

It will also follow that siiue OM : OM^ : : QM : QM„ the angle 
MOM, is bisected bv the line OQ. 

297.] The sum of the reciprocals of the eegments of any focal 
chord ill a conic section is constant and equal to twice the reci- 
procal of the semiparameter, or 



i+. 



1 8A 



Now, if we refer to sec. [290], we shall find FC= Ay — ; i 
,= . — ; and as A=A and B=— , we shall haw 



OX+O X, 2»'e_ 2ne 



like 

by substitution, 



o 



Consequently we may enuBciate the following theorem : — 

If from any point M in the minor directrix of a conic section we 
draw two tangents to it meeting the transverse axis in the points X 
and X,, the distance between these points trill be to the distance t^ 
the point M from the centre as the distance between the foci i$ to tC 
temiparameter. 

^98.] It is a characteristic property of the focal distances of anj 
point on a conic section that they may be expressed in rations 
functions of the projective coordinates of that point, A like pro- 
perty will be found to hold with respect to the distances from the 
centre of the points in which the minor directricfis are cut by a 
tangent to the curve. 

Let the equation of the tangent to the curve be 



ah/fj + b^x^ = a%^. 



• • • • M 

X, and y, being the projective coordinates of the point of contact. 
Let the coordiuates of the imint in which this tangent meets thi 

minor directris be - and ^. Substituting these values in the eqaid 

tion {a) of the tangent, we shall have x or DM="> ■ ^~ - ^^ '. 

I„ l,ke manner n,M,= °-3^?'''. 
' ' hex, 



THE TUEOBT OP RICIFROCAL FOLAHS. 275 

Now 0m'=D0*+DM'=^+ °''^^~^,''' ; reducing, we >h«Ufiiid 
0M'=2^g^', or (3H = 5!5»=3!i). 



, or OM and OM, may be ex> 



In like manner OM,=^^4±3^'. , 
' oeXf 
pressed as rational functionB aix. and y,. 

299.] The following inveBtigation is deserring of attention, as it 
supplies an example of the method of denying new theorems by 
means of a double reciprocation. 

From auy point O in the line DD,let two tangents, GC and GCj, 



Pig. 64. 




be drawn to a circle. The product of the tangents of half the angles 
which the lines GC and GC, make with the Ene DD, is constant. 

Let Q be the pole of DD,. Then as the angle D,GC=COD, 
since the angles at D and C are right angles, the angle D,GC=2CAB, 
and the angle DGC, is equal to 2C,A.B; but the tangent of the angle 

CAB^ jp, and the tangent of the angle C,AB= j^^'- 

Consequently the product of the tangents is equal to -rp- — . -,'. 



But 



AC X AC, 



is equal to the ratio of the perpendiculars let fall 



from B and A on the chord CC, — that is, as 7, putting r for the 

radius of the circle and k for OQ. 
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300.] Now, if we assume any point F in the jtlaiie of this circle, 
and take its reciprocal jrolar, which will be a conic section having^ 
its focuB at Fj the pole of the line 
DD, will be a fixed point B within 
the cxave, and the poles of the 
tangents GC and GC^ will be 
points T T. on the reciprocal polar ; 
and as the three straight lines 
DD,, GC, and GC, meet in the 
point <i, the three poles S, r, and 
T, will range along the straight 
line tStj ; and the angle between ' 
the lines DD, and GC will be 
equal to the angle between the 
lines FS and Ft. Hence we may 
infer that if a chord be drawn 
through a fixed point S in the plane of a conic section meeting the 
curve in the paints r and t,, the product of the tangents of half the 
angles SFt and SFt, will be eonstanl. 

301.] If, now, we take the centre of this conic section as the < 
centre of the polarizing circle, the polar of the focus F will be the 1 
minor directrix (A) ; the polars of the two points of contact t, t, ] 
will be tangents (/), {(,) to the reciprocal polar (S) ; and as the 
three points t, t„ and 8 range on the same straight line, their 
polars (t), ((,), and PQ will all meet on the same straight line. 
Hence we may derive this other theorem by a second polarization. 

If a straight line PQAe drawn in the plane of a conic section, and 
from any point P in it two tangents be drawn to the curve meeting 
Fig. 66. 





the minor directrix in two points T and T,, vhile the given straight | 
line meets it i« Q, the product of the tangents of half the o'igles TOfl ' 
and T,OCl will be constant. 
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We may diversity this tlieorem by taking other ceutrea of polari- 
^tation. Thus we may ubow that if tlie diameter of an ellipse be the 
base of a triangle whose vertex is at a focus, the product of the 
tangeiitH of half the angles which the sides of the triangle make 
with the major axis is constant, 

302.] If from any point E in the plane of a conit; section two 
tangents be drawn, and the chord of contact produced to meet the 
major directrLx in the point y, the lines /E auAfy drawn through 
the focus/ are at right angles. 



Fig. r>T. 



rig. G8. 





Hence, in the reciprocal polar, if a chord «6 be drawn meeting the 
minor directrix in G, and a line be drawn from the minor foeus F 
to meet in Q the intersection of the tangents drawn at a and b, and 
cutting the minor directrix in G, the lines OC and OG are at right 
angles. 

for as Q, fig. (i8, is the pole ofa^, and F is the pole of 71*, QF 
is the polar of the point y; and as /is the pole of ON, therefore 
C is tlic pole of/y. Again, as ab is the i>olar of E and GN the 
polar of/, G is the pole of/K ; but/E and/y are at right angles ; 
consequently GOC is a right angle. 

303.] The locus of the feet of focal perpendiculars on a tangent 
to a conic section is the cin;!e described on the major axis. 

Prom any point C of the circle described on 20A, the major 
axis of (S), draw a tangent CP to the curve (S) and the chord 
CP through the focus of (S) ; these lines we know are at right 
angles, 

Taking the polar reciprocal of this theorem, the pole of the tan- 
gent CP will be a point Qon (2) ; and as the polar of F is the minor 
ilirectrix DG, while the tangent to the circle through C is the polar 
of the point C, as the circle whose radius is OA is the polarizing 
circle, the point G where this tangent to C intersects the minor 
directrix will be the pole of FC ; hence the points G and Q subtend 
a right angle at the centre; and as Q, G, C arc the poles of the 
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three lines CP, CF, and CG which all meet in the point C, these 
three points Q^ C, and G will all range on the same straight line^ 
the polar of C — that is, the tangent at C to the polarizing circle. 

Hence the points Q, G are on the tangent which touches the 
circle at C ; and as OQ is perpendicular to CP, Q, is the pole of CP ; 
but CP is at right angles to FC ; therefore OQ is at right angles to 
OG. 

Hence, if two diameters are drawn at right angles in a conic section, 
one meeting the curve in Q, the other meeting the minor directrix in 
G, the line Q6 envelops the circle whose diameter is the minor axis. 

Fig. 69. 




304.] (a) The lines drawn from the foci of a conic section to the 
point V, in which two tangents to the curve intersect, make equal 
angles with them. 

Let the angle PVP^rr-i^, FVQ=tf, p^VQ^=5,; let/and/bethe 

Fig. 70. 




focal chords, P and p the perpendiculars from F on the tangents. 



I 
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P, and Pi the perpendiculars from F, on the a 



E tangents. Then 



P =/Bin '6, \\=f,^ux (t + 6), p =/9in {^ + 6,) , p, =/, am $, ; but 

PP,=jy,8ia5sm(^ + «)=i«, 
ami 

or 

sine8iii{i^ + &)=smfl,ain(-^ + fljl. . . . (I)) 
But 

Ssinff 9in('^ + ^) =eo8if--cos(f +2fi) 1 
and . . . (c) 

2sme,8in(i/r + &,)=co9if—coa(-^ + 2e,}.) 
Consequently cos (■^ + 25)=cob(-^ + 2^,), or 

e=0, (d) 

(/3) Tlie Hue drawn from a foms P to the point V, the intersec- 
tion of two tangents whieh touch the conic section in the points Q 
and Q,, makeB eqnal angles with the lines FQ, FQ,. 

This is evidently the reciprocal polar of the simple property of 
the eircle, that any pair of tangents make equal angles with the 
chord of contact. 

(7) Twice the angle between the focal lines drawn to the point 
V in which two tangents meet, and touch the conic section at the 
points Q and Q,, is equal to the sum of the angles which the foci 
subtend at the points Q and Q,. 

Let the normal to the tairve at the points Q and QJtc QN and 
ON,. Let the angle FtiN = RQN = a, and F,Q,N,=FQ,N,=o,. 
Let QFV = VFQ,= ^, and Q,F,V = VF,Ci=/9,. 

But the angle VX¥,= 'ia + 2^, and FXF,=2o,4-2^,; consequently 
FXF,=a + a,+^ + ^,. 

But FXF,= FVF, + ^+^,; consequently 2PVF,=2tt + 2fl;, or 
2FVF,= FQF,+ Fa,F, (e) 

305.] If we now take the reciprocal polars of these three theorems 
(a), {&), and {y), we shall find, for (a), that as the two focal vectors 
FV and F,V, and the two tangents (iV and Q,V (fig. 70), all four 
meet in the same point V, the polar of V {namely (IQ,, fig. 71) will 
contain the four poles of these four lines ; and as two of them pass 
through the foci (fig. 70), their poles Q, Q, will be on the minor 
directrices (fig. 71) ; and as two of them are tangents to the given 
curve, their poles P, P, will be on the polar curve; and as the 
angles FVQ and F,VC1, are equal (fig. 70), the segments PQ and 
PQ,will subtend equal angles at tlie centre O (fig. 71); and as the 
segments of the tangent whieh passes thi-ough P, namely PM and 
PM„ also subtend equal angles at the centre, the angle POM will 
l)e equal to the angle POM,, and therefore tlie angle QOM will be 
equal to the angle Q,OM,. And as NN, is a tangent at P„ the 



2H0 



ON METRICAL METHODS AS APPLIhD TO 



angle P.ON will be ecjual to the angle PyON^, and the angle QON 
the angle QpN,. 



Fijr. 7\ 




306.] It has been shown in (e), in the preceding section^ that 

2FVFp=FQF, + FQ,F, (fig. 70). 

If we now take the reciprocal polar of this property, the poles of 
the lines FV and F,V in fig. 70 will be the points Q and Q^ in 
fig. 71, and the poles of the lines FQ and F^Q in fig. 70 will be the 
points M and M. on the minor directrices, and the poles of the lines 
FQ^ and F^Q^ will be the points N and N^ on the minor directrices. 
Hence the following theorem : — 

If a secant be drawn to a central conic section cviting the curve in 
the points P and P^ and the minor directrices in the points Q and Q^, 
and if through the points P and P. tangents be drawn meeting the 
minor directrices in the points MM^ and NN^ the sum of the angles 
which the straight lines MM, and NN. subtend at the centre vntt be 
equal to twice the angle which QQ, subtends at the same centre. 

307.] If from any point V in the plane of a central conic section, 
of which the projective coordinates are ^ and q, lines/,// be drawn 
to the foci F, F,, and tangents to the curve touching it in the points 
Q and Q^, the perpendicular^ let fall from the point V on the four 
focal chords FQ, F^Q, FQ^ and F.Q, are all equal. 

This may briefly be shown by the method of tangential coordi* 
nates. 

Let ^f and Vf be the tangential coordinates of the focal chord FQ, 
then the length of the perpendicular VP let fall upon it will be 
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— f^=^^', see sec. [51. Now f, = — and w,= -^ — ,f and v 
Vfi' + w,* *' Be ' i*ew ' * 

Pig. 72. 




beiug the tangential coordinates of the tangent VQ which passes 
through Q. Consequently 

VJ?W="fe5 (., 

We must bear in mind that ^^ and v, are the tangential coordinates 
of the focal chord, while £ and v are the tangential coordinates of 
the tangent to the cnrve passing through the point Q. 

If now we substitute these values of ^, and v, in the value of the 
perpendicular, we shall have 

o , VP= (''c-P)^''^+''' g g-ggg ; . . , . (b) 
1— aef 
from this equation we must eliminate f and v. 
The equation of the curve and the dual equation give 

B«f* + J«u«=l, taidpi + qv=l (c) 

Eliminating w, _ 

fji + gy/M . 

' aY+b'p' • ^ ' 

writing M for a'g^ + H'p^—a^lt', we shall have also 

aY + *V " 

Substituting these values off and v in (b), we finally obtain 

n'VP'—dV + ''?'-"'»' (f) 
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Now^ this expression for the perpendicular being a function of the 
projective coordinates p and q of the point V only and the constants 
of the tangential equation of the curve, it will hold for any one of 
the four focal chords. Consequently the four perpendiculars will 
be equal. 

Hence we may obtain the following theorem (fig. 71) : — 
If through any two points P and V^ on a central conic section a 
secant be drawn, and two tangents through the points P and P^ 
meeting the minor directrices in the four points M, M,, N, and N^, 
and perpendiculars be let fall from these four points on the secant, 
namely MP, M^P^, NP,p N/P^//, the ratios 

MP M^, NP, N£, 

MO' MP' NO' Np' ^^' 

will all be equal, 

308.] A simple algebraical proof of this very elegant theorem 
may be given. 

Let x^y^ and ^ny^ be the coordinates of the points P and P^. 
Then the equation of the straight line passing through these points 
will be 

(y-y/)(^/-"a^//)-(y/-y//)(^-^/)=0; ... (a) 

or as Xf y^ and x^^ y^^ are points on the curve, 

aV + *V=«**^ • • (b) a^l'+b^x^.^^a'^b^, . . (c) 
or 

«'(y/-y//)(y/+y//)+*Vi-^i/)(^/+«//)=o. . . (d) 

Consequently the equation of the secant becomes, by substitution, 

«%-yi)(y/+y//) +*V-^i)(^/+^i/)=0. . . (e) 
But this line meets the minor directrix in a point of which the 

coordinates are x and -. 

e 

Substituting these values in the preceding equation, we shall have 

- _ aH^e -h g(fl V /y/, -h b^x^ ^ ;) - a^jx^ -f- x,,) 

'b^e{x,-\-x;) • • • ^^^ 

Now the tangent through P meets the minor directrix in a point 
of which the abscissa x^ is given by the equation 

^=^' <M) 

Subtracting aP from x, we shall have 

Here i—o?^ denotes the distance between the points in which the 
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secant and tangent cut the minor directrix^ or a?— .t'^^QM^ see 
fig. 71 ; but 

0M= — -. — —', see sec. [298] ; consequently 

OM"" biXf-^Xfi) ^ ^ 

But this is a symmetrical expression^ independent of the particular 
position of any one of the four points M^ Mp N^ N^ on the minor 
directrices. 

Let MP be the perpendicular firom the point M on the secant 
QQ^ ; let <}> be the angle which this secant makes with the minor 
directrix. Then M P sb QM sin ^. Now 



consequently 
Finally, 






MP 



Hyu^-Vi^ii) 



(j) 



a symmetrical expression in which w^ and y^ o?^ and y^^ are similarly 
involved. 

Fig. 78. 




309.] Let YQ, YQ^ be two fixed tangents drawn to a central 
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conic section, and let r r^ be a variable tangent touching the curve 
in the varying point T; the tangent tt^ will subtend fixed angles 
at the foci, and the sum of these angles will be equal to the sup- 
plement of the angle QVQ,. 

Let the normals QN, Q^N, be drawn to the curve at the points 
Q and Q^ and let the angle FXF^ be bisected by the line XNN^, 
meeting the normals in the points N and N^. Now let the angle 



as also 
let 



Now 



but 



Q,F,T,=TF,T,=a,,.QF,T=TF,T=^,; 
FQN=NQX=7, and F^Q^N^=N,QX=S. 
FXF,=2y4-2a-h2j3, or iFXF^=a + /3 + y ; 



JFXF, or F^XN=y f N, therefore a + /3 = N, or tFt,= QNX. 

In like manner ay-f-/3^=N, or tF,t^=Q^N^X ; consequently 

a + j3 + a, 4- (3,= N + N, = QIQ = supplement of V, 

since VQQJ is a quadrilateral that may be inscribed in a circle. 

Now applying to this theorem the method of reciprocal polars^ 
we may infer, since the poles of the fixed tangents are two fixed 
points on the reciprocal (2), and the p:)Ie of the movable tangent 
a movable point on the same curve, and the polars of the three 
vertices V, t, t^ are three chords inscribed in (2), one fixed, the 

Fig. 74. 

M M, 




others variable, and as the poles of the lines Ft, Ft^ are the points 
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ill wliich tliese chords meet the min or directrix (A) , mid as the lines 
Ft aiid Ft, contain a constaiit angle, and also F,t and F,t,, we may 
inter the currespuuding reciprocal theorem : — 

If two fixed points A and B be assumed on a conic section, and a 
third point C variable in position, and if the chords (_'A, CB he 
produced to meet the minor directrices (A) and [A,) in the points 
M, M, and N, N,, the line MM, will subtend a constant angle at the 
centre O : so also will the line NN, on the other directrix (A,) ; and the 
sum of these angles will be constant and equil to the antjlv AOB. 

That the sum of the atigtes MOM, and NON, is efjual to the 
angle AOB follows from the theorem cutablishcd in spc. [305]; for 
the angle AOM=CON, and the angle BOM, is equal to CON,; 
cnnsequently the angle AOB = MOM,+ NON,, 

311).] When the tangents are drawn to the eiirve at the extre- 
mity of the major axis, the eiipplement of the angle Iwtween them 
is two right angles, ainee they arc parallel. Hence the angle which 
the moving tangent siihteuds at one of the foci becomes a right 
angle, the poles of the two fixed tangents to (S) become the extre- 
mities of the minor axis of (S), and the preceding theorem becomes 
thns modified. 

If a triangle be inscribed in a conic section whose base is the minor 
axis, and whose vertex is variable along the curve, the sides being 
produced will meet the minor directrix in two points MM,, which 
will subtend a right angle at the centre. 

When the curve becomes a circle the niioor directrix recedes to 
infinity, the lines CM, OM, coincide with the aides of the triangle ; 
hence the angle ia a semicircle is a right angle. 

311.] Let a iiuadrilateral be circumscribed to a central conic 
section, and from one of 

the foci F let vectors FA, ^ Fig. 75. 

FB, FC, FD be drawn to '^ ^ 

the angles of the figure, 
and lines Fx, Fy, Pr, Vu 
to the points of contact ; 
and as any two of these 
adjacent lines make 
equal angles with tlie 
vector line between 
them, let these aaglcs be 
a, a; 0, ; y, 7 ; S, S; 
then a-l- ,3 + 7-1- S=Tr. 

Now the angle between 
the vectors FA and FB 
is a-f-A und the angle 
between the vectors FC" 

Let us now take the 
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prooal polar of the quadrilateral circumscrihed about the coiiic aec- 
tiou will be a quadrilateral intcribed iu a conic Bcction ; and the 
sides a, b, c, d of this inscribed conic will be the polars of the 
augles A, B, C, D of tlie circumscribed conic, and the pole of the 
vector FA will be the point Aq on the minor directrix, in which the 
side a of the inscribed quadrilateral intersects it ; the same raaj be 
said for the point Bg. Hence the line Aq Bq on the minor direc- 
trix subteuda at the centre the angle a + j3. In the same manner 
it may be shown that Cp and Dq subtend at the centre the angle 
7+S, Consequently we shall have the following theorem : — 

Let the sides of a quadrilateral inscribed in a conic section meet 
one of the minor directrices in the points Aq, Bq.Cq, D^; the sum ^ 
the angles which the segments AqB,, and CqDo subtend at the centre 
will be equal to two right angles. 

When the curve is a circle the minor directrix recedes to infinity, 
and the lines OAp, OBq. OCq, ODq become paraUel to a, b, c, d, the 
sides of the inscribed figure. Hence we may infer that the sum of 
the opposite angles of a quadrilateral inscribed in a circle is equal 
to two right angles. 

Fig. 76. 




313.] Let be the angle between a pair of tangents to a conic 
section, /yj the focal radii through the point V (the intersection of 
the tangents), aud V the perpendicular let fall from V on one oi the 
focal chords (see fig. 72) ; we shall have 

//,,m.Ji=2oP (.) 

Let the periiendicular from the point V on the major axis divide 
the angle ^ into the two angles w aud Wj, or let^=m + e',; hence 
sin^=sin(d cosoi, + siucdy coseo. Let the tangential coordinates of 
the tangent passing through V be f , v, aud £„ v^„ then 

Binft) = ^ — ; — '- . , cos(i) = '=^. 

Vfj' + y,* Vfi^ + f;" 

'" Vf^'T^/' *"'" vV + V 
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consequently 

We have now to calculate the value of this expression for sin <(>. 
In sec. [307] it has been shonn that 

?/- L ' '■" L ' ^" L ' 

and u,,=?VtWM, writing L for aV + *V- 

Consequently f,u^^4-0„v,= ^~M ; (c) 

Li 

and as 

{?; + vn (f „« + v„«) = f , V + IW + f // V + «'i v» 

we shall have, by substitution. 

Now, as the focal lines/ and /^ are drawn firom the point V, 

/2=g« + (a6— /?)«, and/«=y«4-(a«+/?)*; . . . (e) 
or 

/V;«=[(/? + g)«+2(a«-A«)^«-2(a«-iV+ («*-**)*]. (f) 
Consequently (f ^' + u,*) (f ^^^ + 1/,^*) ='^yj- ; and therefore 

Hence, finally, jy^sin^=2aP, (g) 

where P is the perpendicular fix)m V, the intersection of the_tan- 
gents, and whose value we found in sec. [307] to be flP= VM. 

313.] Hence we may readily obtain a very simple method of 
finding the curvature of a conic section. 

Let AB be an arc of a conic section, on which two points, P, Q, 
indefinitely near to each other, are assumed. At these points let 
tangents to the curve be drawn meeting in s, and intersecting in 
the angle <}>. Let P«=Q«=c ; and let B, B, the radii of curvature 
at the points P and Q, meet in O. 

Hence Bsin^=PT=2c ultimately; for ultimately the two sides 

of the triaugle VsQ coincide with the side PQ, which is ultimately 

2c 
equal to PT. Hence sin ^=:p-. 

2flP 
But in the preceding article it was shown that sin ^ = ^x-. 
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Hence, elimiuatiiig sin (f), 

a?- 
But when ultimately the point s coincides with the conic section, 

ff,=b? and J=|. j,,.g „^ 






Hence li = -^, a well-known expression for the radius of curva- 
ture of a conic section. 

On groups of conic sections having t/ie same minor directrices. 
314.] We shall find that peculiar relations exist between conic 
sections having the same minor directrices. Let h be the distance 
between the common centre and one of the directrices ; then the 
axes of the cui*ve are connected by the relation 

A few examples of these properties are given. 

Let a series of concentric conic sections, all having the same 
minor directrices, be cut by a transversal, the portions of this line 
intercepted by any pair of these curves will subtend equal angles at 
the centre ; and if, through every pair of points in which this trans- 
versal intersects the sections, tangents are drawn intercepted both 
ways by the directrices, the sum of the angles which any pair of these 
tangents subtend at the centre is constant, being equal to twice the 
angle which the common transversal intercepted both ways by the 
directrices subtends at the centre. 

Let —4-^2=1 <'i»d a'f + yv=l (b) 

be the projective equation of the curve and the dual equation of the 
point (.r, y). Let y=mx be the equation of the diameter passing 
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through the point {Xj y) . Eliminating x and y between these three 
equations^ we shall have 

a« (1 - b^v^) n« - 2a%^v . n -f i*(l - a^P) =0. . . (c) 

Let n^ and n^ be the roots of this quadratic equation, we shall 

, . 2a«*2fi; , *«(l-a«n 
haven,4-n,=- ,^^^^^ and nfl,^ J^^_^^^,^ (d) 

Let if> be the sum of the angles whose tangents are n^ and n^^. Then 

tan</»=r-^-— ^==- --2 (e) 

i — n.n,. 1 1 . ^ p 

Now, as the sections are assumed to have the same minor direc- 
trices, Tg — i=is» consequently 

a value independent of a and 6. 

Let n=tanQ>, then n^=tan (27r— ©,)= — tan©^; therefore 

or^is the geometrical difference of the angles to and o)^; consequently 

tan ^=tan {<^-(oD= ^_^^i^^p^_^iy •••(») 

Now, when the difference between two variable quantities is constant, 
these variable quantities must receive equal increments ; but these 
increments are the angles between each successive pair of dia- 
meters. 

315.] If two diameters at right angles revolve round the centre 
of two conic sections having the same minor directrices, each dia- 
meter meeting one of the curves, the line joining these points will 
envelop a circle. 

Assuming the equation (c) established in the preceding section 
we shall have 

^«(X— a*f*) 1 1 

»,»/<= -^ = a^l- b^v*) > °^ ^ + '^ = p- fl« • • • (») 

But when the curves have the same minor directrices 

the equation of a circle. 

When the connected points are on different curves, let r and r, 
be the two semidiameters ; then 

co8^<^ sin«</> _l V . 1_1_1. 
fl« "^ b^ "r^' A« a«"/i«' 

u 
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consequently 

For the diameter at right angles 

1 cos^<^_ 1 - . 

^"^"A^"^' ^^^ 

adding, 

1 1 _ 1 1 1 . ,. 

or the sum of the sqiiares of the reciprocals of the semidiameten, 
drawn one to each curve, is constant ; and as 

P the perpendicular on the line joining the feet of r and r^ is con- 
stant, and therefore the locus is a circle. 

The difierence of the squares of the reciprocals of any two coin- 
cident semidiameters of two conic sections having the same minor 
directrices is constant. 

^ 1 cos« e sin« ^ 1 sin« ^ ,1 1 . sin« , 
For^=-^ + --^=^4-^,and-^,=-, + -^; hence 

1-1=1-. 1. 

316.] Let a series of concentric conic sections, having the same 
minor directrices, be cut by a common diameter, the tangents drawn 
through the points where this diameter intersects the curves enoe- 
lop a concentric conic section. 

The solution of this question is simply obtained by the method 
of tangential coordinates. Let 

AV±a«f«=l (a) 

be the tangential equation of one of the series of ellipses or hyper- 
bolas, and, as they all have the same minor directrices, 

i+i=i. (b) 

let y=niv be the projective equation of the diameter, then 

^=" (''^ 

Eliminating a and b between the equations (a), (b), and (c), we 
find 

«'' + r-(^)«'?=p (d) 

the equation of a concentric equilateral hyperbola or ellipse. 
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On certain properties of the Equilateral Hyperbola, 

317.] As the equilateral hyperbola is its own reciprocal, the 
centre of the curve being the centre of the polarizing circle, the 
major and minor foci will coincide ; so also will the major and 
minor directrices, as shown in sec. [289]. Hence all the focal 
properties of this curve possess analogous central properties also. 
For example, wc may instance the following : — 

(a) If a tangent to an equilateral hyperbola meet the directrices 
in the points M and M,, the difference of the distances of these points 
from the transvei'se avis will be to the difference of the distances of 

the same points from the centre in the ratio of »^2 : 1 . 

0) If a tange)it be drawn to an equilateral hyperbola meeting the 
directrices in M and My, the ratio of the distances of these points 
from the centre is equal to the ratio of the focal perpendiculars on 
the tangent, 

(y) If tv)o diameters at right angles be drawn, one meetirtg the 
equilateral hyperbola in the point ^1, while the other meets the direc- 
trio: in N, the line MN envelops a circle described on the transverse 
axis as diameter, 

(8) If from any 2»oint two tangents are drawn to an equilateral 
hyperbola, the line joining this point with the focus, and meeting its 
directrix in M, while the chord of contact meets the same directrix 
in N, the portion of the directrix MN subtends a right angle at the 
centre, 

(e) If from a point in the directrix of an equilateral hyperbola two 
tangents be drawn to the curve, this point, and the point C, where the 
chord of contact meets the directrix, subtend a right angle at the 
centre, 

(?) Iffifom any point hi the plane of an equilateral hyperbola two 
tangents be drawn meeting the directrix in two points M and N, the 
chord of contact meeting the directrix in Ct, the diameter OG bisects 
the angle MON. 

(rj) 7 wo chords are drawn from the extremities of the transverse 
axis of an equilateral hyperbola meeting the curve in any point C, and 
produced to meet the directrix in the points M and^. These points 
will subtend a right angle at the centre. 

[6) If two fixed points be assumed on an equilateral hyperbola, 
and a third point variable, the chords drawn through this point and 
the two fixed points lotll meet the directrix in two points M and N, 
which will subtend at the centre a constant angle. 

(k) From any point V let two tangents be drawn to an equilateral 
hyperbola. Join V ivith the centre O, through O draw a perpendicular 
to O V meeting the chord of contact in T. The perpendiculars to the 
transverse axis through T and \ with the two directrices are four 
harmonicals. 

u 2 
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(X) If two fixed points be nsmmed on an equilateral hyperbola, 
and a third point variahle, thv chords drawn through thin point and 
the two fixed points will meet the directrices in four points M Mj 
NN,; the mm of the angles nt the centre subtended l)g}4M,and 
is equal to the angle subtended at the centre by the two fijr^d poh 

Iji) If a straight line be drawn meeting the directrix of an et 
lateral hyperbola in P, and if from ani/ point in thi» straight tine 
tangents be drawn meeting the directrix in T ««rfT,. the product 
the tangents of the aemianglea TOP and T,OP is constant. 

There would be no difficulty in adding to these tlieorems others of 
a like kind ; hut enough perhaps has been given to show tbe ex- 
haustlesa fertility of the method. The judicious student may easily 
augment the number; prima avulso non defiat alter. 
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ON THB LOOOCTCLIC CPEVE, THE TRIGONOMETRY OP THE PARABOI 
AND THE GEOMETRICAL ORIUIN OF LOGARITHMS*. 

318.] It must doubtless have often appeared strange to geometen 
that no direct eouneiion could be traced between those aritbinetical 
quantities called logarithms and certain other eorrespondiug geo- 
metrical magnitudes. It is true that an imaginary relation between 
logarithms and circular area may be exhibited by means of tbe 
theorems of Cotes and De Moivre ; but this imaginary relntii 
would seem rather to indicate a real corresponding rclatioa ( 
duality with some other geometrical magnitude. As the priocip] 
of duality is of universal application in geometry, and as evei 
property of eircumseribed space— whatever be the nature of t" 
bounding lines or surfaces — has its correlative or dual, it is j 
natural anticipation that this duality must exist somewhere for t, 
trigonometry of the circle. 

In the following pages an attempt is made to develop this p 
ciple of duality, and to show the connexion that exists betwet 
logarithms and parabolic trigonometry. 

The obscurities which hitherto have hung over the geometrici 
theory of logarithms will be, it is hoped, now removed. It is p 
Bible to represent logarithms, as elliptic integrals usually have bee& ] 
represented, by curves devised to exhibit some special property only; 
and accordingly such curves, while they place before ua the pro- 

■ The Bubalance of the following CLapl^rswaa embodied ins paper read b" 

tbe Mathematical Sectdon o{ tbe Britiab Association at Cbelteiuiam in 18( 
and printed among the Reports of tbe AMOciatjgn fur tiat year. 
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perties they liave been de\Tsed to represent, fail geaerallj to carry 
ua any further. The close analogies which connect the theory of 
logarithms with the properties of tlie circle will uo longer appear 
inexplicable. 

To deviKC a curve that shall represent one conditioji of a theory, 
or one truth of many, is eaisy enough. Thiia, if we had first ob- 
tiuned by pure aiiulyisis all the properties of the circle without any 
previous conception of its form, and then proceeded to find a geo- 
metrical figure which sliould satisfy the conditions developed in the 
theory, we might hit upon several geometrical curves that would 
satisfy some of the established conditions, though not all. That all 
lines passing through a fixed point and termiuated both ways by 
the curve shall be bisected iu that point, would be satisfied as well 
by an ellipse or an hyperbola as by a circle. That all the Hues 
passing through this ))oint and terminated both ways by the cur^'e 
shall be equal, would bo satisfied as well by tlie cusp of a cardioid 
as by the centre of a circle ; but no curve except the circle would 
fulfil all the analytical conditions of the tlicory of the circle. 

In the same way, no curve but the parabola will satisfy all the 
conditions of the arithmetical theory of logarithms. 

We shall now proceed to show that if the natural numbers 
ranging from zero to infinity be represented by the radii of a curve, 
called the Logocyclic curve, the logarithms of the nurabere repre- 
sented by these straight lines will be expressed by the residual arcs* 
of a corresponding parabola described so as to have certain rela- 
tions with tlie given Logocyclic curve. 

This theory will decide a controversy long carried on between 
Leibnitz and J. Bernoulli ou the subject of the logarithms of nega- 
tive numbers. Leibnitz insisted they were imaginarj', while Uer- 
Qoulli argued they were real and the same as the logarithms of 
equal positive numbers. Kuler espoused the side of the former, 
while D'Alembert coincided with th« views of Bernoulli. Indeed, 
if we derive the tlieory of logarithms from the properties of the 
hyperbola {as geometers always have done), it will not be easy 
satisfactorily to answer the argnment of Bernoulli^that aa a 
hyperbolic area represents the logarithm of a positive number, 
denoted by the positive abscissa +x, so a negative number, accord- 
ing to conventional usage, being represented by the negative ab- 
scissa —X, the corresponding hyperbolic area should denote its 
logarithm also. And this is the more remarkable, because by Van 
Huraet's method the quadrature of the hyperbola itself depends on 
the rectification of the parabola, as is generally known. All this 

* By the residunl arc of a curve is meniit the dilfereni^e between an arc of a 
curve, and that portion of ihe rectilineor tangent drttwn at its extremity which 
it the /iTv/n^ion of the rsdi us vector upon it ; or, in other woids, the nwrfua/nrc 
is the difference between this aie aud its protangtnt. 
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obscurity will be ck-ureil up by tlie theory developed in the text, 
wluL-h completely eatabiidtics the correctness of the views of Liett>- 
nitz and Euler. 

It is somewhat reumrkable in the history of mathemaliral scieni 
that although the aritlinietical properties of logarithms have 
familiarly knowu to every geometer since the time of NajMcr, 
inveotor, or rather diseovertT, no matheniaticiaii has hitherto 
divined their true geometrical origin. And tliis is the more sin- 
gular, hieau-se the pR»pi?rtie« ef the logarithms of iniagiuary 
hers are intimately connected with those of ihe circle. No 
factory reason has been shown why tliis should be so. The b _ 
rithmic curve, which has been itcviaed to represent one well-knowi 
property of logarithms, is a truuseeiidenfttl curve, and has no (wti 
uexion with the circle. Neither has any attempt beenmadc to »hi 
how the Napierian base c, an abstract isolated iucommensurabl 
number, may be connected with our known geometrical knowled] 
Had the circle never been made a geometrical conception, the 
obscurity ini^ht probably have bung over the signification of 
which lias hitherto concealed from us the real interpretation of thi 
Napierian base e. 

This alFords another instanue, were any needed, to allow how thii 
the veil may be which suffices to conceal from us the knowledge 
apparently the simplest truths, the chie to whose discovery is evei 
already in our hands. The geometrical origin of logtirithms aiid<' 
the trigonometry of the parabola ought, in logical sequunce, tai 
have been developed by Napier, or by one of his immeiliute sae- 
cessors. They had many indications to dircct them aright in their 
investigations. So true it ia tliat men, in the contemplation of 
remote truths, often overlook those that are lying before tboir tcet ! 

It will be shown in the iollciwing pages th.it the theory of Ic^ft- 
rithms is a result of the solution of the geometrical jncibleni to find 
and compare the lengths of arcs of a parabola, just as plauc trigo- 
nometry ia nothing more than the development of the same problei 
for the circle. It has been shown, too, elsewhere*, that elliptic 
integrals of the three orders do in all cases represent the lengths 
curves which are the symmetrical intersections of the surfaces of 
sphere or a paraboloid by ruled surfaces. These functions diridi 
themselves into two distinct groups, repre,<entiug spherical 
paraboloidal curves ; and by no i-ational transformation can we ^ 
from the one group to the other. The transition is always mi 
by the help of imaginary transformations, as when we |)a38 trom the] 
real logarithms of the ])arabola to tlic imaginary logarithms of 
circle. When we take plane sections of those surfaces (that is 
say, a circle and a parabola], the theory of elliptic integrals becomes 

• " ReaesTcbeB on tlio Geometrical I'roperlies of Jilliptic lutPgralH." 
sopliical Tntiissctioiis f.^r 1862, p. 316. 
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simply common trigonometry, or parabolic trigonometry with the 
theory of logarithms. 

These views will suggest the reflection, how very narrow is 
the field of that vast region, the Integral Calculus, which has 
hitherto been cultivated or even explored ! When we find that 
the highest and most abstruse of known functions, not only circular 
functions and logarithms, but also elliptic integrals of the three 
orders, are exhausted, " used up,'' in representing the symmetrical 
intersections of surfaces of the second order, who shall exhibit and 
tabulate the integrals of those functions which represent the un- 
symmetrical sections of surfaces of the second order, or generally 
those curves of double curvature in which surfaces of the third and 
higher orders intersect? Considerations such as these but add 
fresh evidence to the truth, how small even in mathematics is' the 
proportion which the known bears to the unknown ! 

319.] The properties of the Logocyclic curve (which we have so 
named from the similarity of many of its properties to those of the 
circle, and from its use in representing numbers with their loga- 
rithms) are very numerous, some are remarkable, and almost all of 
them may be easily investigated. We shall now proceed to develop 
a few of the leadiug properties of this curve. 

On the Equations of the Logocyclic Curve, 

Let r and 6 be the polar coordinates of the curve, its equation is, 
u being a constant, 

r=a(8ec5 + tan^) (a) 

Si nee sec ^ = -, tan ^ = - , and r* = a?* + «*, 

X X ^ 

we get for the equation of the curve in rectangular coordinates 



y 

or (. 



^«(2a-a;)=a;(^-fl)S) 

^« + y2)(2a-ar)=a«a:.j ^^ 

320.] Let a parabola be described whose focus is at the origin, 
and let its vertical focal distance be put =a. Assume the axis of 
this curve and the perpendicular to it through the focus as the axes 
of X and y. Let the vertical tangent OT and the directrix DS of 
the parabola be drawn, then we shall have the following properties 
of the Logocyclic carve. 

The directrix DS (fig. 78) of the parabola is an asymptote to 
the curve ; for the perpendicular distance of the point R from 
this line is «(1— sin 0), since RS = a(8ec ^— tan^), and this value 

approximates to as 5 approaches to ■^. 
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Let y^ be the angle which the tangent to the curve makes with 
the radius vector (or vector, as we may more briefly call it), then 

tan'^=-^=C08 ^ (a) 

When the vector coincides with the axis a, d=0, hence tan '^=1, 
or the curve intersects at right angles in the point O, making angles 
of 45° with the axis a. 

Fig. 78. 




The vector r=fl (seed ± tan ^) drawn from the focus P of the 

parabola cuts the loop and one of the infinite branches in the 
points R and Ry, no that 

FR=a{8ec54-tan^), FR^=a (sec^-tand) ; . . (b) 
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the product of the segments of this secant, as in the circle, is con- 
stant and equal to a^. 

These points may he called reciprocal points. 

Since TO=TR=TR^=a tan 0, 

a circle described with T as centre touching the axis in O will pass 

through the points R and R^ on the vector FS. Hence the curve 

may be described from point to point with the use only of the rule 

and compass. Therefore FR^ is always equal to SR, and the angle 

ROR^ is always a right angle. 

321.] Through T draw the straight line TQ at right angles to 

the line RR^ and touching the parabola in Q ; join the points QR, 

QRp and draw tangents to the logocyclic curve at the reciprocal 

QT 
points RR^ and let them meet in V. Now, as tan ClRyT:=rtvp- a^d 

QT = a sec tan 0, while TR;=a tan 0, .-. tan ClRyT=sec ; but 
tanTR^V or tan'^=cos^; ,\ yfr and the angle QR^T are comple- 
mentary, or QRyV is a right angle. Hence, if normals to the logo- 
cyclic curve be drawn through any two reciprocal points, they will 
meet in the parabola conjugate to the logocyclic in a point Q, which 
point may be called the logarithmic point corresponding to the 
radius vector passing through RR^. 

Since the tangents of the angles VRT, VR^T are each equal 
to cos 0, the lines VR and VR^ are equal and equally inclined to 
the chord RR^. This is also a property of the circle. 

322.] The locus of V, the intersection of tangents to the logocyclic 

at any two reciprocal points R and R^, is a cissoid whose axis is a, 

whose cusp is at O, and whose asymptote is the directrix of the 

parabola. Join VO; then, since VT=TR^ tau'^sa sin^, and as 

a perpendicular from O on the vector RR, is also =a8in^, VO is 

a sin^ 

parallel to FR, and YO=a sec 0—0 cos ^= 7=-. But since VO 

'^ cos 6 

is parallel to TF, the angle VOD=TFO = ^; therefore VO and 

are the polar coordinates of the locus of V. Let this radius be p, 

then 

flsin'^ , , 

p= 5-, (a) 

'^ cos^ ^ ' 

which is the polar equation of the cissoid. 
In rectangular coordinates, since 

or y*(a— a?)=^ (b) 

Hence a straight line VQ at right angles to a vector VO 
drawn to the cusp of the curve through a point V on the cissoid 
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envelops a parabola whose vertex is at the cusp^ and whose vertical 
focal distance is equal to a the axis of the cissoid ; or^ in other words, 
the locus of the foot of a perpendicular let fall from the vertex of 
a parabola on a tangent to it is a cissoid. 

This Ls easily shown by the method of tangential coordinates. 

Since the line VQ is at right angles to the line VO, VO =p = ^r-. 

Hence, as pf=cos5 and pi; = sin 5, f and v being the tangential 
coordinates of the line VQ, 

^=av^, (c) 

which is the tangential equation of a parabola. 
This may be shown by the ordinary method thus : 
The equation of the right line VQ at right angles to the line 

VOis 

y-y/+^'(^-a?,)=u=o (d) 

Eliminating y^ by the equation of the curve, and making^— =0, 

we should find the equation of the locus. The work is tedious, but 
involves no principle of any difficulty, it is therefore omitted. 

323.] The sum of tlie ordinates of the reciprocal points is equal 
to the ordinate of the correspcmding logarithmic point on tlie 
parabola ; 

for y/=^ sii^ 5=a (1 4- sin 0) tan 0, 

and Vh^^i si" ^=a (1 — sin 0) tan 6 ; 

hence y^ -f y^f = 2a tan 8 = the ordinate of Q. ... (a) 

In the same way it may be shown that 

Xf-k-Wfi^2a (b) 

We have also V y u"^ ^ r^ u^ ^^ (^) 

324] . The distances of any point Q on a parabola from its focus 
and directrix are equal. Wc may generalize this well-known 
theorem, and say the distances are equal of any point on a parabola 
from its logocyclic curve measured along the two normals to this 
curve drawn through the point Q. This is cedent, for the normals 
QR and QR^ make equal angles witli the tangent QT. 

Hence, if we conceive the surfaces of revolution and tlie para- 
boloid generated by the revolution of the logocyclic curve and the 
parabola round the axis DA, a luminous object of the form OR^F 
between the focus and vertex or the paraboloid would be reflected 
by the surface of the paraboloid in diverging rays frt)m the con- 
jugate surface OR, along the diverging lines RQ. 

Through the two reciprocal points R, R^, on the logocyclic curve. 
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the logurithmic point Q ou the parabola and the intersection on 
the cirsoid at V of the tangents drawn to the logocyclic through 
the reciprocal points R and R^ a circle may be described. This is 
evident from an inspection of the figure. 

325] . The sum of the polar subtaugents FC and FC^ belonging 
to the points R and R^ is constant and equal to 2a ; 

for FC = R^F . tan CR^F = r, tan yp-^a (sec d — tan 0) tan yfr 

= a (sec^— tan5) cos^, .... (a) since tan '^ = cos 6^; 

hence FC = a (l — sin^). In like manner FC^ = a (1 + sin ^) ; 

therefore FC-i-FC/=2a (b) 

The sum of the reciprocals of the polar subnormals is constant 

2 
and ecjual to - ; for if v be the subnormal to the point R, 

1 _tan yfr^ cos ^ cos* 

v"" r ""a(sec^4-tan^) ""fl(H-sin^)' 
Similarly for the point R^, 

— = -71 : — TTxf consequently -4--=-. . . . (c) 

V a{\ -f sm^)^ ^ ^ V Vf a ^ ' 

Hence the locus of the extremities of the subtangents FC and 
FC^ belonging to the reciprocal points R and R^ is a cardioid whose 
diameter is 2a, whose cusp is at F^ and whose axis is the axis of the 
figure ; while the locus of the extremities of the polar subnormals 
is a parabola confocal with the original parabola^ and having its 

vertical focal distance equal to ^. 

326.] The lengths of the tangents to the curve between any two 
reciprocal points and the asymptote are equal to one another^ or 
R/=R^. 

For in the triangle SR/^, 

R/y : RyS : : sin R,S/y : sin S^^R,, 

or / : r : : cos^: sinf-— ^-f^) i 

- . r cos 

hence t = ^ j— — : — ^— : — r- ; 

cos u cos y -f sm a sm y 

but as r cos = a(l -^ mn 0) , and cos cos '^sssiu y^, 

we shall have t^=- — r (a) 

smy ' 

We should find the same expression for the value of R/. 

Hence R/=Ri, or /==/.= . — ■ . 

' ' sm Y 
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Hence also the perpendiculars /'U let fall from the points / and 
tf on the vector FS are equal to one another and to a. 

Since St^ cos 0=a, S/, = a sec 0. 

V/^=R,C, and V/ = RC,. 
As the projection of V/^ on FS is equal to 

ST-SU = fl(scc^-tan^), 
V^^ cos •^=a(8ec ^—tan 6) =FRy= R,C cos -^ ; 
therefore V/^=R^C; hence VC = R^; 
consequently VCy=R/ (b) 

Therefore the point V is equidistant from the reciprocal points 
R and R^, and also from C and C^. 

327.] Let p and p, be the perpendiculars let fall ftt)m the focus 

F on the tangents drawn through the reciprocal points R and R,, 

then 

. 1 . • • cos^ J a(l+sin^) 

p=rsmir; but sm>/r= ^^^_^^^^,0y and r== ^^^ ; 

T 11 fl(l— sin^) 

In like manner p.= .., , ^-^z ; (b) 

^' v(l-fcos*^) ' 

hence ppf=a'^sm^yfr. 

In [326] it has been shown that if /, t^ denote the lengths of the 
tangents between the two reciprocal points and the asymptote, 

'^'""sin^-^^ ^^^^^ PP^^i"^^ (^) 

328.] Let u and u^ denote the portions of the tangents inter- 
cepted betwen the points R, Ry, and the feet of the perpendiculars 
let fall from the origin upon them. 

Then u=^r cos yfr, Uf=r, cos -^ ; 

therefore uui=a^ cos^ y^^ 

Hence also uui-{-ppi=a^ (a) 

329.] Let X and \ be the angles which the perpendiculars p and 
Pf make with the axis FO. Then an inspection of the figure will 

show that \=^-f i|r— -, and \^=^— >/r-f-. Hence 

\4.\^=2^, (a) 

or the sum of the angles which the perpendiculars on the tangents 
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through the reciprocal points make with the axis are equal to twice 
the angle which the vector makes with the same axis. 

We may express the perpendiculars on the tangents through the 
reciprocal points in terms of ^Ir, the angle which these tangents 
make with the vector, since 

cos^=tan'^, sin^= -/(l— tan*-^), 

i/(l + COS* 6) =sec •^. 

Making these substitutions in (a) and Qji), sec. [327], 

p=a{cos'^'{- -/(cos*-^— sin'-^)},) ., 

jo^alcos-^— i/(cos*'^— sin*-^)}./ 

Let i/2 sin >^ = sin <f>, 2 cos* >^= 2 — sin* 0, 

or cos^= \/(l — isin*<^). 

Hence p =a{ \/(l — i sin*0)-i-cos0},) .. 

I?^=a{-v/(l — isin*^) — co8<^}./ 

These formulae will be found useful in the rectification of the curve. 

On the qtAadrature of the Logocyclic Curve. 
330.] Since from sec. [319], (b), y= ^^^^^^^^ 

*'"" i/(2a^-4?«) "" i/(2a^-^*) ' 

. . (b) 



Therefore fydjr=ai— 7775 ©^^ i-tth Sv* • • • 

But a|-77i^ 57-=5— a\/(2flw?— a?*) 4-fl*ver8in~*-, . . 

Jv(2flU7— 0?*) ' a 

Hence, adding these results together, 

Jyd;r=(— — j\/(2aa?— a?)*— ~ versin"*-; . . (e) 



(c) 
(d) 



Therefore jVd^=a*-^ (f) 



no constant is added, for the area begins from x=:0. Hence the 
area of the half loop is found by taking the integral between the 
limits x^=0 and x=a. 

"WTien we require the area between the infinite branch of the 
curve and the asymptote, as a; > a, we shall have 

SyAx=j versin-' ^- (^) ■•(2ar-;r«) + C. 
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As the area of the infinite branch of the curve begins with xs^a^ 
we shall have 

0=-r a*4-C, or C = a* r- ; 

4 4 

hence jVy^**^^~2""^^~"*"*""4" ' (?) 

consequently the whole area of the logocyclic curve, i. e, the area 
of the loop and of the curve between the ic finite branches and the 
asymptote, is equal to la*, or to the square of the distance between 
the focus and the asymptote, while the difference between these 
areas is equal to aV. Thus, while the sum of the two areas is equal 
to the square of 2flf, the difference of the two areas is equal to the 
area of the circle inscribed in the same square. 

5531 .] The area may be found very easily by a simple transforma- 
tion. For the loop assume a — a?= a cos 0. Then, substituting and 
reducing, 

J yda:=a*cos d{\ —cos d)A.6, 

Hence area of the loop = a* ( sin ^ -f sin 6 cos ^ — « )> 
taking the integral between the limits ^=0 and ^=-- 



The area of loop = a* . 

4 

When the area between the infinite branch and the asymptote 
is required, we must assume 

or— a=a sin 0, 
and \ yAx= —a* f sin ^(1 -f-sin 0)Ad ; 

hence \ yda? = — a^ cos 4- -« -^^ sin ^ cos 0-^C. 

Since the area begins when ^=0, 

()=-tf2-fC, or C = a«, 

or \yd;r=fl'^(l— cos^) -f rt 7^ sin ^ cos ^; 

therefore \ 2 ydx = a' + - - . 

•'0 4 

332.] If we take the cissoid whose cusp is at F, and whose 
asymptote is the line DS (see figure 78), its equation may be 

written y^^\/\n~zr^)'* ^^^^ if we take the curve (known as the 
witch or the curve of Agnesi) whose vertex is at F, and whose 
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asymptote is also the lineDS^ its equation may be written^ F being the 
origin, y = 2a \ /(s )} andthe equation of the logocyclic curve 

referred to the same axes being y:=(a--ar) a /(^ K we shall 

have, putting Y^, Ya, and Y\ for any coincident ordinates of the 
cissoid, the curve of Agnesi, and the logocyclic 

iY«-Y,= ±Y, (a) 

Hence the respective areas of these curves must be in the same 
ratio as these coincident ordinates ; or if we draw a pair of ordi- 
nates common to the three curves, the area of the logocyclic curve 
between these parallel ordinates will be equal to the difference be- 
tween the corresponding areas of the cissoid and half the area of 
the curve of Agnesi. 

Hence, taking the whole of the areas between these three curves 
and their common asymptote DS, as the area of the cissoid is three 
times that of the base-circle, and half the area of the curve of Agnesi 
equal to twice that of the base-circle, the area of the logocyclic, 
which is the difference between the areas of these curves, must be 
equal to the area of the base-circle OAT, as is otherwise shown in 
sec. [319]. 

333] . Through any two reciprocal points of the logocyclic curve 
R and R^, let ordinates be drawn to the logocyclic, the cissoid, and 
the curve which bisects all the ordinates of the curve of Agnesi, 
and let these ordinates be Y^, Ya', Y^, YJ, and Y«, Yo', and as 
ar^-f a?y^=2a, a^i and ^^y being the ordinates of the reciprocal points 
as shown in [10], we shall have, omitting the traits, 

Hence obviously 

YA7=Y„Y,' + y ¥;,', (a) 

a curious relation between the six ordinates of the three curves 

drawn three by three through any two reciprocal points of the 

logocyclic curve. 

334] . The logocyclic curve is " inverse to itself.'^ 

A curve is said to be " inverse to itself " when the product of 

any two coincident vectors drawn from the pole to two points, one 

on each branch, is constant. 



SOd ON THE LOaOCrCLIC CURVE. 

In the ease of the logoeyclic this ia evident ; for, its vectors being 
the roots of the quadratic equatiou 

r^-2asec0.r + a^=O, (a)* 

we shall have 

R=a{Bec0 + tan0y and r = a{sec0—ta.]i8), or Rr^ii^. 
This may be showu also in rectangular coordinates. 

Let X, y and x,, y, be the coordinates of any two reciprocal poitiit. 

Then as - = J,je=Ti-^i = -'iit'=—5---'~i- In the same manner 
y= a o - Now, if we substitute these values of a: and v in the 
equation of the logoeyclic curve given in sec, [319], namely 

we shall have 

{xl' + y,^)i2a-x,)=a\; (b) 

that is, we shall reproduce the original equation of the curve by 
this substitution. This property is peculiar to all curves that are 
inverse to themselves. 

On the rectification tff the Logoeyclic Curve. 
335.] It may be shown, if S and <r are the arcs of any two 
" inverse curves " terminating in a common vector which makes 
the angle with the axis, P and p being the perpendiculars let fall 
from tlic pole on the tangents drawn through the reciprocal points, 
that 

k being a constant. This is a new fonnula for rectification and 
one of remarkable simplicity. It is easily established. 
Let Rr=A=, and put ru=\. Then K=k^u, and 

s-J^(R'+^)de-*'Ji/(»"+g)d«. (b) 

* The polar equation of the circle is 

r'-2DcoBfl.r+o*=i', 
k beinK the radius of the circle. 

t This expresaioD fat the arc of iLti inverse curve suggeets a very beautiful 
geometiiciil reoresuntation for the velocity of a body in any part of its orbit, 
HUWect to any law of central force whatever. For as the velocity in the orbit 
is inversely aa the perpendicular from the centre of force on the laugent, or 
»=-, we shall have t|=t5 ■»■ Or the element of lie curve inverse to the otbil 



{a)t 



between the vectors drawn through any two consecutive pontioua of the body 
will be a direct measure of the velocity with which the body describes that 
element of its orbit. 
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Now it is easily shown that \/ (^* + Jga) ^ ^^^ reciprocal of the 

perpendicular j9 let fall from the pole on the tangent to the inverse 
curve drawn through the extremity of the vector, and which makes 
the angle with the axis. Hence 

2= A:* I — ; in like manner a=k^ I -cj . 

336.] When the curve is the logocyclic, k^a, and 
p__ a ( 1 4- sin g) _ a ( 1— sin g) 

v^(i+cos«g)^ ^"" i/"(rf^«g? 

as shown in (a) and (b), sec. [327] . 
Hence 

l^ (l-sing)(l-i-cos« g) l__ (l-f8ing)(l+co8«g ) , . 
P a.cos«gi/(H-cos«g)' p a.cos«g^(l4-co8«g)^ ' ^^' 

therefore S^-^fii+^^^i^^) .d», . . (b) 

and ^- « r(l-8ing)(l + co««g) 

Adding (b) and (c), we shall have 

Now i/(2) . a j — 8^4/n^i - g^ ^^ *^® expression for an arc of 

an equilateral hyperbola whose semi- transverse axis is 2a, and whose 
central vector, drawn to the extremity of this arc, makes an angle 
to with the axis, such that sin 0^= i/(2) . sin m. 

The second term is the expression for an arc of the lemniscate 
whose semi- transverse axis is 2a, and whose vector is inclined by 
the angle a> to the axis. 

337.] The arc of the logocyclic curve may be exhibited as a 
function of a hyperbolic arc, an elliptic arc, and a right line, as 
follows. In a paper published in the Philosophical Transactions * 
the two following expressions for the arc of an hyperbola have been 
given, which become when the hyperbola is equilateral (T being the 
arc) 

T=-^ f dg 

V'(2)Jcos«gi/(l-i8in«g) • • • • W 

* '' Researches on the Geometrical properties of Elliptic Integrals/' Philosophical 
Transactions for 1862, p. 878, (202; (c) and (k). 

X 



l + a- 
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and also 
T=av/(2)tan^v/(l-isin2^-ai/(2)Jv/(l-i8in«^dtf 

resuming (d), sec. [336], 

and subtracting the two former equations from this latter, 

?^-2T=a^(2)J>/(l-i8in«^)d« 

-a>/(2)tan^i/(l-i8in2^ (c) 

Now the integral represents an arc of an ellipse whose semiaxes 
are \/(2) . a and a ; and 2T is the arc of an equUateral hyperbola 
whose semi- transverse axis is 2a. Hence the sum of two such arcs 
of a logocyclic curve may be represented as the sum of the arcs of 
an equilateral hyperbola and of an ellipse together with a right line. 
338.] If we take the difference of the arcs^ we shall find, sub- 
tracting (c) from (b) , sec. [336] , that 

2-o- _ C_ sin gdg fsinW^ 

2 ~^Jcos«di/(l + cos«^)'^''Jv/(l + cos««)- • W 

Let cos ^^tan-^, yfr being, see (a), sec. [320], the angle between 
the vector and the tangent to the curve at one of the reciprocal points. 
Then, introducing the necessary transformations. 



2— o-^^ a C dyfr 

2 ""sini^ Jcos-^' 



(b) 

Hence, integrating, 

^ 

— jr— =-: — I — a log (sec -Jr 4- tan ^) 4- C ; . . (c) 

2 sm Y* o \ r r \ / 

a 



. =/ is the distance between the extremity of the arc and the 

sm*^ 

asymptote, and measured along the tangent to the arc at this point, 
as has been already shown in (a), sec. [326] . 

To determine the constant; when ^=0, -^ssjir, 2=0, crasO. 
Consequently 

0=ai/(2)-alog{\/(2)-i-l} + C, 

or C= alog{/(2)+l}-a^(2). . . . (d) 

Hence 
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This may be put in another form^ since 

V(2) +1 
sec^-ftan^ = ("^^ ^^-^^^^ i7r)(secVr-tan yjr) 

=!8ec Jtt sec •^— tan Jw tan -^-f sec -^ tan Jtt— sec Jtt tan y^, 
or 

{sec Jtt sec -^ — tan ^tt tan y^} — {sec ^Tr tan '^— sec -^ tan Jtt} ; 
and as this may be written 

sec(j7r-rV^)— tan(i7r-ri|r), (^) 

we shall have 

-^=^-ai/(2)4-alog[sec(i7r-r^)-tan(i7r-rV^)]. . (g) 

Now this last expression represents the residual arc of the para- 
bola, or the arc diminished by iUprotanffent, which corresponds to 
the vector drawn to the loop of the logocyclic, and which is repre- 
sented by the expression 

r=a[8ec (iTT-r-^)— tan (iTT-r-^)]. . . . (h) 

(See the Trigonometry of the Parabola, next Chapter.) 

339.] We shall find a remarkable relation to exist between the 
arc of the logocyclic curve and the arc of the cissoid which is the 
locus of V, the point of intersection of two tangents touching the 
logocyclic curve in any two reciprocal points such as R and B^ 
(see figure 78) . 
Let S be an arc of the cissoid whose equation is 

p^asinOtasiO (a) 

We shall find by the common methods, 

g^ rsing^d + Scos'g)^^ (b) 

J C08*r 

Make 3 cos* = tan' (f), 

and we shall have 

7(3)'""8in</>"''Jcos0'*'^ ^^^ 

This is identically the expression that was found in (b), sec. [338], 
for the difference of two logocyclic arcs terminating in two reci- 
procal points on the same vector, or coradial, if one might use such 
a term. 

The constant may be found from the consideration that the arc 
S=0, when ^=0, or 0=60; hence 

x2 



808 

and therefore 
S 
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f 1 2 1 , f S+'^Pl 1 /«1 

In (e),8ec. [338], a similar expressioii has been given for the logo- J 
cyclic residual — namely, 

^=„| ' -v^mU.loJ 'I'^' + '. l 
3 Lsinifr ' 'J " [see y + tan y- J 

Take the lengths of these curves between the limits 

e=0 and cos-' 5=-^, 

or ^ between the limits 60 and 45, and -^ between the limits 45 1 
and 30, then 



^^(3) 



n^)} 



Ua 



, [3+ /(3) 



■^(3) 1 
1V(2) + 1/ 



Hence, adding these equations together 



= '"{'"713)}^"'°^^ 



2 V(3) 

This is the relation which subsists between the arc of the cissoi^l 
and the residual arc of the logocyclic between the limits 6=0 a 

340.] The logocyclic curve is the envelope of all the cirnles whoMil 
centres range along the parabola, and whose radii are successivelya 
equal toi/(f*—a^),f being the distance of the centre Q of thi)I 
circle from the focue of the parabola. This follows from an inapeo-l 
tion of the figurcj hut it may easily be proved as an iudepeudenfcB 
theorem as follows : — 

Let the equation of one of the circles be 

Now a=n— atan«5, /9=2atantf, /=a9CcM 

Making these substitutions in the preceding equation, and re>1 

ducing, 

;r« + y* + 2a (tan'fl— l)ar— 4fl tan5y + a'=0=V ; . . (a) I 
taking the differential of this expression with respect to 0, and I 
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reducing, 

dY _^4axtB,n0 4ay ^ 

W C08«5 "^^^ 

or tan^=-. 

Introducing this value of tan in (a), we shall find 

{x^+y^) (2a— a?) =a*a?, 

the equation of the logocyclic curve. 

The vertical tangent OT bisects all the chords of the logocyclic 
curve passing through F. 

The angles VRT or VR,T='^ and or OFR are so connected 
that cos d=tan y^. Hence the maximum ordinate of the loop is 
found by making ^=0, or tan ^=cos 0, or 

sin ^= — ^ 

If any point Q be taken on the parabola as centre, and through 
the two reciprocal points on the logocyclic curve a circle be drawn, 
it will always cut at right angles the fixed circle whose centre is P 
and radius =a. 

This is evident; for the radius of this circle is equal to 
(FQ)2--a«=(QT)«, QT being the tangent drawn from Q to the 
fixed circle. 

341.] It is not difficult to show that if we put A and A, for the 
diameters of curvature of the logocyclic curve at any two reciprocal 
points of which the vectors are r and K, we shall have 

^+^=8mVr (a) 

If we put C and C, for the chords of curvature of the two reciprocal 
points and passing through the pole, we shall have 

These simple and remarkable expressions for the curvature of the 
logocylic curve at any two reciprocal points, are true of all -inverse 
curves whatsoever, at any two reciprocal points. Thus, in the 
simple case of a circle, let a and b be the segments of any chord 

a 4- 4, then evidently 1 H ;= 1 . 

This very general theorem may be proved as follows : — 
Let i A be the radius of curvature of a curve at any point, r the 
vector from the pole, and p the perpendicular from the pole on the 
tangent to the curve through this point. Then in most elementary 
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dr 
works it is shown that A=2r -5- : and if C be the chord of curva- 

dp 

dp 
ture through the pole, C=A-=2p -j-, and therefore =-=4^ and. 



dP 
for any other curve, -^=55; hence 

'dp dP ^ 



^ + ^ = i 



r R J 



(c) 



Now, in all " inverse curves/^ as the tangents at any two reciprocal 
points are equally inclined to the common radius vector, if P, R, 
and C^ are the corresponding quantities for the inverse curve, 

(d) 



rP 
J9:P : : r : R, or j? = ^, 



R 



and Rr=A:« 

Differentiating (d) and (e), 

r ^dr _dR 



(e) 



heuce 



d/>=dP^+P^-rP^, andRdr+rdR=0; 
dp r ,^ . P , Pr 



P 



^^^^l^'^^R'^ 



^R. 



NowSp^p, ^=r, ^=1; therefore ^=^+^-^; (f) 
r *P 'Pr p V r R ' ^ ' 

and therefore as 

dp dP dR 



r r 
we shall have finally 



» P , R J dr 
ST=TT+1— T— ; and as — = 



dR 



R' 



or 



dp dP 

r R 






(g) 



(h) 
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842] . The preceding formula will enable us, by a simple trans- 
formation, to express the relation between the central forces, by 
which any curve and its inverse may be described, having the same 
centre of force. For the formula 

dp^ dPR^_ 
may be written 

and we have also 

/?=rsin'^, and P=Rsin'^; 

But in every elementary treatise on central forces it is shown that 
the expression for the centripetal force in any given orbit is as 

f 2~o~)- Putting F for this force, and 4> for the force at the reci- 
procal point of the inverse curve, we shall have this general expres- 
sion for the relation which connects the laws of the central forces 
in the two orbits, 

[rSF+R^]sin«4f=l (b) 

Thus, let one of the curves be the focal parabola, the inverse 

curve will be the cardioid, and sin* -Jrss-, while F=s :: a. Hence, 

making these substitutions in (b) and putting Rr=A:*, we shall 
have 

^^^^^^ («) 

or in the cardioid the force is inversely as the fourth power of the 
distance, the cusp being the centre of force. 

The polar equation of the curve which is inverse to the focal 
ellipse is 

R=fl(l+ecos^), if Rr=4«. 

a b^ 

Now, in the focal ellipse* F= 2775-0, and sin^-^ss— rr r. Hence 

y XT 2o^n ^ r(2a— r) 

^=^R*-R5' W 

or such an orbit might be described by a body attracted by a force 
varying inversely as the fourth power of the distauce, and repelled 
by a force varying inversely as the fifth power of the distance. 
When the centre of force is the centre of an equilateral hyperbola. 
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the inverse curve is the lemniscate^ and 

hence B7'P=^ot<P=^x^; (e) 

or the law of force in the lemniscate is inversely as the seventh 
power of the distance, the force being attractive to the centre. 

In the same way we might show that as the spiral of Archimedes 
is the inverse curve to the hyperbolic spiral, and as the law of cen- 
tral force in this latter is inversely as the cube of the vector, and 
0) being the vector angle in the former spiral whose equation is 

R=:aa), we shall have tan'^=a), 

• « • ®* 
or sm* vr = 5. 

^ 1 + 0)* 

Now, in the hyperbolic spiral whose equation is r(o=a, r^F=4; 
hence, reducing, 

*=*^s8+£' (^ 

or the force in the spiral of Archimedes is inversely as the third 
and fifth powers of the distance. 

In the same way we might proceed to discover the law of force 
in other inverse curves. 

A direct expression for the radius of curvature of the inverse 
curve, in terms of u, the reciprocal of the radius vector of the ori- 
ginal curve, may easily be found by putting R = **!*, and therefore 

^ ■^'^d^ "d^ 

Let p and pi be the reciprocals of the radii of curvature of the 
logocyclic curve at the points R and R^ ; and let p^^ be the reci- 
procal of the radius of curvature of the parabola at a point through 
which the normal makes the angle -^ with the axis, then 

p-\-pi=Sp„; (h) 

yjt and are connected by the condition tan '^= cos ^*. 

• So far as we have been able to learn, the first notice of " Inverse Curves '* 
will be found in a short paper published by Mr. Stubbs, of Trinity College, 
Dublin, in the Philosophical Magazine for 1843. Mr. Ferrers has also given a 
paper on the " Inversion of Curves," in which he combines the principle of 
*♦ inversion " with that of " reciprocal polars." It will be found at p. 82, vol. i. 
of the Quarterlv Journal of Pure and Applied Mathematics. Other notices of 
this method will doubtless have appeared ei?ewhere ; but the properties given in 
the text would not seem to have oeen published before. 
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CHAPTER XXXI. 

ON THE TRIGONOMETRV OF THE PARABOLA. 

343.] Let the angles a, ^y and Xy which we shall caU coryugate 
amplitudes, be connected by the equation 

tana)=tan^8ecx+tan;f sec^ (a) 

Hence o) is such a function of ^ and x ^ ^i^ render 

tan [^, ;^=tan^ sec;^ 4-tan;^sec^. 

We must adopt some appropriate notation to represent this func- 
tion. Let the function [<t>,x\ be written 4>'^X>^ *^** 

tan (^-*-x) =tan^ sec;^4-tan;^sec^. 
This equation must be taken as the definition of the function ^-^;^. 
In like manner we may represent by tan (^-rx) ^^^ expression 

tan ^ sec %— tan x sec ^. 
From (a) we obtain 

sec(»=sec(^-i-X)=8ec^secx4-tan^tan;^. . . (b) 
If we now diflferentiate the equation 

tan a)=tan ^ sec ;^ 4- tan x ^^^ ^> 
we shall have 

do) d<& , dv 
. sec(k>= — ^.secosecvH — ^^ tan A tan i 

COSO) cos© ^ ^ COSY ^ ^ , 

A6 d ^ • (^^ 

+ — ^ tan^ tanvH 3l sec 6 secy. 

cos^ ^ ^ cos;^ ^ ^. 

Adding these expressions together^ and introducing the relatton 
established in (h), we shall find 

J^=-M^+J3L (d) 

costt) COS 9 cos;^ ^ ^ 

This is the differential equation which connects the amplitudes 
tt), <l>, and X' 

As OD, <f>j and ^ are supposed to vanish together^ we shall have by 
integration 

CJ^CJ^ CM., (e) 

J cos (o J COS 9 J cos X 

or, in the more compact notation, 

jsectt)dtt)=Jsec^d^+Jsecxd;^. • . . (f)* 

* The relation between the conjugate amplitudes «, ^, and x ^^ originally 
obtained in this way. In the theory of elliptic integrals, any three conjugate 
amplitudes are connected by the equation 

co8»sco8^co8x~8in08inx Vl— t'sin'ca : 
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Hence, if w, 0, and x ^^^ connected by the relntion assumed in (a) , 
we shall have the simple relatiou between the integrals expressed 
in (e). 

K in (a) we make the following imaginaiy substitutions — 
that is to say, put V — Isino for taii0, V — Isin^ for tan;^ 
V — 1 sin y for tan to, cos a for sec <fi, cos ff for sec ^j cos 7 for sec 
and change -^ into + and -r into — , we shall have 

siiC)'=8in (a+^)=sina co3/3 + sin|3cosa, 
the well-known expression for the sine of the sum of two area of a 
circle. 

We shall show preseiitly that an arc of a paraltola measured from 
the vertex may be expressed by the integral I sec d0, being the 
angle which the normal to the arc at its other extremity makes with 
the axis, ur the angle between the normals drawn to the arc at ita 
extremities. 

-•- and T- niay he called logarithmic plus and minus. As exam- 
ples of the analogy which exists between the trigonometry of the 
parabola and that of the circle, the following expressions in parallel 
columus are given — premising that the formula marked by conts- 
sponding letters may be derived singly, one from the other, by the 
help of the preceding imaginary transformations. 

In applying the imaginary transformations, or while tan ^ ia 
changed into y'^lsuK/'jsec^iutocoa^, cot^iiito — ^—loo»ec<jty 
-L must be changed into +, -r into — , and Jsec^^ into 

The reader who has not proceeded beyond the elements of trigo- 
nometry may assume the fundamental formula as proved. He will 
find little else that requires more than a knowledge of plane trigo- 
nometry. 



I is called the moduliu. When we laaku t=0, we ^t 

cofl»=coa0cosx-fliii* siox or " = *+X 
in the trigonometry of the circle. When we lake the complement of 0, otmakel 
1=1, we get ■ 

«ec<.i = i<ec^9ecx+tBn.J.tanxoT" = 0-^X 
in the trigonometry of the pftrnbolo. Whence, aa above, 
tan oi=twi if sec x+tun X sec ij.. 
* The advanced readerhardly needs tohe reminded that this is the imagiiuByl 
transfomiation by which we are enabled, in elliptic functions of tLe third order, 
to pass from the ciroilar form to the lognnthmKr form, or lo ^a.<f& from the pro- 
perties of a curve described un the eurftice of a sphure to its analogue descnbed 
on the t<urfaee of a paraboloid of revolution. See tbe author's paper " On the 
Geometrical PropertK-s of Elliptic Tnt^gnilB," in the Pbilnsophical Tmusactiooa _ 
for 1862, pp. 362, 3lW, and for 1854, p. 53. " 
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§16 ON THE TRIGONOMETRY OF THE PARABOLA. 

Since 

8ec(^-^-^) =8ec'^ + tan*<^, and tan(^-i-^)=2tan^8ec^, 

sec (^-^^)+tan(^-i-^) =(8ec^+tan^)*. 

Again, as 

sec (^ -*- ^ -»- ^)==sec (^ -^ ^) sec <f> + tan (<^ -«- ^) tan ^, 
and 

tan(^-»-^-^^) =tan(^-*-^) sec^4-sec (^-^^) tan^, 

it follows that 

sec (<^ J- <^ -L <^) + tan (<^ -L </> -i- <^) = (sec ^ 4- tan ^ )^, 
and so on to any number of angles. Hence 

8ec(^J-^-»-^... ton<^) + tan (^J-^-J-<^...to/K^) = (sec<^ + tan<^)". (f) 
Introduce into the last expression the imaginary transformation 

tan <f>= V — 1 sill <^> 
and we get Demoivre's imaginary theorem for the circle, 

cosn^+ V — l sinn<^ = {co8<^+ \/ — lsin<^}*. 
This is a particular case of the more general theorem 
8ec(a-»-/3-J-7-»-8-i-gcc.)+tan(a-L/3-»-7-i-8-i-&c.) ) ,^ 

= (seca + tana) (sec/3 4- tan /3) (8ec7 4- tan7) (secS + tanS) &c.*j 

In the circle, 

l+tan<^^ /l+sin2 <^ . ,. 

1-tan^ V l-sin2^' ^^ 

accordingly, in the parabola, 

1-1- V^sin^ ^ / l+ V~-Ttan(^-L^) . . 

l-V-'l8in<^ ^ 1- >/^Itan(<^-J-<^) 

In the circle, 

^ o, 2 sin 26— sin 46 ,,,, 

tan«^= » ojL ■ .il > (bb) 

^ 2sm29 + 8m4^ ^ ' 

hence, in the parabola, 

8in« 6 _ gtan(</>-i-<^)-tan(<^-L0-L0-i- <^) 

^"2tan(^-i-<^)4-tan(<^-i-^-L^-L^)' ' * ^^^^ 
In the circle, 

co8 2^=cos*^— sin*<^; (cc) 

hence, in the parabola, 

sec (<^-'-<^)=sec*<^--tan^^ (yy) 

♦ Hence 

cos (a4-i8+y+d+&c.)+ V^ sin (a+/3+y+d+&c.) = (co8 a+ V^sin a) 
(co8i8+ V^ 8in/3)(co8y+ V^8iny)(co8d+ V^ sind) &c. 
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In the circle, 

lan <p tan X- cos«<^cos«x ' ' ' * ^^^f 
therefore, in the parabola, 

^ '^ 8ec*^8ec*x ^ ' 

In the circle, 

tan^=*/IE£2?^ (ee) 

Accordingly, in the trigonometry of the parahola, 

8in^=A/?^ii±SEl (66) 

^ V 8ec(</>-i-A) + l ^ ^ 

If 

sin<^ ^ 8in(<^-X) ^j^v 

8in'^ sin(;^— '^)' ^ ' 

it i8 easily shown that tan <f>, tan ;^ and tan '^ are in harmonic pro- 
gression. 

Hence it follows in parabolic trigonometry, that if 

tan<^ ^ tan(</>-rx) . 

tan'^ tan(;^-r'^)' ^ ' 

sin <^, sin x* &^d sin '^ are in harmonic progression. 

Let 01 be conjugate to y^ and a>, while a>, as before, is conjugate 
to <f> and X' Then we shaU have 

tan fi3=tan {<}>'^X'^'^)> 
or 

tan {(fi-^X'^ '^)= tan ^ sec ;^ sec -^ 4- tan ;f sec y^ sec ^ 

+ tan'^sec^sec;^+tan<^ tan^^tau'^, .... (at) 

sec(^-L;^-^'^)=sec<^ sec%sec'^ + sec^tan;^tan'^ 

+ sec;^tan'^tan^ + sec'^tan^tan;^ > . , . {p) 
and 

vr yv T/ l-fsinp^siu'^ + sin'^sin^H-sin^sin;^' ^ ' 

whence, in the trigonometry of the circle, 

sin (^ + X+'^) =8in<^ cos^ cos '^ 4- sin ;^ cos -^ cos^ 

+ sin'^cos<^cos;^— sin^sinxsin-'f*, • • • • (p) 

cos (^+;f +'^) = co8^ cos;^ cos'^— cos<^ sinp^sin-^ 

— cos;^sin'^sin<^— cos-^sin^sin;^ . . . , (r) 

,, . ,. tan<i + tan Y+tan'^— tan<i tan vtan-^Ir ,. 
VT A, Ti 1— tan;^ tany— tanytan^— tan^tan;^ ^ ' 
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We have here a remarkable illustration of that fertile priuciple of 
duality which may be developed to such an extent in every depart- 
ment of pure mathematical science. 

The angle ^-^^ may be called the duplicate of the angle ^, the 
angle ^ -^ <^ -^ ^ the triplicate, and the angle (^ -^ <^ to n terms) the 
n-plicate of the angle ^. 

The reader will observe that the signs -«- and -r connect the 
angular magnitudes only of the parabola^ while numerical quantities 
are connected by + and — . Thus, in the circle, we have ^+x 
and a-\-b indi£ferently, while in the parabola we must use the nota- 
tion 4>'^X ^^ <f>TX^^^ angles, but a + b or a— ifor lines, as in the 
circle. 

345.] An expression for the length of a curve in terms of a per- 
pendicular p let fall from a fixed point on a tangent to it, and 
making the angle with a line passing through the given point or 

pole, namely s^^^pdO-i-t, has been established in sec. [201]. In 
the following figure. 



jr,=ST, ^=VST, /=PT. 



Let ll{m.0) denote the length 
of the arc of a parabola, whose 
parameter is 4m, measured &om 
the vertex to a point at which the 
tangent to the arc is inclined to 
the ordinate of that point by the 
angle 0. When m=l, the symbol 
becomes 11 (^). 

In the parabola whose equation 
is y^=497ur, the focus S is taken as 
the pole, and therefore j»s=m sec 0, 
while FT or t=m sec0 tan^. 

The arc of a parabola, measured 
from the vertex, may therefore be 
expressed by the formula 



Pig. 79. 




'n{m.0) ^m sec tan +m ^ sec d0. 



(a) 



The difference between the arc and its subtangent t has been 
named the residual arc. 

For brevity, and for a reason which will presently be shown, the 
distance between the focus and the vertex of a parabola will be caUed 
its modulus. Hence the parameter of a parabola is equal to four 
times its modulus. 

Let Il{m . a)), ll{m , <f>),Il{m , x) denote three parabolic arcs VD, 
VB, VC, measured from the vertex V of the parabola. Let, more- 
over, CD, <l>, and X be coryugate amplitudes. Then 
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n {m . oi))=m tan o) sec g) + m Jsec a> dca, ] 

n(m.^)=m taD<^sec^ + m rsec^d<^^^. . . (b) 

n(m , x)^^^ tan ;f sec ;^4-wi J sec ^ ^X'j 

Whence, since J sec q> do) =j sec <f) d<f) +J sec x ^Xf because to, <{>, and 
X are conjugate amplitudes, we get, after some reductions, 

n (m . 0)) — n(m . <^) — n (m . x) =2jn tan o) tan ^ tan X' (c) 
It is not di£Scult to show that 

tan 0) sec »— tan <f> sec <^ — tan x sec x=2 tan a> tan <f> tan ;^. (d) 

Put for tan o), sec o), their values given in (a) and (b), sec. [343] . 
Write (sec* ^— tan* ^) and (sec* ;^— tan* x) for 1, the coefficient of 
tan <l> sec ^ and tan x sec v in the preceding expression, and we shall 
obtain the foregoing resmt. 

346.] Let y, y^ y^y be the ordinates, to the axis of the parabola, 
of the extremities of the arcs 11 (m.Q>), 11 (m.^), and 11 (m.^). 
Then y=2m tan «, yy= 2m tan ^, y,^ = 2m tan X' Therefore 

2mtantt)tan</>tanx=^^' (a) 

We have therefore the following theorem : — 

7%e algebraic sum of the three conjugate arcs of a parabola j mea- 
suredfrom the vertex, is equal to the product of the ordinates of 
their extremities divided by the square of the semiparameter. 

To exemplify the preceding theorem. Let 

tana)=2, tan^=^, tanx=-^' 

then 

sec 0)= yd, sec tp = -^ , sec x=aH ^ 

and these values satisfy the fundamental equation of condition, 

tan 6)= tan ^ sec x + tan x sec ^. 
Now _ _ 

n(m.o>) = m2 V5+»*log (2+ \/5), 

n(m.<^)=m^ + mlog(l±_^), 
U[m.x)-m^^^mlog{^} 

Hence, since log (2 + Vs) = log (^^^) + log (^^V^' ""^ ^"^^ 
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have ^ n(m.(»)— n(m.<^)— n(m.x)=wi V5; . . . (b) 
and m V*^ = 2m tan to tan ^ tan ;^. 

347.] If we call an arc measured from the vertex of a parabola an 
aspidal arc, to distinguish it from an arc taken anywhere along the 
parabola, the preceding theorem will enable us to express an arc of 
a parabola, taken anywhere along the curve^ as the sum or difference 
of an apsidal arc and a right line. 

Thus, let VCD be a parabola^ S its focus, and V its vertex {i\g. 
80). Let VB = n(m.^), VC=n(m.x), VD=n(m.a)), and let 

^^^' = A. Then (c) , sec. [345] shows that the parabolic arc ( VC + VB) 

=arc VD-A, and the parabolic arc VD-VB=BD=VC+A. 
When the arcs n(y7} . <^) and 11 (m . ;^) together constitute a focal 

arc, or an arc whose chord passes through the focus, ^4-j^=—, and 

h is the ordinate of the arc VD. Accordingly we derive the fol- 
lowing theorem : — 

Any focal arc of a parabola is equal to the difference between the 
conjugate apsidal arc and its ordinate. 



Fig. 80. 




The relation between the amplitudes ^= ( 9— x) ^^^ ^ ^^ ^^ 



2 cos 01 



case is given by the equation sin2<i=- . Thus, when the 

^ '' ^ ^ 1— COSfiO ' 

focal chord makes an angle of 30° with the axis, we get cos a>sB4-y 
or ^=:10m. Here, therefore, the ordinate of the conjugate arc is 
ten times the modulus. 
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When ^=x> (^)^ ®®^' [3^]> is changed into 

n(m.oi)— 2n(m.<^)s=2m tancotan^^; ... (a) 
or as tan 01=2 tan ^ sec (f), see (17) of [344], 

n(»».a))— 2n(»».<^)=4fmtan®^8ec^. . . . (b) 

Let ^=45^ then 11 rm.~J is the arc of the parabola intercepted 

between the vertex and the focal ordinate ; and as 

sec oissec (^ -»- <^) =sec* ^ + tan* ^, 

we shall have^ since tan <^=: 1 and sec <f>=s ^2, sec 01 =3 ; therefore 

n(m . sec-» . 3) -211 (m.'^=4m y/2. ... (c) 

Now, as seca)=s3, tan 01 =2 ^2, and the ordinate Y=4m ^2, we 
may therefore conclude that the parabolic arc whose ordinate is 

4m ^2, diminished by this ordinate, is equal to the sum of the arcs 
of the parabola between the focal ordinate produced both ways, and 
the vertex. 

It is easy to give an independent proof of this particular case 
without the help of the preceding theory. 

The length of the parabolic arc whose amplitude is 45° will be 
found by the usual formula to be 

n(m.^^=m\/24-mlog(l+ V2) ; 

and twice this arc is 

2n(m.j)=:m2\/2 + mlog(34-2\/2), since(l+ V2)«=3 + 2 s/2. 

The parabolic arc whose amplitude is sec' 3, is found in like 
manner to be 

n(m . sec-' 3) =»»3 . 2 \/24-m log (3 + 2 V^^). 

Subtracting the former equation from the latter, 

n(w . sec-« 3) -2n («».?) =4m V2. 

Now the ordinate Y of the parabolic arc whose amplitude is sec~'3 
is equal to _ _ 

2m.2\/2=4m v/2; 
therefore 

n(m.sec-'3)-2n(m.|)=Y. . . . (d) 

It is easily shown that 4m V2 is the radius of curvature of the 
extremity of the arc whose amplitude is 45°. 

T 
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To find a parabolic arc which shall diflfer from twice another 
parabolic arc by an algebraical quantity, may be thus exemplified. 

Let tan^=2, tana)=4\/5, 8ec^= \/5, 8eca>=9; 
substituting these values in (a), sec. [345], we shall have 
n(m . sec-^ 9)=m36 >/5 4-m log (9 + 4 \/5), 
and 211 (m tan-> 2) = 2m 2 VS + w log (2 + \/5)«. 

Consequently, since (2+ V'5)*=9 + 4 \/5, 

U{m . sec-> 9)— 2n(m . tan-' 2) =m32 v 5 =2m tan a> tan«<^. (e) 

348.] We may in all cases represent by a simple geometrical 
construction the ordinates of the conjugate parabolic arcs whose 
amplitudes are <f), x> ^^^ ^* 

Let BC be a parabola whose focus is S and whose vertex is V. 

Fig. 81. 




Let VS=m; moreover let VB be the arc whose amplitude is <f>, 
and VC the arc whose amplitude is x- ^^ ^^^ points V, B, C 
draw tangents to the parabola ; they will form a triangle circum- 
scribing the parabola, whose sides represent half the ordinates of 
the conjugate arcs VB, VC, VD. 

We know that the circle circumscribing this triangle passes 
through the focus of the parabola. Now 

VT— mtan<^, VTy=mtan;^, TyA=mtan<^ sec;^, TA=mtan;f sec^; 

hence 

T'A -f TA= w(tan (f) sec x+ tan x sec <^) =m tan © ; 
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therefore VT, VF, and TA 4- AT represent half the ordinates of the 
arcs whose amplitudes are ^, Xf ^^^ ^* 

When VB, VC together constitute a focal arc, the angle TAT^ is 
a right angle. 

The diameter of this circle is m sec ^ sec v. 

The demonstration of these properties follows obviously from the 
figure. 

349.] It may be convenient, by a simple geometrical illustration, 
to show the magnitude of the functions sec (^-*- y) and tan (^-^ y). 

Let SV=i», ASV=x, BSV=^, the Une AB being at right 
angles to SV. Through the three points ABS describe a circle. 
Draw the diameter SC, and join the point C with A and B. Let 
fall the perpendicular CT. . 

Fig. 82. 




Then msec (<^-»-x) = SC + CT, and mtan (</>-i-;;^)=:AC4-CB. 
Moreover also it follows, since 

sec (<^-»-;^)4-tan (^-*-x)==(8^^^ + *^"^^)(8®^X+**^X)^ 
as has been established in (Q of sec. [344], that 

m(SC + CT+AC-|-CB)=(SB + BV)(AS + AV). . (a) 

Of this theorem it is easy to give an independent geometrical 
demonstration. 

We have manifestly also 

CT(SC + m+SA + SB) = (AC+AT)(BC + BT). . . (b) 

350.] Let ci be the conjugate amplitude of o> and '^, while o) is 
the conjugate amplitude, as before, of ^ and j^. Then, as 

J sec 5 d5=j sec a> Aw -f J sec yfr d^, 

t2 
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and 

J sec (D dtt) = J sec i d^ + J sec ^ d^, 
we shall have 

Jsec5d5=j*sec^d<^+Jsec;f dp^+jsec^d^; . (a) 

and if n(m.S), 11 (m.^), Il{m.x)f and TI{m.'^) denote four conju- 
gate parabolic arcs, 

n(m.5)-n(m.<^)-n(m.x)-n(m.'i^) = 

2mtan(<^-»-X) tan(<^-J-i^)tan(x-J-^), . . (b) 
which gives a simple relation between four conjugate parabolic 
arcs*. 

To exemplify the foregoing formula. Let us assume the follow- 
ing arithmetical values for the angles 5, (f>, x> i^ • — 






(c) 



- 8 + 5 \/5 J. V5 „„ 3 ,5 

8eca>= ^ ^ , aecd)=J!—, 8ecY=si secvr^- 

Hence 

n (m.tan-» ^l^±^^Jj=m{20+9 \/5) +ro-^+»»log(6+3 ^5), 

n («..tan-l)=« a^+m log P +^^^). 
n (m.tan- ^)=ml^ + mlog (^±^> 

n I m . tan"" ^ ^]=m -^ -{-m \oq S. 

• This latter theorem may be proved as follows : — Since « is conjugate to «• 
and 1^, we shall have, by (cj, sec. [345], 

II(m . c5) — n(m . <o) — U(m . +)=2 m tan « tan u> tan ^^ 
and since « is conjugate to ^ and xi 

Il{m. 0)) — n(m. 0)— II(w.x) = 2mtan«tan0tanx. 
HencC) adding these equations, Il(m . <o) will disappear, and 

n(m.«)~n(m.0)-n(m.x)-n(m.i(/) = 2mtan«[tan»tan++tan^ tanx]. 
Now tan (o=tan (»-^+). 

Therefore tan tt=:tan <a sec if/ + tan yj/ sec <a. 

But tan fi)s=tan0 8ecx4-tanx8ec0. 

Substituting this value in the preceding equation, and multiplying by tan ^, 
tan tt tan <// = tan <p sec x sec xj/ tan ^+tan x sec ^ sec ^ tan ^ 
+sec sec X tan^ ^4-tan ^ tan x tan* i//, 
and tan0tanx=sec*^tan0tanx — tan^ip tan^tanx. 

Consequently 

tan <a tan \|/-|-tan tan x = ('fiec v// tan 04-860 tan i^X^c x tan^+sec ^ tan v) 
s=tan (0 J- »/') tan (x -^ ^), and »as 0-»- x. 
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Adding the latter three equations together^ and subtracting the 
sum from the former^ the logarithms will disappear ; for 

=log(6+3%/5); (e) 

consequently 

n(i».5) — n (i».<^) — n (w.;^) — n(m .'^) 

=m{im^)=2m.2.(^+^(]^+^. . (f) 

since 

tan (.^ -^ X) =2, tan (<^ -^ t) =^±1^, and tan (x -^ t) =12+|_v^ 

o o 

351.] Let^ in the preceding formula (b)^ 0a;^='^^ and we shall 
have 

n(m.5) — 3n(i».0) =2»i tan® (0-^X) = 16i» tan*0 sec^0. 

We are thus enabled to assign the difference between an arc of a 
parabola whose amplitude is ^ = (0 -^ -l. 0) and three times another 
arc. 

If in {a), [344], we make 0=x='^> 

tano=4tan®0+3tan0 (a) 

Introduce into this expression the imaginary transformation 

tan0= \/ — Isin^, change -a- into +, 

and we shall get sin3dss— 4sin®d4-3sind, which is the known 
formula for the trisection of a circular arc. (a) may therefore be 
taken as the formula which gives the trisection of an arc of a 
parabola. 

The following illustration of the triplication of the arc of a para- 
bola may be given : — 

Take the arcs whose ordinates Y and y are 4m and m respectively. 
Let €0 and be the amplitudes which correspond to these ordinates ; 
then, as _ 

Y=:2mtan^=:4m, tana»=2, Becc3= \^5; 

and as 

^=2mtan6=m, tan0==^, 8ec<^=-_. 

^ 2 

Now these values of tan ci and tan ip satisfy the equation of condi- 
tion (a), namely 

4 tan® <^ + 3 tan = tan o. 
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But 

n(m.taii->2)=m2i/5+i»log(2+ \/5), 

and 

n(„..»-.l)=4^+»..i<«(l±^5), 

and three times this arc is 

8n(m.tan-'i)=m|i/5 + mlog(2+ i/5), 



since 

8 



( 



l±^)' -.. ^5. 



Subtracting this latter equation from the former^ the logarithms 
disappear^ and we get 

n(w.tan->2)--8n(m.tan-»^^==!^5L^=16i»tan»0sec8<^. (b) 

Now^ as the radius of curvature R is equal to the cube of the 
normal divided by the square of the semiparameter, B^ ^, 

since N=2m sec S. We have therefore the following theorem : — 

The arc of the parabola whose ordinate is equal to 4m^ or to the 
abscissa, diminished by the radius of curvature of its extremity, is 
equal to three times the arc whose ordinate is m, or one fourth thai 
of the former arc. 

It is evident that the chord of the greater arc is inclined by an 
angle of 45^ to the axis, or the ordinate is equal to the abscissa, 
while in the lesser arc the ordinate is four times the abscissa. 

This is the point on the parabola np to which the ordinate is 
gi'cater than the abscissa; beyond this point it is less than the 
abscissa. 

Another example of the triplication of the arc of a parabola, 
or of finding an arc which^ diminished by an algebraical quantity, 
shall be equal to three times another arc^ may be given. 

Let 

3 - 

tan<^=^, tanQ)=18, 

sec<^=-^, 8ecw=5Vl3. 

These values satisfy the equation of condition, 

4 tan^^ + 3 tan <^=tan a, 
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Hence 

n(w.tan-M8)=m90. Vr3+mlog(18+5 Vl3), 

n(^.tan->|)=.^lVJ3^^t,g(3-fVi3^. 

and three times this arc is 

3n(m.tan->|)=:?^£|!l^+mlog(18 + 5i/18), 
since 

8 



( 



?±*Q2)'=,8+5^a 



Therefore^ subtracting the latter equation from the former^ 
n(m.tan-> 18) -SH («,.tan-.|)=«85i^=16«,gy(j^)". (c) 

When there are five parabolic arcs^ whose amplitudes 
<!>, x> '^> ^9 ^ *^ related as above, namely 

we may proceed to obtain in like manner a formula which will 
connect five parabolic arcs whose amplitudes are connected by the 
given law. 

352.] To find the arc of a parabola which shall differ from n times 
a given arc by an algebraical quantity, may be thus investigated. 

Let be the amplitude of the given arc, then 

n(m.0) =m sec tan ^-^m log (sec + tan 0), 
and n times this arc is 

nn(m.0) =nm sec0tan<^ +m log (sec + tan 0)*. 
Let 0-i-^-L^-L<^ to n terms=4>, then 
n(f».*)=:wsec*tan*4-»*log(sec* + tan*), sec. [344]. 
Now sec<l> + tan<l>= (sec ^ + tan ^)", as shown in (f). 
Hence n(i».4>) — nn(m.<^)=m[sec ^ tan <l>— » sec tan 0]. 
Let sec ^4- tan ^=X, then sec ^4- tan ^=X", and 

8ec9=s — ^ — } tan<p=s — ^ — • 

X^+X"*" X"— X""" 
We have also sec<E>= — ^ , tan<l>= ^ — . Hence 

n(m,*)— nn(m.0)=f» ^^ ^— — ^ ' . 



328 ON THE GEOMETRICAL ORIGIN OP LOGARITHMS. 

3 5 

Let n=3, taiK^sj, 8ec<^=j, X=2. Then 

n(m.<l>)-8n(m.0)=^(?j5y. 

When n=4, 

ft a« 4.K7 

and so may n be taken as any other integral number. 

353.] The equation (a), sec. [351]^ affords a very simple mode of 
expressing the real root of a cubic equation. 

Let the cubic equation under the ordinary form be :ifl+px^q. 
Let the parabolic equation tan* (0 + - tan »= — -j— be -written 

tan^wH — J- tan «=— tan II (a) 

by introducing the modulus m ; hence 

/?=-mS y=-^tanfl. 
Now^ since the value of x, found by the ordinary methods, is 

V2^V27^4^V2 V27^4' 
we shall have 

2a?=m v^secll+tanll— m ^secll— tanfl, . . (b) 



while 



»=«v1. t.na=|i^. 



3' 2/> V j» 

When the sign of /? is negative^ the solution must be sought in 
the trigonometry of the circle. 



CHAPTER XXXII. 

ON THE GEOMETRICAL ORIGIN OP LOGARITHMS. 

354.] In the trigonometry of the circle we find the formula 

. . ^ tan^d tan^d tan^^ . 

^=tan^ 3-^-5 r- + ^' • • • (a) 

And if we develop by common division the expression 
1 cos 

COS a 1— sin'a ^ ^ It 
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and integrate, 



isc6dd=sme + - 



1* Bin' 



(b) 



If we now inquire nliat, in the circle, is the magnitude of the 
trigonometrical tangent of the arc which differs from its subtaugcut 
by the distance between the vertex and its focus ; or, as the sub- 
tangent is in the circle, and the focus ia the centre, the question 
may be changed into this other, whnt is the trigonometrical tangent 
of the arc of a circle which is equal in length to the radius ? Tliis 
q.uestion would be answered bv putting 1 for 3 in (a), and reverting 
the series 

l = tan(l)-«55^+'?^-'»4ffl + 8=o.. . . (0) 



1 functions of the numbers of Ber- 
shown in most treatises on trigo- 



By this process we should get, ii 
DouUi, the value of taii(l), as ii 
nometry. 

Let us now make a like inquiry in the caae of the parabola, and 
ask what is the value of the subtangent of the amplitude which will 
give the difference between the arc of the parabola and this sub- 
tangent equal to the distance between the focus and the vertex of 
the parabola. Now, if be this angle, we must have 

Ti{m.0)-mieceian0=m. 
But in general, as shown in sec. [345], 

n(w.fl)— msecdtan6=mjsec0d^. 
We must therefore have, in this case, J 8ecffd5=l. If we now 
revert the series (b), putting 1 for Jsec^dtf, we shall get from this 
particular value of the series, namely 

l=i3in& + ^^ + ^^+^^+&o., . . . (d) 
an arithmetical value for sin 8*. This wc shall find to be 
sin 6=-Y-j^-z\i e being the number called the base of the Napierian 

logarithms. Hence 8ec5+tan^=e; or if we write e for this par- 
ticular value of C to distinguish it from every other, 

Bece + tanc=c=2-718281828, &c (e) 



let «=BiD 6, thoti 



3-(- 



SI)-.' 



ntf\_ 



Ilenoe titff-i-ttaiff^e. 
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We are thus (for the first time^ it is believed) put in possessioii 
of the geometrical origin of that quantity so familiarly known to 
mathematicians — the Napierian base. From the above equations 
we may derive 

sece= — ^ — , tan 6= — ^ — , (f) 

or tan € = 1 • 1 75201 195, whence e = -8657695, . . (gj 

or €=49° 36' 18"* 

The corresponding are of the parabola will be given by the follow- 
ing series : — 

* Mr. Merrificld, F.R.S., has been good enough to calculate the 
exact magnitude of the angle e, the Napierian base angle. No 
relation has hitherto been discovered between this angle e and the 
angle which subtends the arc of a circle equal to unity. 

To find 

€ from sec€-htan€=e, or from log,o tan (|7r + i€) = 10*43429 .... 
The best working formula is : 

if log tan [x + h) =log tan x±r, 

log h = log (i Mr sin 2x) + \r cos %x nearly. 

log tan (ar 4- A) = 10-43429 44819 0325 

log tan X =10-43423 67350 3220=log tan 69^48' 

r = 5 77468 7105 

r is positive, but cos 2x is negative =. — cos 40° 24' ; the correction 
of log h is therefore subtractive, and the work is as follows : — 

Correction of log /». log r= 5*76152 84574 

log i= 9-69897 00043 

log M =0-36221 56887 

log8in2a?=9-81165 53569 

ar. CO. log 1" =5-31442 51332 



log r =5-7615285 
log ^=9-6989700 
log COS 20^=9-8816918 



5-3421903 
Correction =2, 19882 



0-94879 46405 
Correction = —2 19882 



A=8-88735 75414 logA=0-94877 26523 

.-. 45^ 4- i 6=69° 48' 8"-88735 75414 
6=49° 36' 17"-77471 5083 

The last two figures are of doubtful accuracy. 
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since the subtangent in this case is equal to 

msec 6 tan 6=:^ («*— c*)« 

855.] If we now extend this inquiry, and ask what is the magni- 
tude of the amplitude of the arc of the parabola which shall render 
the difference between this parabolic arc and its subtangent equal 
to n times the distance between the focus and the vertex, we shall 
have, as before, by the terms of the question, 

Tl{m.0) — w sec d tan 0=^nm. 
But, in general, 

n(m.^)—m seed tan d=mjsecddd; 

hence we must have 

n=j8ecddd=log(secd4-tand), or secd4-tand=e". 

Now we may solve this equation in two ways : — either by making n 
a given number, and then determine the value of seed + tand, which 
may be called the base ; or we may assign an arbitrary value to 
secd + tand, and then derive the value of n. Taking the latter 
course, let, for example, 

secd4-tand=10, then n=loglO; 

or putting S for this angle, 

sec S + tan 8=10. 

To represent Numbers and their Logarithms by the Logocyclic 

Curve and its Conjugate Parabola. 

356.] A parabola whose focal vertical distance is a or 1 being 
drawn, and also its logocyclic curve, let a vector be drawn to the 
latter equal to the given number n. Then (see fig. 83) 

N=secd-ftand (a) 

Let this line meet the vertical tangent in T, the parabolic arc 
OQ— QT is the logarithm of n. 

It is clear that the infinite branch of the curve from + oo to 
will give vectors of every magnitude from oo to I, and parabolic 
arcs from oo to ; hence, while the vectors or numbers range from 
00 to I, the parabolic arcs or logarithms range from oo to 0. When 
the number lies between 1 and 0, the vector representing it is 
drawn below the axis ; its extremity will be foimd on the loop, and 
the corresponding arc of the parabola will be negative : hence the 
logarithm of a positive number is equal to the logarithm of its reci- 
procal, with the sign changed ; for the magnitude of the parabolic 
arc depends on 0, and 6 is the same in sec d + tan 0, as in its reci- 
procal sec d— tan 0, 

Hence, while the infinite branch of the logocyclic curve from 
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+ 00 through R, 0, p to F, may by its vectors represent all positii 
nunibera from +00 to +0, the /wo infinite branches of the paral 
will be used up in representing the logarithms of positive uumben 
from + co to + 0; that is, the upper or positive brauch of the parabola 
will be expended in representing the logarithms of positive numbers 
from + X to +1, and the lower or negative branch of the parabola 
in representing the logarithms of positive fractional numbers from 
+ 1 to + 0. There ia, therefore, no construction by which we can 
represent negative numbers or their logantlims ; consequently such 
numbers can have no logarithms. 

Let vectors be drawn from !•" to the logocyclie curve equal to 
e, f', «*, e*. . . e", e being the Napierian base ; then these lines will 
meet the tangent to the vertes of the parabola in the points T, T„ 
T„ . . , T„; and tangents beizig drawn from these points, touching 
the parabola in Q, Q^, Q„, Q^^,, Qq, the logarithms of these numbers 
will be 

OQ-aT=l, 0Q,-Q,T,= 2, OQ, -Q„T,,=3, . 
OQ„-Ci,T, = {«+l); . . . 
hence the logarithms of e, e^, e^, e" are 1, 2, 3, . . . n. 

lu like manner we should find the logs of e, e', ei, e* . . 

357.] Let a series of vectors he drawn from the point P to the 
It^ocyclic curve in geometrical pi-ogresaion, and let them be 

(sec^+tanl?), (sec^ + tau ^)*, (sec5+tan5}« . . . (sec^+tanfl)", 
meeting the vertical tangent to the parabola in the points T„ T,„ 
T,„. . , Tb, and let the tangents drawn from the points T„ T.,, &c. 
touch the parabola in the points Q„ U„, Q,„ . . . Gl,; let the clifTer- 
ence between the first parabolic arc and its protangent be 8, or lefeH 
S be the residual arc, then we shall have 

OQ,-Q,T,=S, Oa„-Q„T„=2S, OQ,„-Q^„T,j,=3J 
Oa"-Q,T, = nS. 

Or while numbers increase in geometrical progreasioUj their loga- fl 
rithms increase in arithmetical progression. 

Assuming the common methods of logarithmic diflerentiationa 
known, it becomes evident that the residual arc of the parabola tsi 
the logarithm of the corresponding number ; for if the given num- I 
ber r be put under the form 

/ ^ , 4. fl\ '''' ^^ 

r^o (seef + tanP), — = 3, 



1 



integrating, logr= 



'dS 
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Now the parabolic residual arc=OQ— Q.T=al g. 

Hence logr= (a) 

As every number whose logarithm is to be exhibited must be put 
under the form sec ^4- tan d, which is of the form 1 +^, since the 
limiting value of sec ^ is 1, we discover the reason why in deve- 
loping the logarithm of a number^ the number itself must be put 
under the form 1 +ar^ or some derivative from it, and not simply 
imder that of x. 

If we equate sec + tan with l+a?, we shall find 

ar=:.j — ^ ,^ . Let t«sstan4d. . . . . (b) 
1— tan^^ ' ^ ' 

then N=sec d + tan ^=1 +^=i . which is another familiar form 

under which a number is put whose logarithm is to be developed 
in a series. In such a form, u represents the tangent of half the 
angle that the vector of the logocyclic (which represents the num- 
ber) makes with the axis. 

358.] Let us assume the relations established in sec. [344]: 

tan(a-L-j3)=tanasecj3 + tanj3seca,) . . 

sec (a-Lj3)=secasec j34-tanatanj3.j * 
Therefore 

sec (a-*-j3) + tan(a-*-fl)=(seca4-tana) (sccj3 + tanj3). 

In like maimer it may be shown that 

sec(a-*-j3-A-y) 4-tan (a-^j3-*-y) 

= (seca4-tan a)(secj3 + tan j3)(sec7+tan7), . . (b) 

and so on for any number of angles. 

Hence, if we draw vectors from P to the logocyclic, making the 
angles a, /3, y, S, &c. with the axis respectively, and another making 
the angle (a-«-j3-^7-*-8-*-&c.) with the same axis, this latter vector 
will be equal to the continued product of the former, or 

and the sum of the residual arcs of the parabola corresponding to 
the former will be equal to the residual arc of the parabola corre- 
sponding to the latter. 

If in (b) we put a=j3=y=8, 

sec (a-La-«-a-L to n places) + tan {a-^a-^a-^to n places) 

= (8eca+tana)" (d) 

Change sec into cos, tan into i/( — 1) sin, and -*- into +, then 
{cosna+ -/( — l) sin »a} =3 {cos a 4- -/( — I) sin a}". 
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The values of the expressions sec (a -*- a -*- &c.) and tan {a-^a-'- &c.) 
are very easily found. 

Let sec a -f tan a= n, 

then seca= — ^ — , tana= — - — , 





sec a: 


N-f N" 

" 2 


-1 

~9 


sec (a 


-t-a) = 


nHn- 
2 


-2 


sec(a -L a 

• • • 1 




N^-f N" 

■ 2 

• • • 


-8 

• 



tan(a-«-a) = 



2 

N« — N-« 



2 ' 

I 

tan(a-La-La)= j^ — , ' 



n'-4-N""' N^'~"N — ' 

sec(a-»-a-^a-Ltotterms) = — ^ — , tan(a-i-a-'-a-i-toiterms) = — ^ — . 

This gives a very beautiful and simple law for the magnitudes of 
the secants and tangents of multiple logocyclic or parabolic angles. 
But this theorem may be extended ; indeed it follows from (b) . 
Let 

sec a 4- tan a= n, sec /3 -f tan /3=m, sec 7 + tan y =/?, 

sec B -f tan B=q, &c. 



(f) 



Then 8ec(a-Lff-uyx8) = ""'^g+'":^"'^"g" V 

and tan(a-L/3-«-y A-S) = — ^^^^^ ^r ^ ^ . 

Now, in circular trigonometry, let 

cosa+ \/( — 1) sina=?/i, cos/3+ \/( — 1) sin/3=«, 
cosy+ i/( — 1) 8iny=/?, cos 8-f V( — 1) sin S=^, &c., 

then cos (a + p 4-7 + 0) = — ^-^^ ^ — — j 

- . / /, . r. mnpq—tn~^n''^p'-^c~^ 

and 8m(a4-/34-y4-S)= ^^ g^^^^^j ^ . 

These relations place in a striking point of view the analogies 
between circular and parabolic trigonometry. It is not a little 
curious that these imaginary expressions for the cosines and sines 
of multiple arcs in the circle should have been discovered so long 
before their real analogues were found for the secants and tangents 
of multiple angles in parabolic trigouometry. 

359.] Since we have shown that negative numbers have no loga- 
rithms, at least no real ones, and imaginary ones can only be educed 
by the transformation so often referred to, this leads us to seek them 
among the properties of the circle. For as always lies between 
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and a right angle, or between and the half of ±7r, sec ^+tan 6 
is always positive ; therefore negative numbers can have no real or 
parabolic logarithms, but they may have imaginary or circular 
logarithms j for if in the expression 

log {cos ^ 4- ^ ^^sin d} =^ V^, 

we make ^= (2» + l)7r, we shall get log (— 1) = (2n + l)7r v' — 1. 

Hence also, as the length of the parabolic arc TP, without refer- 
ence to the sign, depends solely on the amplitude 0, it follows that 
the logarithm of sec d— tan is equal to the logarithm of sec + tan 0. 
We may accordingly infer that the logarithm of any number is equal 
to the logarithm of its reciprocal, with the sign changed, since 

(sec d-f tan 0) (sec d— tan d) =1. 

When is very large, sec ^-ftan ^=2 tan nearly. It follows, 
therefore, if we represent a large number by an ordinate of a para- 
bola whose focal distance to the vertex is 1, the diflFerence between 
the corresponding arc and its subtangent will represent its logarithm. 

360.] Let J8ec^d^=/?, Jsec;^d%=5'; then as 

J sec fo dft) = J sec d^ + j sec x ^X* 
J 8ec«»dQ)=/>4-y^ and «»=<^-^;^. 

Hence if ^ be the amplitude which gives the residual arc=/>, 
and Y the amplitude which gives the residual arc=y, ^-^x is the 
amplitude which will give the residual arc=/?4-9. In the same 
way we might show that, if -^ be the angle which gives this residual 
arc=r, (^-^X-^V^) is the angle which will give this residual arc 

Let a be the amplitude of the number A, and p its logarithm ; 
/3 the amplitude of the number B, and q its logarithm ; y the am- 
plitude of the number C, and r its logarithm. Then 

A=8ec a + tan a, B=sec /3 + tan /3, C =sec 7+ tan 7, 

andlogA=j9, logB=y, logC=r, or 

j»-f ^ -f r=log A+log B 4- log C. 
We have also 

ABC= (sec a + tan a) (sec /3 + tan /3) (sec 7 + tan 7) 

=sec(a-L j3 -L7) -f tan(a -«- /3 -^7). 

Now, as /? is the logarithm of sec a 4- tan a, q the logarithm of 
sec j3 4- tan /3, r the logarithm of sec y 4- tan 7, 

p + q + ri^ the log of 8ec(a-'-j3-Ly)4-tan(a-^/3-'-7), or of A BC, 

as shown above. We may therefore conclude that 

log (ABC) =log A 4- log B 4- log C. 
361.] If € be the angle which gives the difference between the 
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parabolic arc and its Bubtangcnt equal to m, {e-^e) is the angle 
which will give this difference equal to 2m, {e->-e-^e) is the augle 
which will give this differeace equal to 3m, aiid so on to any num- 
ber of angles. Hence, in the circle, if 5 be the angle which gives 
the circular arc equal to the radius, 25 is the angle which will give 
an arc equal to twice the radius , and so on for auy number of angles. 
This is of course self-evident in the case of the circle ; but it is 
instructive to point out the complete analogy which holds in the 
trigonometriea of the circle and of the parabola. 

Hence the amplitude which gives the difference between the 
parabolic arc and its subtangent equal to the semiparameter is 
given by the simple equation 

sec e, + tan e^=e* (a) 

And more generally, if e' be the amplitude which gives the difference 
between the parabolic arc and its subtangcnt equal to n times the 
modulus, we shall have 

8ece' + tane*=c" (b) 

In the same way it may be shown that if c, be the angle whicb 
gives the difference between the parabolic arc and its subtangent 

equal to -th part the modulus, we shall have 

sec c, + tan e,=^ (c) 

Let the difference be equal to one half the modulus, then r= 2, and 
■ecc,+tan6,=e'. 
This is easily shown. 

Let e,J-e,=e. Then 8eo(e,-^e,) = sece=8ec*e, + tan*ej, aud 
tan (fj->-e,)=tane = 3 8ece, tane,. 
Therefore sec (e^ -"- e,) + tan («, -^ e,) = sec e + tan e= e 

=sec* e, + tan* e,+ 2 sec e, tan e,= (sec e, + tan e,)*. 
Hence 8ece, + taae,= Ve (d) 

t'— (■-' e'+e^' 

Since tane=- — ^ — , sece = — ^ — ; 

tan(e-i-6)= ^ , aec(e-^e]= ^ ; 

tau(e-^e-^e) = — ^ , sec {« ■«■ e -^ e) = ^ — ^~ ; 

tan (eJ-e-^to n terms) = ^ , sec(e-^e to n terms} = ~ — ^ — . 

Therefore 2 sec € tan e = tan (e + e) 

2 sec («->-«) tan {e-L£) = tau (e-^e-^e-^f), 
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and geuerally 

2 sec (e-^e-i-to n terms) tan (e-^-e-^-to « terms) = 
tan (e -^ e J- e -I- e -^ to 2« terms) , 

Now 2sec(6-J-e-'-tonterms) tau (e-'-e-'-to n terms) is the portion 
of the tangent to the curve intercepted between the axis of the para- 
bola and the point of contact whose amplitude, or the angle it makes 
with the ordinate, is (e -^ e -^ to n terms), while tan (e-^eJ-e-^e-J-to 
2n terms) is half the ordinate of that point of the curve whose am- 
plitude is (e-^e-^e-^e to 2« terma). Hence we derive this very 
general theorem : — 

Tlial if two points be taken on a parabola such that the intercept 
of the tangent to the one between the point of contact and the axis 
shall be equal to one half the ordinate to the other, the amplitudes of 
the two points will be 

(e J. g J. to n terras) onrf (e-'-e-^e-'-e to 2/» terms) respectively. 

This theorem suggests a simple method of graphically finding a 
paraboHc arc whose amplitude shall ))e the duplicate of the ampli- 
tude of a given arc. Let P be th« point on the parabola whose 
amplitude is given. Draw the tangent PCI meeting the axis in Q. 
Ereet VT at the vertex=FQ. Through T draw the tangent TP,; 
the amplitude of the arcVP, will be the duplicate of the amplitude 
of the arc VP, or (5-^3-1- to n termsj and (fl->- ^-i- to 2n terms) will 
be the amplitudes of VP and VP, respectively. We may tlierefore 
conclude that in the circle 

2 cos (0 + +to n terms) sin (0 + $ + to n terms) = 
sin {0 + 0+0 + to 2n terms). 

362.] To represent the decimal or any other system of logarithms 
by a corresponding parabola. 

The parabola wMch is to give the Napierian system of logarithms 
being drawn, whose vertical focal distance m is assumed as the arith- 
metical unit, let another confocal parabola be described baring its 
axis coincident with that of the former, and such that its vertical focal 
distance shall be m^. The numbers being represented as before by 
the vectors of the logarithmic curve whose asymptote coincides with 
the directrix of the parabola whose parameter is 4m, the diiFerencca 
between the similar parabolic arcs and their subtangents in the two 
parabolas will give the logarithms, in the two systems, of the same 
number represented by the vector of the logocyclic curve ; for as 
all parabolas, like circles, are similar figures, and these are confocal 
and similarly placed, any line drawn through their common focus 
will cut the curves in the same angle, and cut off proportional seg- 
ments. Hence the two triangles FFF anil Fwt are similar, and 
the tangential differences PV—PT andwi'— wt are proportional to 
4m and 4»i„ the parameters of the parabolas. 
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Let log denote the Napieri&a logaritlim, and Log the decimal 
logarithm of the same number. 

Draw the line IT, making the angle e with the axis such 
that Bece+tane=e. Then as PV— PT : wr— wr : : m : m,, and 
FV — PT=ffl=l, since e is the base of the Napierian system, and 
wtj— «rT=Logc on the decimal parabola, therefore 
m : Loge : : m : tn^, or tnj=Loge. 
We may therefore conclude that the modulus of the decimal 
system is the decimal logarithm of the Napierian base «. 

Draw the line FT, making with the axis an angle S, such that 
8eo8 + tan&=10. Now 

P,V-PT, : «r^-iB-,T, wm-.m,; 
but 

P,V— PT;=mloglO; hencew^— «,T,=fn,Iogia 
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Now in order that 10 may lie a base, or, in other words, in order that 
its logarithm may be nnity, we must liavecr,?'— w,T,=ni, loglO=m; 

or if »j = l, we must have m, log 10 = 1, or m,=-, — rn; that is, the 
ID ' ' log 10' 

parameter of the Decimal parabola must be reduced compared with 

that of the JVopiCT'iflH parabola iu the ratio of log 10; 1. Hence, as U 

well known, the modiilus m, of the decimal system is the reciprocal 

of the Napierian logarithm of 10, 

It is therefore obvious that, as any number of systems of Ioga> 
rithms may be represented by the differences between the similar 
arcs and their subtaugents of as many confocal parabolas, the loga- 
rithms of the same number in these different systems will be to one 
another simply aa the magnitudes of the parabolas whose arcs repre- 
sent them, that is, as the parameters of these parabolas. Acconl- 
ingly the moduli of these several systems are represented by the 
halves of the semiparameters of the several parabolas. 

The Napierian parabola differs from the decimal and other para- 
bolas in this, that the focal distanee of its vertes is taken as the 
arithmetieal unit, and that the logocyclic curve, whose vectors repre- 
sent the numbers, has the directrix of the Napierian parabola as its 
asymptote. 

Hence, if m, the vertical focal distance of the Napierian parabola, 
be taken as 1, the vertical focal distance ?«, of the decimal parabola 
is -4343 &c., or, if7n = l, m, = -4342 &c. 

363.] Since VT + TP>arcVP, therefore 

VT>arc VP-TP>logF(. 
Hence VT or tan B is always greater than the logarithm of 
{sec $ + tan 6) in the Napierian system of logarithms. This may 
be shown on other principles : thus 



l + si 



sin* s + cos' ;; + 2 sin i, cos s 1 + tan = 
1— tan^ 



log(sccfl+tane)=log(^)=2(« + |- + |^-t.^'&c.V 

2tan^ 
and tan^= a=2(« + t/' + u* + ii' + Sic.) 



tan > log (sec 5 -|- tan ^) , 
- is always greater than the logarithm of n 
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364.] In every system of logarithma whatever, the logarithm of 
1 is 0. 

For when the point T coincideB with V, the corresponding point 
T will coincide with v, whatever be the magoitnde of its modulus 
m,. It is obvions that the circle whose radium is unity is analogous 
to the parabola whose vertical focal distance is unity, and that the 
Napierian logarithmB have the same analogy to trigonometrical 
lines computed from a radius equal to unity, which any other system 
of logarithms has to trigonometrical lines computed from n radius r. 
As we may represent different systems of trigonometry by a series 
of concentric circles whose radii are I, r, r,, &c., so we may in like 
manner exhibit as many systems of logarithms by a series of con- 
focal parabolas whose focal distances or moduli arc 1, »i„ m^,, &o. 
The modulus in the trigonometry of the parabola corresponds with 
the radius in the trigonometry of the circle. But while in the 
trigonometry of the parabola the base is real, in the circle it is 
imaginary. In the parabola, the angle of the base is given by the 
equation sec^ + tan5=e. Inthecircle,c085+ V — 1 8in^=e'"/~'; 
and making = \, we get 

cos(l)+ v'^sin{l)=c''^ (a) 

Hence, while e' is the parabolic base, e''-' is the circular base. 
Or as [sece + tane] is the Napierian base, [cos(l)+ s/ — \ ain(l)] 
is the circular or imaginary base. Thus 

[cos(l)+ V^sinCl}]S=co35+ V'^sinS. . . (b) 
We may therefore infer, speaking more precisely, that imaginary 
numbers have real logarithms, but an imaginary base. We may 
always pass from the real logarithms of the parabola to the imi^iary 
logaritlims of the circle by changing 

tan 6 into V — 1 sin 5, secfl into cos 3, and e' into e''-'. 

As in the parabola the angle is non-periodic, its limit being iw, 
while in the circle 3 has no limit, it follows that while a number 
can have only one real or parabolic logarithm, it may have inna- 
merahle imaginary or circular logarithms. 

From F, the focua of the parabola, draw a series of vectors to the 
logocyclic curve in geometrical progression such as 

m(8ec^ + tau5), ?»(sece+ tan ^}«, .... m {Hec^ + tanfi)', 
meeting the tangent to the vertex of the parabola in the points 
T, T„ T„, T,. The line FT will he =ni sec 5, the line FT, 
=msec(^-'-e), the line fT„=m8ec(^-^eJ-5}, &c.; and we shall 
likewise have 

VT=»itan^, VT^wtan (^-L^), VT„=»i tan (5-^-6-^5), &c. 

This follows immediately from (f ) of see. [344] ; for any integral 
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power of (sec ^+ tan d) may be exhibited as a linear function of 
sec © + tan ©, writing Q for O-^ff-^O .. . &c., since 

sec(^J-^-'-5-»-^&c.ton^ + tan(5-i-^-^^J-^&c.ton5) = (sec5 + tantf)". 

Hence the parabola enables us to give a graphical construction for 
the angle (0-^6-^0 Sec.) as the circle does for the angle {0+0+0 &c.) . 
365.] The analogous theorem in the circle may be developed as 
follows : — In the circle FBA take the arcs 

Fig. 84. 




AB»BB =B;B^^=B^B^^^ . . . &c.=23. 

Let the diameter.be D ; then 

FB=Dcos:&, FB^=Dcos2d, FB^^=Dcos3:& . . . &c., 
and 

AB=Dsin:&, AB;=DsinW, AB^^=Dsin3^ . . . &c. 

Now^ as the lines in the second group are always at right angles 
to those in the firsts and as such a change is denoted by the symbol 

V— 1^ we shall have 
FB4-BA=D{cos:&+ V^sin:^}, 

FB^4-B^A=D{cos2^+ \/^8iii2:&}=D{cosd+ V^sin^p; 
FB^^+B,^=D{cos8^+ \/^sin8^}=D{co8^+ V-^sin^P&c. 



FBn + BnA=D[cosn^+ V-1 8inn^]=D[cos:&+ V — Isin^]". 

When the points B^, B^^ fall below the line FA^ the angle becomes 
negative^ and we get 
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FB„-B„A=C08 2S- V^s 



3=[co8 5- V-lsinS]'- 



Therefore 

log(FB + BA)=log(co8a+ v'^sinS)=a V^. 
Let 4=1, then 

log [cos (1)+ ^-18^(1)]= V-1. 

Hence geuerally 3 v' — 1 is the logarithm of the bent line whose 
extremities are at F and A, andwhich meets the circle in the point B. 

It is singular that the imaginary furmula; in trigonometry have 
long been discovered, while the corresponding real expressions have 
escaped notice. Indeed it was long ago observed, by Bernoulli, 
Lambert, and by others (the remark has been repeated in almost 
every treatise on the subject since), that the ordinates of an equi- 
lateral hyperbola might be expressed by real exponeutiola whose 
exponents are sectors of the hyperbola; but the analogy being 
illusory, never led to any useful results. And the analogy was 
illusory from this — that it so happens the length and area of a 
circle are expressed by the same function, while the area of an 
equilateral hyperbola is a funetion of an arc of a parabola, as will 
be shown further on. The true analogue of the circle ia the 
parabola. 

There are some curious analogies between the parabola and the 
circle, considered under this point of view. 

In the parabola, the points T, T,, T^,, which divide the lines 
m (sec^ + tan^, m[scc (fl-Lff)+tan (^-i-^)] 
into their component parts, are upon tangents to the parabola. 
The corresponding points B, B„ B„ in the circle are on the circum- 
ference of the circle. 

In the parabola, the extremities of the lines m (sec $+ tan &) are 
on a logocyclic curve ; in the circle, the extremities of the bent lines 
arc all in the point A. 

The analogy between the expressions for parabolic and circular 
arcs will be seen by putting the expressions under the following 
forms : — 

Parabolic arc— log {sec5 + tan5)— Bubtangent=0, 

Circular arc + log(cos5+ s/ — \ &va.9) *'-' — subtangent=0. 

The locus of the point T, the intersections of the tangents to the 
parabola with tlie perpendiculars from the focus, is a right line ; 
or in other words, while one end of a subtangent rest* on the para- 
1x)la, the other end rests on a right line. So in the circle ; while 
one end of the subtangeut rests on the circle, the other end rests 
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on a cardioid whose diameter is equal to that of the circle^ and 
whose cusp is at F. FPA is the cardioid. 

366.] The quadrature of the hyperbola depends on the rectifica- 
tion of the parabola. 

Through a point P on the parabola draw a line PQ parallel to 
the axis and terminated in the vertical tangent to the parabola at R. 
Take the line RQ always equal to the normal at V, the locus of Q 
is an equilateral hyperbola. For ^=2m sec <l>, since PM is equal 
to RQ^ and as before y=s2m tan ^; therefore 

af^^y^=s4m^, (a) 

Fig. 85. 




the equation of an equilateral hyperbola whose centre is at V^ the 
vertex of the parabola^ and whose transverse axis is the parameter 
of the parabola. 

The area of this curve, the elements being taken parallel to the 
axis, or the area between the curve and the vertical axis passing 
through y, is found by integrating the value of xdy. 

Now 

^ss^msec^, and y=s2mt3Xi<l>; 
therefore 

J^dy =4in*j sec^ ^^=2m[]m sec ^ tan ^4- w» f sec ^d^J- 
But it has been shown in (a), sec. [345], that 

n(m.<^)ssmsec^ tan<^ + mjsec<^<^. 
Hence the hyperbolic area 

VAQRssSm. n (m.<^) (b) 
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Therefore^ as the hyperbolic area is equal to a constant multiplied 
into the corresponding arc of the parabola, the evaluation of the 
hyperbolic area depends on the properties of logarithms. 

It also follows, from what has been established in the preceding 
part of this Chapter, that hyperbolic areas may be multiplied and 
compared according to the laws which regulate parabolic arcs. 

Let <l> and be the angles in which the normals to the corre- 
sponding points of the parabola and the hyperbola cut the axis ; 
then it is easily shown, since VQ= normal at Q, that 

tand=sin^ (c) 

This relation will enable us to express the hyperbolic area in 
terms of the angle which the normal to the hyperbola makes with 
the axis instead of the parabolic amplitude ; for as the parabolic 
amplitude <^ is related to the normal angle of the hyperbola by 
the equation tan d=sin <^, 

2tan<^8ec<^ = r— 7 — 9^= tan 25, . . . . (d) 

and 

sec<^ + tan^= \/8ec254-tan25 (e) 

Now 

n(m . <^) =m sec <^ tan <^ + m log (sec ^ + tan <^), 

or, substituting for the preceding values of <f>, 

2n(m . <l>) =:m tan 20+m\og (sec 25 + tan 20) ; 

but taking the amplitude 20, 

n(m . 20) =m sec 20 tan 25+mlog (sec 20 + taii20). 

Hence, subtracting the former from the latter, 

n{m.20) -2n(w . <t>) =m tan 20 (sec 20- 1). 

Accordingly 

the hyperbolic area=mn (m . 20) — m« tan 20 (sec 25—1) . (f ) 

Since 

2 tan 25 = 2 tan <t> sec (f), 
we shall have 

20^<l>'^<t> (g) 

Hence the normal angles 5 and ^ of the corresponding points of 
the parabola and hyperbola are so related that 

25=<^-i-<^, 

whence we might at once have inferred the relation established in 
(e), namely 

(sec ^ + tan <^)* = sec 25 + tan 25. 

The corresponding points P and Q on the parabola and hyper- 
bola are always found in a line parallel to the axis. 
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If through the points P and Q on the parabola and hyperbola we 
draw diameters to these curves^ they will make angles with the nor- 
mals to them at these points, one of which is the duplicate of the 
other. 

For these angles are 20 and ^ respectiyelyj 

but 2^=^^<^ (h) 

367.] Let Pq, P„ Pj, P3, P4 . . . P«-i, P« be perpendiculars let 
fall from the focus on the n sides of a polygon circumscribing a 
parabola, and making with the aris the angles 

0, 0, 0-^0, 0'»-0'»-0, 0'»'0'^0'^0y . . . 

to n terms respectively. 
Let 

8ec^4-tan^=ti, 
then 

8ec(d-»-^+tan(^-»-d)=ti«, ) 

sec(d-A.d-i-^+tan(«-»-d-«-^=t|8) • • • W 

sec (^-^5-^ . . . to « terms)+tan (d-^^-^to « terms)=stt". 
Hence, as 

2Po=m(ttO+ti-o) \ 

2Pi=m(tti+tt-*) 
2P8=m(tt«+tt"') 



• • 



(b) 



2P«=m(tt«+tt-)J 
we shall have 

2.2. P«. Pj=m«(ti^ ^. «-»)(«! 4. tt-i) 



or 

But 

therefore 



2P,.Pi=m(P,+i + P«-i). 
P,=ii»secd; 

sec 5P.=?=±i±^S (c) 

or any perpendicular multiplied by the secant of the first amplitude 
is an arithmetical mean between the perpendictdars immediately pre- 
ceding and following it. Thus, for example, VQ^sm, P, ssm sec 0, 
P5=m8ec(^-^^), or 

a ^ m-\-msec(0'^0) 
secum sec ^= ^ -, 

But 

sec (^ J- 5) = sec* ^ 4- tan* d; 

hence the proposition is manifest. 
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868.] Agam^aa hence 

2Pj=m(tt+tt-')> 2.2.P,Pa=m«(tt84-tt-8^.tt» + tt->). 
2Pa=m(tt«+0. 2 • 2 • P9P8=w»*(tt*+tt"Htt> + tt-»). 
2P8=m(tt8+0, 2.2. P3P4=m«(tt7 + tt-74.tti4.tt-»). 



(a) 



2P«=m(tt« + tt-"), 2.2.P,_|P,=m«(tt*""* + tt-(«»-»^-}'t*>+tt->). 
We shall have, therefore, adding the preceding expressions, 

2[PoP, + PiP« + P,P3 + P8P4 .... P-,P,J=) . 

m[ + Pi+Pa+P6+P7 . . . P««-i + (n-l)PJ, J * ^^ 
or tivice the sum of all the products of the perpendiculars taken two 
by two up to the nth, is equal to the sum of all the odd perpendiculars 
up to the (2»—l)M + («—!) times the first perpendicular. 
Thus, taking the first three perpendiculws, 

Po=m, P,=m8ec^, P2=msec(5-»-^)=w(sec'^+tan*d), 
P3=m sec (5 J- ^-^ ^ =:m (4 sec* ^-3 sec tf) . 

The truth of the proposition may be shown in this particular case ; 
for 

2[PoP, + P,P«]«4m«sec8d=m(P^4-P8+2P,). . . (c) 
Again, since 

2P^=m(tt«»+tt"**), 
and 

4P2=w«(tt*» + 24-tt-*'), 

tre shall have 

2I«-m«=mP«» (d) 

Thus, for example, twice the square of the perpendicular on the 
fifth side of the poly ff on, diminished by the square of the modulus, is 
equal to the tenth perpendictUar multiplied by the modulus. 

In the same way we may show that 

4P»-3m«P^=w«P3,. 

Let n5=5 and ii»=l ; then/ow times the cube of the fifth perpen^ 
dicvlar, diminished by three times the same perpendicular, is equal 
to the fifteenth perpendicular, or to the perpendictUar on the fifteenth 
side of the polygon. 

869.] Since 

logti-tt-tt"»-i(«*'-«*~*) +i(v'-0-i(«^-Oi &c., 

u-u-* =2 tan ^, tt«-tt-«=2tan (d-*-^, 
u»— tt-» = 2tan (5-»-5-i-^-Lton terms), 
while 

ti=8ec^4-tan^, 
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we shall have therefore 
PV-PT 



logtt= 



tand-itan(d-i-d) + itan(d^d-rd, &c). (a) 



We may coiktert this into an exp restdon for the arc of a circle by 
changing -^into+; tan into V — Isi n, and the parabolic arc into 
the circular arc multiplied by \/— 1. 

Hence^ since PT in the circle is equal to 0^ 



gflisin d-i sin2d + isin3d-i sin4d, 



(b) 



a formula given in Lacroix^ ^ Traits du Calcul DiflSSrentiel et du 
Calcul Integral/ tom. i. p. 94. 

370.] In the trigonometry of the circle^ the sines and cosines of 
multiple arcs may be expressed in terms of powers of the sines and 
cosines of the simple arcs. Thus 

cos2da 2cos<d— 1^ 

cos 3^=2 4co8^d— 3cosd^ 

cos4^= 8cos*tf- 8cos«^+l, 

cos 5^= 16 cos* d-20 COS* ^ -f 6 cos 6, 

cos 6^=32 cos«d-48cos*d+18co»«d-l. 



(a) 



sin2d=sin0(2co8d), 

sin 3^=sin tf(4co8« d-\), 

sin 4d=sin 0(8 cos^ d-4 eoe ^, 

sin50=s8intf(16co8*d-12Gos«d+l), 

sin 65=sin <>(82 cos* 0-32 cos* 0+6 COB tf) . ^ 

Hence, in the trigonometry of the parabola, 
8ec(0-^0)=2sec«0-l, 
sec(0-A- 0J" 0) i-4 sec* 0— 3 sec 0, 

Hec(0-^0-^0-^0)a8sec*0— 8^ec«0+l, 
sec(0-A-0-i-0J-0J-^=al6 8ec*0— 2O8ep*0+5sec0, 
8ec(0T0-^0-^0-»-0-»-0)=^82sec«0-488ec*0+188ec?0-l, 

tan(0-»-0) =tan 0(2sec 0), 
tan(0-»-0-i-0)=±tan0(4sec«0-l), 
tan(0 -L J- -•- 0) =5 tan 0(8 sec® 0— 4 sec 0), 
tan(0-i-0-L0J-04.0)=tan 0(16 sec* 0-12 sec* 0+1), 
tan(0J-0 + 0-«-0-^0J-0)=tan0(32sec*0-32sec»0+6 8ec0). 



(b) 



848 



ON THB OEOUBTaiCAL OMOIN OF LOGARITHMS. 



The preceding fonnulae may easily be verified. 
K we add in the above series any two corresponding secants and 
tangents, the sum will be an integral power of sec + tan 0. 

Thus sec(5-^^ + tan (5 -A. 5)= (sec ^+ tan ^)«. 

Again, since in the circle 

cos^ascosd 

2co8«^=cos2^+l 

4 cos^^^cos 8^+8 cos 

8cofi(*5=co8 4tf+4oos2^+l 

and ^ . . (c) 

sindssind 

2sin«^=-co8 2d+l 

4 sin^ d=s — sin 8^+ 3 sin ^ 

8 sin* 5 =cos 45 -4 cos 2^ + 8, 

hence in parabolic trigonometry 

8ec5=sec5 

28ec«5=sec(5-i-^ + l 

4 sec^ 5= sec(5-^ 5-»- 5) + sec 85 

8sec*5=sec(5-i-5-«-5-'-5)4-4sec(5-^5)+l 



(d) 



tan5=tan5 

2tan«5=sec(5-»-5)-l 

4tan«5=tan(5-^5-^5) — 8 tan 5 

8tan*5=sec(5-»-5-«"5-«"5)-4sec(5^5)+8.^ 

871.] The roots of the expression 

2r*»— JJaj2r* + l=0 (a) 

may be represented under the form cos A+ s/ —\ sin A, when a is 
less than 1. This has long been known. It is not difficult to show 
that, when a is greater thtm 1, the roots may be exhibited under the 
form 

secA+tanA (b) 

Since a is greater than 1, let a=sec 5, and let 5 be divided into n 
angles ^j connected by the relation 

^ ^^ -1-^ -j.^ 8cc.=5. ...••• (c) 
It has been shown in (f), sec. [844], that 
sec(^ J- <^ -I- ^ 4. ^ton^) 4- tan(^ -i- ^ -i- ^ J- <^to n^) = (seci^ + tan<^)». 

Let sec<^+tan^=u; then 2sec<^=tt*-f-tt"^ 
and therefore 2 sec 5=2 sec (0 -!- ^ -^ <^ -»- to n^) =«•• + «"*. 
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Substitute this value of 2 sec ^ in (a), and we shall have 

2r*»— (tt» +tt-»)2:* + 1=0, 
or, resolving into factors, 

(S-0(*""""^H • • (d) 

Hence, finding the roots of these binomial factors by the ordinary 
methods, we sha^U have, since tf=:sec <^ + tan ^, 

z = (sec^ + tan^) (multiplied successively into the n roots of unity) ] 
and I (e) 

(sec <^ — tan ^) (multiplied successively into the n roots of unity) . J 

We are thus enabled to exhibit the 2n roots when a>l. 
Thus, let n=3, then the equation becomes 

2«-2 sec 02:3+ 1=0, (f) 

and 

,f>J-if,J.<f,=0; (g) 

consequently the six roots are 

(8ec<^+taD^)(l, -^±^^-» )/ 
and ► . . . (h) 

(8ec^-tan^)(l, ~ ^ \^ ~^ ). 

By the same method we may exhibit the roots when a is less 
than 1, or a=cosd. 

We might pursue this subject very much further ; but enough 
has been done to show the analogy wnich exists between the tri- 
gonometry <5f the circle and that of the parabola. As the calculus 
of angular magnitude has always been referred to the circle as its 
type, so the calculus of logarithms may in precisely the same way 
be referred to the parabola as its type. 

On parabolic trigonometry as applied to the investigation of the 
properties of the Catenary and the Tractrix. 

372.] The application of the principles of parabolic trigonometry 
to the discussion of the properties of those kindred curves the 
catenary and the tractrix, elicits some singular properties and rela- 
tions of these curves, as also between the catenary and the para- 
bola, and affords a further illustration how the invention of new 
methods enlarges the boundaries of science. 

Let us for brevity assume as known the equation of the catenary 
referred to the rectangular axes of coordinates OX, O Y ; and let 
O A=a, the modulus; then 

y^lv^ + e""'), and«=|(^— e"^). ... (a) 
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By addition^ 

m —a 

y4-*=*fl^; by subtraction, y—gtssae * . . . (b) 
Multiplying these expressions, 

y«_,«=a«, (c) 

or, the difference between the squares of an ordinate of a catenary 
and its corresponding arc is constant and equal to the square of the 
modulus. 

878.] Assume the following relations. 



m — » 



m ^m 



then 



2sec^atf«+c«, and 2tand=:e«— e«; 



(a) 
(b) 



y=asecd, and «=atand; . . . 

adding these expressions, we shall have 

y 4. « =sa(sec d + tan d), 

the form which so often occurs in paraboUc trigonometry. 

Now, if we make x^y x^p x^p &c. successively equal to a, 2a, 8a, 
&c. in (a), we shall have 

y +s =a(sec5+tan5), 

y^ +*/ = a{sec {0-^0) + tan {0-^0)}, 

yff+Sff=a{sec{0-^0'^0)+tBiL {0-^0-^0)], 

yfff+St„:^a{8ec{0'^0'^0-»'0) +tB,n {0-^0-^0-^0 &c.)}. 

But it has been shown in sec. [344] that 

(sec 5 4- tan 5)" = sec (^ -»- 5 -1- 5 to n terms) 4- tan (^ -»- ^ -1- 5 to w terms) ; 



>. 



(c) 
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consequently 

(y + s)-' = a"-'{y«+0; (d) 

or, if two point I be assumed on a catenary, the abscissa of the one 
being n times that of the olhei; the nth power of the sum of the first 
ordinate and its r.orresponding arc will be equal to the man of the wth 
ordinate and its corresponding arc multiplied by o"-'. 

It will also follow from the preceding expression that if a series of 
equidistant ordinates to the catenary be taken, and the corresponding 
arc be added to each ordinate, their sums will be in geometrical jiro- 
gression. For 

y + s=y + s, {^ + s)'=a(t/,+s),. ) 

iy + s)^=a^{ya+'u], Cy+»)"=a"-'(y— i + »»-i)J 

374.] The catenary will enable us to represent graphically, with 
great simplicity, the sum of a series of angles, added together by 
the parabolic plus -^ . 

Let a set of equidistant ordinates whose intervals are a, 2a, Za, 
4^a, &c. meet the catenary (fig. 86) in the points b, c, d, k, l\ and 
then let the catenary be conceived as stretched along the horizontal 
tangent passing through the vertex A. Let the points b, c, d, k, I 
on the catenary in its free position be conceived to coincide with 
the points ^, y, S, «, \, when it is stretched along the horizontal 

tangent; we shall then have, since - is successively equal to 

1, 2, 3, 4, &c., 

2y = e' + e~', 2»=e'— e^', 

2y, =-e* ■+ e"*, 'isi^e* — (■"*, 

2y„ = (^ + c-^, 2s„=t^ — e-" ; 

consequently the angle AO^ or e is such that sece + tane=c, 

AOy such that sec A07 + tan A07^t'*, or AOy^e-'-e, AOS such 

that8ecAOS + tanAOS=e3or AOS=e-^e-^e&c. 

Consequently, if we draw lines from the pole O to the points 
yS, y, S, &c., the angles AO/3, AOy, A08, &c. will represent the 
angles 

Hence, as successive multiples of an are of a circle give successive 
arithmetical multiples of the corresponding angle at the centre, so 
successive multiples of a given abscissa give successive arcs of the 
catenary which extended along the vertical tangent subtend at the 
pale O successive parabolic multiplea of the original angle. 

i(e"— e" ), we shall have 7^=tan^; but ^ 

is the trigonometrical tangent of the angle which the linear tangent 
1 curve at the point (xy) makea with the axis of X. Henee 



375.] Since ^= 
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tluB other theorem : — Let a set of equidistant ordinates meet the 
catenary in the points d, c, d, k, I, 8fc., and at these points let tan^ 
gents to the curve be draum, they udll be inclined to the axis of^by 
the angles 0, 0^0, 0'»~0-^0, 0-^0'^0'^0, &c., which is even a yet 
simpler geometrical representation than the preceding. 

Hence also it evidently follows that as the limit of the angle 
which a tangent to the catenary makes with the axis of X is a right 
angle^ the limit of the angle 0-^0-^0 &c. ad infinitum must also be 
a right angle. 

On the Tractrix, 
876.] Let the length of the constant tangent PD be a. Let 

OU=- and 0D=^ ; then by similar triangles 



y = PT = — ?l 



\/f«+i;« 



, and a:=0T=5- 



av 



i Vf*+w«' 



(a) 



Since 



o^f+yv— 1. 
Pig. 87. 




Assuming the projective equation of the tractrix, as given in the 
ordinary text-books — that is to say, 



a-f Vfl*— y*=y^ " J 



(b) 



BY THE AID OF THE THIGONOMKTRV OF THE 

we shall have 

■- ■ ^ =-c, and 0+ •/a*~y*=a + 



^^4 



substituting and reducing, we shall have 

%^^^'" H 

Let 3 be the angle which the tangent to the tractrk makes with 
the axia of Y ; then 

tan 3=^, sec*= — V^' 

or the preceding equation becomea 

(aer3 + tan3)'e=e (d) 

I 



But 



:c3 + tan9=e, (»ecS+tanS}«=e«, (8ecd + tan5)»=e*. 



(sec3 + tan5)*=sec(5-La) + tan{3J-3), 
{Bec3 + tan3)8=8ec (3 j- 5 -i- 3) + tan (3-^3-1-3). 
Consequently 3 is the base-augle iu the system of the Napierian 

logarithms. 

In figiu^ 87 let us take 0D = AC = j:=^, and make these substi- 
tutions in the equations of the catenary and the trartrix, namely 



(see5 + tantf) = e" and (ace 3 + tan 3)°* = 



we put d- for g, we 



13 be 
= tan3, or t 



shall have (sec 3 + tan 3}=e", conseq^iiently ^=3; but it has been 

shown in sec. [3751 that -p-^tau^, therefore v^= 

'- ■■ da: ' ax 

angle QGC is equal to the angle DUO. Consequently tan 6= 
tan3,orfl=3; and as QD = a sec 5, and DR=fl sec3=H sec^/in 
the two triangles DCR and DPQ we shall have QD=:DR and the 
angle QGC = the angle QDP; consequently the quadrilateral GPDC 
may be iuscribed in a circle, and therefore the angles DPG and GCD 
are equal to two right angles. But the angle GCD is a right angle; 
hence QPD is a right angle, and PD = CD=a,and the tangent QG 
to the catenary meets the tangent to the tractris at right angles to 
the tangent of the latter and at the point of contact P, since PD = a j 
consequently the tangent PQ to the catenary, siuce it is at right 
angles to the tangent to the tractrix at P, its point of contact, will 
therefore envelop the catenary, or the catenaiy is the evolutc of the 
trartrix. 
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Since QP^ntaiiS, and the arc of the catenary ia equal to a t&aO, 
aiid a3fl=3,GP i§ equal to the arc of the catenary AQ; andasCB 
is equal to QP, CR is also equal to the arc of the cateuary, and 
therefore AR is the difference betweeu the arc of the catenary AO 
and its projection AC. 

We may also enunciate this other theorem (see fig. 86) ; — 

If with the poinl ag focus and A aa vertex we describe a para- 
bola, and from the points 0,y, S,k,\ we draw tangenlg to the para- 
bola 0B, 7G, SD, kK, XL, the difference* between these tangents and 
the corresponding parabolic arcs will be a, 2a, 3n, 4a, ^c, 

AG-/3B=a, AG-7G=2aj AD-SD=3a, AK— -eK=4a, 8cc. 
This is evident from the prineiplea of Parabolic Trigonometry ; for 
the angles A0^ = «, AOy=e-^€, AOS = 6-^6-'-e, AOK=€-^f-^e-^e. 

377.] We may further estend these properties of the catenary. 
To simplify the expressions, let Y^ denote the ordinate of a point 
on the cateuary at which the tangent makes the angle <^ with the 
axis of X. Let S<^ denote the corresponding arc measured from 
the lowest point, and let X(^ signify the corresponding abscissa. 

Then Si^ = atan^, Y0:=a8eci^. 

Now let X, x^, x„ be the abscissae of the three arcs whose tangents 
make the angles 1^, ^, 01 with the axis of X, and let the equation of 
condition be simply 

then we shall have the following relations between l!ie corre- 
sponding arcs and ordiuates of the catenary : — 

aS«=S<^Yx + SxY0, J 

irheii x,=x, 

2S*^ = (Ym— a)a, 

2Y«0=(Y«+flK 
a8Yw=Y>-s4. 
sin^ce Y^'— S^s* = a*. 

Let there be four arcs of the catenary whose abscissse x, a-j.ar„, a'^,, 
shall be connected by the following relations, 

Xi,^X + X^, 

x^i^=x,j-\- x„ or 2'„j=37 + .r, + a-„. 
Let a>, 1^, X* ^ ^^ t''^ corresponding angles made by the tangents 
to the extremities of the arcs Sm, S0, S;^, S-^. 

Then we shall have the following relations between the arcs and 
the ordi nates, 

a*So>=S^ YxYi^ + Sx Y^Ya^ + S^Y^ Y^ + S^S^S^, 
a*Yw= Y0 Yx Yt + Y*SxS^ + YxS^S>f- + Y^S^S^;. 
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^'^^m*m^(i^$^^ 



or tlie ratio of the fourth arc multiplied hy the square of the 
modulus a to the product of the ordinatea of the three preceding 
arcs is equal to the sum of the ratios of each preceding arc to ita 
ordinate + ratio of the product of the three arcs to the product of 
the three ordiuates. 
We have also 

Let x=Xi=x„, and x,„=Zx; 

then we shall have 

an equation which gives the relation between two arcs of the cate- 
nary, the abscissa of the one being equal to three times that of the 
other. 

When one abscissa is double of the other, the arcs are related 
by the equation 2YS=aS,. 

Since 



_sec (i^-L^) — 1 
~8ec(^-L^) + r 



and sin^^:^, we shall have 

S'_ Y,-a 
Y»~Y,-fo' 
an equation which enables us to calculate Y, when we know Y, 
since S'=Y*— a*. Thus the catenary may be constructed by 
points. 

Let a, y, a^i, »tif„, s„^,„ be four arcs and corresponding ordinate! 
of a catenary, whose abscissae are connected by the equation 

jr,„ = iry + x, + jr; 
then we shall have 

i + I' + fl + iV. 

»», y y, Vi, yyffu 



ym 



yy, y,y,t yy,, 

878.] The curvature of the catenary at its lowest point approxi- 
mates to that of a parabola at its vertex whose semi parameter is 3a, 

Let S be the deflection of the catenary from the horizontal tan- 
gent, then 8=y— a = o (sec5— 1). 

a the arc of the catenary near its lowest point may be taken for 
the horizontal ordinate, but j=atan^or»*=n*tan*^=o*(8cc'l?— I). 

2a'2 
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Therefore s =o (sec 5 + 1); and as sec is nearly equal to 1, we shall | 

have a^=2aS, the equation of a parabola. 

Since the original interval was assumed equal to a, and as the 
arc of a cateuary is always longer than its projection on the axis 
of the abscissa, or as A^ is greater than a, the angle AO^ or € is 
greater than 45°, 



CHAPTER XXXIII. 

OS SOME PROPEKTIES OF CONFOfAL 8PBPACES*, 

In Chapter XI. sec, fllS] we have shown that through any point 
of space three coufocal surfaces of the second order may be assumed 
as described, and that these surfaces must be an ellipsoid, a con* 
tinuous hyperboloid, and a discontinuous hyperboloid. 

This remarkable theorem, first enunciated by Monge, and fiirther 
developed by Dupin, is one of great importance. The latter geo- 
meter has shown that the tangent planes drawn to these surfaces at 
tills common point, are at right angles, any one to the other two, 
and that the tangent planes to any two of them at this point cut 
the third surface along its lines of ciirvature. 

We shall now proceed to establish a very remarkable theorem, 
involving most important results, especially with regard to those 
curve lines ui the principal planes which have been named by 
M, Chasles enceutric conies. The demonstration may appear 
tedious; but the results obtained are very elegant and curious. 

379.] Three cottfocal surfaces of the second order intertect in a 
common point Q, the vertex of a cone which envelops a fourth confocal 
surface ; to determine the equation of this cone referred to the nor- 
mals of the three surfaces, at the common paint Q,, as axes of coor- 
dinates. 

It is very generally known that confocal surfaces mutually inter- 
sect at right anglesf; the normals of the three surfaces will there- 
fore constitute a system of rectangular coordinates. 

Let the equation of the fourth surface, an ellipsoid suppose, be 



I 



^i' 






and let a, /3, 7 be the coordinates of the point Q, the vertex of the 
enveloping cone. 

* Tli« subst&uce of thia Ciiapter appeared id the Csmbridge and Dublin, 
MUtieuiatiral Journal, May 1864. 
t See Diipin's ' D^veloppementa de Utom^trie.' 
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Let 3;-a=m(j— 7), tj-^=n{z-y) . . . . (b) 

be tlie equations of a right line passing through the point (a^y), 
and pierdng tlie surface (a) in two points. If we substitute in (a) 
the values of x and y derived irom (b), ire shall have a resulting 
equation of the form 

U5« + 3\> + W=0, (c) 

of which the two roots will express the values of the verticiil ordi- 
nates of the two points in wliicli the line pierces the surface. 
When the line becomes a side of tlie enveloping cone, the two 
roots become equal, and we get the well-known condition 

UW-V»=0 (d) 

If we substitute the values of x and y derived from (b) in (a), we 
shall have 

and by aub^titutioUj the equation of condition (d) will become 

or, putting for m and n their values 



the equation of the enveloping cone becomes 






i» + c« J ■ 

in this form, to 



We shall leave the equation of the enveloping c 
facilitate its future transformation. 

380.] Let the tangent planes at the common intersection G of 
the three coufocal surfaces be taken for the coordinate planes to 
which the equation of the enveloping cone is to be referred, and 
let afi,c,, a„b)f„, a^ifii^^Ci,, be the semiaxes of the three confocal sur- 
faces. Moreover, let /),/>,,/)„ be the perpendiculars from the common 
centre of the surfaces on the three tangent planes at the point Q. 
Now the normals, at the point Q, to the three surfaces, being parallel 
to the perpendiculars p, p,, p^„ make the same angles with the ori- 
ginal axes of coordinates. 

Let X/i^, X'^Vj X''^''^" be the angles which the perpendiculars 
P> Pi> Pii respectively make with the axes of coordinates. Then, as 
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each abscissa is equal to the projections of the three new ones 

upon it^ 

J?— a= J?' cos X + y' cos X' + 2* cos X", -^ 

y^fissaf cos fi+i/ cos fi' + 3^ co&fi", >. . . . (a) 

z— 7=a?'cos v+y'cos v' + jzf'cos v",J 

but 

COSX=^, C08X'=^, cosX''=^. . . . (b) 

finding similar values for fi, fi', fi" and v, v'^ v", then substituting 
the resulting values in (a), we shall have 






(C) 



Substituting these values in (h)^ sec. [379]^ the equation of the 
enveloping cone, and eliminating the equivalent terms, we shall 
have, after some reductions, 






« "^ 



c «J 
''III-' 



+ 2 



+2 



(©'[?+^^+^]l5-'^«+-' 



.P&J^Pi^l 



n 



c ^J 



(d) 



\ca) Lc«^c,«^c„,«J laya,^^au^J 

omitting the tndta over the xyz as no longer necessary. 
Now, as the surfaces are confocal, let 

a*^a*+k*, V=**+*A f«'=c»+V. > • • (e) 

<=«'+*«*> V=*'+V. c„«=c«+vJ 

and as afiy is a point on each of the three confocal surfaces, we 
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shall have 



a' 



|8' 



a«+*« • A3+*« c«+*« 



1, 



a' 



|8* 



a«+*« 6« + *« c«+*; 



^.=1> > 



(f) 



/3 



a» +*„«"*" A* + *«''''c'+*«* 



r_=i. 



whence 



(a«+*«)(a«+*/)(a« +*,,«) 

(y+*«)(y+V)(6«+V) 
(A«-c«)(A«-o«) 
, (c«+*')(c«+*,«)(c'+*„«) 
(c«-o8)(c»-ft«) 



a< = 



|3«= 



>. 



J 



(g) 



If we now perform the operations of multiplication indicated in 
the equation (d) of the enveloping cone^ we shall find that the 
coefScient of the term xy will be as follows : — 

^ ' L\ ftc bfif bffiff / \ca cfli CiflJ \ab afi^ a^pj J 

^'^^\jB?^f'^¥bfh}^^^y . . . (h) 

Now^ if we eliminate from this expression the quantities a^ fi, y, 
by the help of [g), the first term of the preceding expression will 
become 

L a«6»c»(6»-c»)(c»-ir»)(a«-6») J 

and this expression may be reduced to 

L a«AV(i«-c«)(c«-fl«)(o«-A«) J ''• • • • W 

But the numerator of this fraction may be written in the form 
(A*— c*) (c*— a*) (a*— A*). Hence the first member of the coefficient 

of xy in (h) may be reduced to ^^^j . 

If in the same manner we calculate the second member of (h), 

we shall find it to be — ^« • Hence the coefficient of ary is 0. 

In the same way it may be shown that the coefficients of xs and yz 
are each =0. 
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We have now to determine the coefficient of d?^ in the equation 
(d) of the cone. 

Collecting the terms by which x^ is multiplied in that equation^ 
we shall find their sum to be 

If^ in the first member of this expression, we substitute for 
a, 13, y their values derived fi:om (g), the transformed result will 
become 

divided by the denominator 

Making like substitutions in the second member of (j), the 
resulting expression will become 

' *V(4«-.c«)(fl«-f*,«)(a« + V)(** + **)(c*4-*«) ^ 
~;>2 -fc«a«(c«-.a«)(*« + *,«)(ft«+V)(fl«4-*^)(c«-f*«) . Q) 

[ +a«6«(a«-4«)(c«+*«)(c«-|- V)(fl«-f *^)(A«-f *«), j 

divided by the same denominator as the preceding expression. 

If we add together the terms in (k) that are multiplied by a^(^, 
we shall find the result to be 

and the corresponding term in (1) is 

adding these expressions together, the resulting expression will 
become 

aV(a«-c«)(ft«+A;^(ft«+V)(*«-*«)(*«-V). • • M 
or, developing this expression, 

[a4*V+a**«c«(V + *,,«) •^-d'd'k^k,^'] {k^-^k^)(k^^k^?) 

Hence, if in like manner we develop and combine the remaining 
terms in (k) and (1), the whole coefficient of j:^ will be the sum of 
the following twenty-four terms, 
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p«(a^-a;)(a»^V), (I.) 



- a*6*t.-* - a«6 V ( *,* + V) - a Vit,^A„' 
+ i*c*«' + A*c*fl« (*,' + k,^) + b*aH^k,f 

- A Va^ - i^c V ( A,* + A, *) - i*flU,« V 
+ c*a*A« + c*fl'fi* (*,* + *,,«) + {^b*k^k,^ 

■:ia*b* - c^a*b*{k^ + A^') - c*i*A,*A„» ^ 
divided by the deiiominator 

-a»6«cW'*(**-0{<^-«')(«*-*')- 
Now, if we add the terms of thia coefficient vertically, the sum of 
the tirst column =0, the Hum of the second is also =0, and the 
sum of the terms in the third column may be reduced to 

{6«-c«)(c»-fl')Cfl»-i*)W- 
Hence the coefficient of a;* becomes 

k*k^k ' 
The symmetrical factor of this expression — gij4" ^" appear in 

the coefficients of y* and z"*, and may therefore be eliminated by 
division from the equation of the cone. Hence the coefficient of 
at* may thus be reduced to 

y'(*'- *,')(*'-V) 



(o) 



k'a'b'i' 



. . . . (p) 

Let A, B denote the semiaxes of the section of the ellipsoid {a/>fi,) 
conjugate to the diameter passing through the vertex of the cone, 
and wc shall have, by a well-known relation, 

p.A.B=afifii 

Hence (p) may now be reduced to 

(t'-V)(*«-*„') 

i'A«B« 

From (g) it follows that 

o"+^'+7'='!' + »' + c' + *' + *,* + V; ■ ■ 
and by a common theorem 

a'-^fi'+'|• + A' + B'=a,'+i;■^c;'—i• + b> + c' + 3k'. 
Hence, combining (t) and (u), 

A' + B'-(*'-*,«) + (i<-*„') (») 

Now the confoeal surfaces (afifi) and [ftifi^cj intersect in a line 
of curvature, and for the whole of this line A is constant, or when 
k and k^ are constant A is constant ; hence 

A»=(*»-i,<), B"-(*'-*„'), . . . . (v) 



(q) 

M 
W 
(t) 
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and the coefficient of a:' in the equation of the cone, namely 



becomes simply 

i" ("'I 

By a similar process we shall find the coefficients ol'y* and 2^ to be | 
ts ^""l i~g- Hence we derive the following very simple eqaation 
for the enveloping cone, 

¥• + $+$=" W 

If we turn to (g) we shall easily perceive that one of the 
factors in the numerator of the value of ^' must be negative. Let 
*,' therefore be taken with a negative aiga, and let it be greater 
than A*. In order that the value of 7* may be real, since one of 
the factors of the numerator is negative, iwo must be negative ; 
hence A,* must be taken with a negative sign ; and that there may 
not be two negative factors in the value of ^, A,,' must be less than 
i*. Now, if H>i>c, in the order of magnitude we shall have 

Hence fi,' and c,,' must be taken with negative signs. Since 
dii^^b* — A,j*, Cii^-=c* — k^^, A„j* must be taken with a giositive sign 
and Cy, with a negative sign. Therefore the surface (afi/c:^ is an 
ellipsoid, the surface {a/,A,^,j) ia an hyperboloid of two sheets, and 
{a,„bi,fi,^ is an hyperboloid of one sheet. {\) may now be written 

It is remarkable that the constants in the equation of this cone 
are independent of a, b, c, the semiaxes of the surface enveloped. 
Hence, bo long as the enveloped surface remains confocal to the 
three others, it may change in any manner the ratio or magnitude 
of its axes without changing the species of the enveloping cone. 

When c=0, we get the equation of the cone which stands on the 
elhpse (a, b) as base, and whose vertex is at the point Q. 

381.] If now with reference to the new system of coordinates as 
aites, and with the point Q, as centre, we conceive a second group 
of three surfaces confocal to each other, and a fourth confocal sur- 
face whose senjiases shall be k, k„ km the squares of the semiaxes 
of the intersecting group being 






(a) 
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respectively, these surfaces will intersect in the origin O of the first 
system of coordinates, and the fourth confocal surface [kk^kn) may 
be enveloped by a cone whose vert^ex is at O and whose equation 
referred to the original axes of coordinates is 



i+n+^=0- 



W 

The original axes of coordinates Ox, Oy, Oz are normals to the 
second group of confocal surfaces, as Qx, Qy', QJ are normals to 
the first, and the sums of the squares of the nine semiaices in each 
group will obviously be equal to each other, as also an axis in each 
pair of corresponding surfaces. It is also obvious, ii-om an inspec- 
tion of (g), sec, [380], that a, yS, y, the coordinates of the point Ql 
in the first system, become the perpendiculars from the poiut Q, 
the origin of the second system, on the tangent planes to the 
second group of surfaces liaving their common point of inter- 
section at 0. 

382.] Let ttoo cones having their common verier: on a surface of 
the second order, an ellipsoid suppose, (a^,C,) envelop Iwo confocal 
surfaces. The diametral plane of the surface conjugate to the dia- 
meter passing through the common vertex of the two cones will cut 
off from their common aide a constant length, independent of the 
positioa of the common vertex of the two cones on the surface 

Let a, b, c; a, ^, 7 be the semiaxcs of the confocal surfaces. 
And, as in the preceding theorem, let {afi,c^, {o^fi,fi,), {<i„fi„fui\ 
be the axes of three confocal surfaces passing through the vertex 
of the cones. Hence we shall have, as in (e), sec. [380], 
B,<= fl' -I- k\ a, » =a* + *,S H,„^ = a» + *„', 1 



o«=«« + AS 



^=a* + h,^, 






The equations of the cones will be, as in (x), sec. [380], 
or, as these equations may manifestly be written, 



W 



a^—a^ a,,*— a* «„,*— a' 
Now the distance between the vertex and the diametral plane is p, 
and asp coincides with the new axis of x, we shall have 

• »=P (d) 

Let D be the leugth of the comman side of the coues ; then 
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And if we find the values of x, y, z from the equations (c) and (d), 
we shall have 

P'_ ''<'V(''('~° «^) +''H'°n>'('^i'~'^ii ') +" t»V(*'ti*-''i') {^\ ; 
p«- (V-«„;)(«;-a«) («,«-«»)" ' ■ W I 

In (p) and (w), bcc. [380], it waa shown that 

j_ ".''V^,' 

P - (4* _*«)(> _i^s)' 

or, as k^-kf=a-a,f, k^-k^^a^-aj. 

Now the numerator of (e) may be resolved into the product of 1 
the three factors 

-{a,f'-a*){auf-a^){af—a^f), and af-a^=k*, a,«-o«=A«. 
Hence, making the eubstitutions indicated, 

»-^- c> I 

Hence, as the valoe of D is independent of k„ it„, and of h^ A„, it 
will therefore not depend on the two auxiliary confocal surfaces 
introduced, but the value will continue unchanged wherever the 
point be taken on the surface of the ellipsoid. Hence D' varies 
inversely as the product of the squares of the coincident semiaxes, 
for 

When the enveloped surfaces become plane sections, c=0, ^=0, 
but 4«=0« + A^ c,*=c* + A*; hence in this case 6,*=A', c?=k*, or 

383.] A cane whose vertex is on a surface of the second order 
envelopes a confocal surface. To determine ike length of the axis 
of the cone between the vertex and the plane of contact. 

Let the equation of the locus of the vertex of the cone be 

^'I+^'+J'=i. (•) 

{xff^i) being the vertex of the cone, 

^ ?T*«+«H?r.+?Tr.=' <") 

be the equation of the confocal surface. 

The equation of the polar plane of {x^^i) with reference to this 
last surface is 
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The equations to the normal at the point {xjy/s^ in (a) are 

cosX, . co%iu, . ,,. 

' COSI'^ *' ^ ^' cosv^ " ^' 

, cosX c^Xi cosfb d^t/f 

but ^"5 — f "~ I5~* 

COS V arzf cos y o*Zf 
Now A«=(ar— d?)«H-(y— y,)*H-(z— z^)*, 

or^ substituting in this expression the values derived from the pre* 
ceding equations^ 

^-fe'^ii^a^' ■ • • • • («> 

We must now determine the value of ;; for the point in which 
the axis of the cone meets the polar plane. For this purpose, from 
the equation of the polar plane 

XX, yy, zz, . 

subtract the identity 

X? , y? , z* _ X* y« z* . 

replacing 1 by its value, 

^ + i* + c«' 
the result will be found 

*<(^-*/) , yi(y-y/) I g«(g-.g <)_La r ^i* . y? , ^j' "I- /n 

o«+*« ^ i«+*« ^ c«+*« ~ Lo«(o«+A«)^i«(6«+*«)^c«(c«-|*«)J' ^^ 

or putting for {x—x^ and (y— y^) their values derived from the 
equations of the normal (d), we shall find 

Whence, combining this expression with (e), we shall find 

For any other confocal surface^ the vertex of the cone remaining 
unchanged^ 

A'=^, or A:A'::*«:*« 
P ' 

384.] To transform the eqtmtion of a surface of the second order, 

so that the axes of coordinates shall be the normal to the surface at 

a given point, and the two right lines in the tangent plane at this 

point which are tangents to the lines of greatest and least curvature. 
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Let the noi-nial be the axis of i, then the axea of coordinates are 
the normals to three eoiifoeal surfaces passing through this point. 
Now if a, 0, 7 are the coordinates of this new origin on the surface, 

substituting the values uf x, y, z in the equation of the surface 



-5=1, 



. . (a) 
; resulting 



derived from (c), sec, [380], we shall find the follow 
expression : — 

^ mp^+p^.pj^^.^^psi+m+p^iiY 

by b^ La* ^ V */H*-l b^\-i>? b,^ b„^\ 
y'.^''.\P^.PMj+P>^i\^'t\P^^PM.'^P>£JY 

Adding these terms vertically, the sum of the first column is maai- 
featly =1. The sum of the terms in the second column is — '. 
Tlie sum of the terms in the thii-d column is 



Now the cosines of the angles X, fi., v, which the axes of coordi- 
nates make with the perpendicular jO (let fall on the tangent plane 



through the point {a^y) on the surface (a^ft^c,)), are 



p? p1 "& . 



and the cosines of the angles \', ^', v* which /», makes with the perpen- 
dicular on the tangent plane through the point (ajSy) on the surface 

{"A/^u)*"^ i' A a' B ' ^^^ "* "^^^^ planes are at right angles, 

COSX C0SX, + C0S^ COS/i,-(-COE V COSV, = 0. 

Hence the third eolumn in the coefficient of i/,=0. In like man- 
ner the fourth column in the coefficient of ^,=0. The fifth column 



pV 



-pV 



the coefficient of xf may be written 



cos* fL cos* V 
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This expression is = -j, if we denote by r the seraidianicter of the 

surface parallel to p. 

In like maimer the coefRcienta of y,' and z^ are - and — 

respectively, r, and r,j being parallel top^ and^„. 
The coefficient oi x^, is 

multiply the terms of this expression by the equivalent factors 
a,^—a^=b,^ — b^=c^^—c^=k,^—k*, dividing by this latter, and 
the expression will be transformed into 

k^ - ** Lo,* b* ^ c* \a^a* b*b* ^ c*c„VJ 
Now the first of these groups is equal to -| ; and the second, as we 
have already shown, is = ; hence the coefficient of xffi is 

/<*/-*')■ . . , 

In the same manner it may be shown that the coefficient of x^, 

piK'-l'')' 

Let r, and r„ be the axes of the section parallel to the tangent 
plane at the point {a^y) ; then, as we have found in (u), sec. [380] , 

Introducing into the equation (b) the resulting expressions thus 
found, the equation of the surface will at length become 
X* v\ z* 2p, 2p„ 

In this equation the coefficients are the perpendiculars p, p„ p^ 
from the centre on the coordinate planes, and the three diameters 
of the surface which coincide with these perpendiculars. 

Let ^=0; then the equation becomes 



= 0. 



(c) 



y=v^(-I)»^, 



(d) 



which can be real only when one of the semiaxes r, or r,^ is imagi- 
nary, or, in other words, when the surface is a continuous hyper- 
boloid. Since 

These arc the generatrices of the hyperboloid ; and it may easily be 
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Let the normal be the axis of ;f, then the axes of coordinates are 
the normals to three coiifocal surfaces passing through this point. 
Now if a, 0, 7 are the coordinates of this new origin on the surface, 
substituting the values of a:, y, z in the equation of the surface 



derived from (c), sec. [380] , we shall find the folios 



■ ■ (^) 
; resulting 



t[\' 



(b) 



expression : — 

_'>:'+ ?'>^te4_p^'+?''6'| +'f[f^> +p^j +p<£i]' I 

c,* Cj* L c,* r„* c,„* J f,* L (■,* c„* c„;* J J 
Adding these terms vertieally, the sum of the first column is mani- 
festly = 1. The sum of the terms in the second column is — ' 
The sum of the terms in the tbii'd column is 



Now the cosines of the angles X, /i, v, which the axes of coordi- 
nates make with the perpendicular p {let fall on the tangent plane 

through the point {a^y) on the surface (a,6,c,)), are ^j^,^; 

and the cosines of the augles \', /x', v' wliicli Pi makes with the perpen- 
dicular on the tangent plane through the jioint {a^y) on the surface 

("(A/^m)*'* «' A^' s ' *"'* ^ these planes are at right angles, 

C0sXcOsX,+ C08^C08/i, + C0BVCO8C, = 0. 

Hence the third column in the coefficient of y,=0. In like man- 
ner the fourth column in the coefficient of r.=0. The fifth column 



the coefficient of x,' may be written 

cos' X cos* (i 



-?y 



ON CONfOl'AL aCRFACES OP THE SECOND OHDE 



1 



3(37 
lemidiamcter of the 



This expression is =-j, if we denote by 

surface parallel to p. 

Ill like maimer the coefficieuts of y' and ?* are ~ and — 

respectively, r, and r^ being parallel to^, aud^,,. 
The coefficient of xff, is 

raiiltiply tlic terms of this expression by the equivalent factors 
u^^—af=b^ — b^=c*~~c^ = k^~k*, dividing by this latter, and 
the expression will be transformed into 

k* -h^laybycf Wa* ^ b^b* ^ c,*c, »/J 
Now the first of these groups is equal to -^ ; and the second, as we 
have already shown, is = ; hence the coefficient of xg, is 

In the same manner it may be shown that the coefficient of x^, 



Let r, and r^ be the axes of the section parallel to the tangent 
plane at the point (a^) ; then, as we have found in (u), sec. [380] , 

Introducing into the equation (h) the resulting expressions thus 
found, the equation of the surface will at length become 



^i'»- 



pi; 



-PV 



= 0. 



W 



In this equation the coefficients are the perpendiculars p, p^, p,, 
from the centre on the coordinate planes, and the three diameters 
of the surface which coincide with these perpendiculars. 

Let x=0; then the equation becomes 



y=^(-l).^ 



(d) 



which can be real only when one of the semiaxes r, or r,, is imagi- 
nary, or, in other words, when the surface is a continuous hyper- 
boloid. Since 

Tiiese arc the generatrices of the hyperboloid ; and it may easily be 
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In Odo Volume, woth 8ro, price 5i. oloth, 

The Lord's Supper, A Feast after Sacr'^ce. 

Witli Inquiries into tlie Doctrine of Transubstantiation, aud 
the Principles of Development aa applied to the Interpretation 
of the Bible. By James Booth, LL.D.j F.ll.S., F.R.A.S., Sm;., 
Vicar of Stone, BnckinghamsUire. 

" This ia a careful and schoiarl; attempC at a via nudia betwoon the merelj oommo- 
monWire theory of the Euoharirt and tbe doctrinog of Trsn»ab«taiitiation and Con- 
■ubalAntiation. Dr. Booth eridentlf rej^ards the fbrmer a» bald and defocticc. and both 
□f the latter an eilmragaut and supnratitioiia. The nature of Lhu Uolj- Rite prefMred 

Stlie nudior u the Jipulu-m Saerificiale of Mede and Cudworth, anaweriOg to the meal 
the Jews after, and upon parte of, their BBcriflcog. We oammend the treatuc at a 
Taliiable contributdon to this djacuwion, which oerer was more rife amonaat poleuicsl 
dirines than at present, and whiuh may gronr in heat and range within b iew yean." — 
Ekj/lui Chunhnuin. June 9, IHTO. 

"This volumo will well repay poruaal. It is the work of a ol«r thinker and well- 
infomied man. Dr. Booth is woU Icuown to mBthematiciana w one who ia at home in 
the moat abstruse problems. When wo Blate thai, our readers will know they are in the 
huids of a man with po wen of continuous thought, who is able to trace his way through 
all iDttioacies and obsouroness, if a route be poesible to hiunan powera. But the ordi- 
nary reader (we mean non-nmlheuiaticai readtsr) will obaerre nothing of the mathoma- 
tioian in our autlior's manner of Imndling his present But(jeot, His style and method 
are diatiuguiahed solely by their ulearnees, simplicity, and orderliness. And the book 
oonaista mainly of quotations from abledivuies of thepaat. Quotationa Irom auchacDte 
and learned thinkers as Cud worth, and Waterlaod, and Mede.witli ol^erdtTiuesof lesier 
note, form the hlaple of a large portion of the volume. This remark, Lowerer, does not 
apply to the latter half of the Totume, which constats of two chapters, the one entitled 
' On the Principle of Development as appUed to the Interpretation of tlie Bible,' and the 
other ' On Transubetantiation.' Taken as a nhole, the rolume brings together much 
that is Tsluable and auggestlTC, and in the main thorooehly sound, on the saorBmentB, 
and specially on the Lord's Supper ; and the doctrine of TransuhdtantiBtion is handled 
as might hate been cipeofed by ao able and profound a mathemafician. Tlie history of 
the rise and progrees and final result of the doctrine ia pTen brrefly, yet truly. U is 
traced U> a faine philosophy long since buried out of sight and forgotten. II would be 

SroStahle work for some of ihe author's co-religionisis to read, mark, and inwardly 
igcst tbochaptoron Tianaubalantiation, that not cunningly but c^unui(jf deTised bble. 
— Weekly Remm, Jane 18, 1870. 

"This is a learned and well-wriUen attempt to establish, in a login! manner, the true 
nature of the Lord's Supper, reliance being mainly placed on the brief narratiyet oF the 
Qoepets and of St. Paul, liirther elucidated by a reference to the ancient Jewish language, 
history, and customs. Or, Booth's position embracea the view once (he aaya) almoet 
uiuTeradly held in the Church oTBogland, 'That the Lord's Supper ia a Peajit upon a 
Sacrifice f and to set it forth he has combined and eipounded the yiews of suoh men a« 
Joseph Uede. Cudworth, Potter. Witrburton. Waterland, Hampden, and others. This 
giiea to the treatise a somewhat fragmentary a.ir : but, taken aa a whole, it is clearly, 
inleUtoently, and devoutly writti-n, and will douhtless he acceptable to some diseiplee of 
those lamouB men. On a subject of such subtlety— where the widest diversity of opinion 
still fiercely preraila — it cannot hope to pleaso the many, though it is well worthy of 
careful euuninolion. Dr. Booth has studied h is sutyect with care, and brought (o his 
difflcult tAsk the fruits of eiteosiversading." — Standard, June '2^, 18T0. 

" Dr. Booth's modest volume is avowe^y not so much an original production as an 
attranpt to recall by selected cibttions what ba thinks the too much neglected learning 
of tlio fathers of tlie Cliiirch of England, The volume is divided into four chapters, in 
the Srst of which he adduces authontios to prove tliat tlie Lord's Supper ia not a mere 
service of commemoration ; in the second he adduces authorities to prove that it ought 
to be regarded as a feast of tlianksgiving, implying a preceding sacrifice ; in tiie third 
he tjwils of the principle of development as appUeil to the interpretation of the Bihlu ; 
and in the fonrtti he discusses and dismisses tlie doctrine of trans ubslantistion, ind- 
denlally treating at some length of the inQuenoe of the philosophy of Aristotle. The 
moat original thoughts and iUustrationa occur in the third chapter, and the rcesonins 
seems to ua most conclusive in the fourth. The quotations have evidently been selected 
with thought and oare, and evince much research ; and the author's own writing is finished 
and good. The volume ia the careful production of s thoughtful scholar, though it 
conveys the impression to us that the mind of the writer hoa Iwen somewhat overlaid by 
Bchohistic learning, so as to be in an artificial atal^, and partiollvdiaabled from receiving 
ill thi'ir freshneea and simplicity the trutlis which wo conceive lo be really revealed in 
th.' BdripluroB lo the human heart."— Tam/ojini/ Revim: aitoher 187<V V- 'Mi. 
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